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Preface 


Accelerator science research and development has been very active for more than 100 
years. High energy particle accelerators have provided many scientific discoveries in 
the 20th century, and will continue to pave the scientific discoveries in the 21st century. 
The confirmation of the God particle or the Higgs boson discovery on July 4, 2012 
is a clear example. These discoveries led to international efforts for the design and 
construction of Higgs-factories and a very large hadron collider (VLHC). Accelerator 
research and development will continue to power innovations in the 21st century. 

The success of high brilliance ultrafast femtosecond X-ray laser from the linac- 
coherent-light-source (LCLS) project drives the construction of the LCLS-II and the 
X-FEL based on the superconducting linac technology. This also provides incentive 
for diffraction limited light sources, such as energy recovery linacs, and upgrade of 
storage ring based light sources. 

High power hadron beams have been used in the production of neutron, meson, 
muon, neutrino beams, that find applications in condensed matter physics, high en- 
ergy and nuclear physics, and possibly the nuclear transmutation of the nuclear wastes 
or the “energy amplifiers.” Recent efforts on the Fixed-Field Alternating-Gradient ac- 
celerators are of great interests to future high power accelerators. 

There are more than 5000 X-ray radiation therapy accelerators in the world. Hun- 
dred years of radiation biology research paves the efforts of recent particle (hadron) 
beam radiotherapy. As of 2017, there are 79 hadron medical centers for particle 
radiotherapy. There are more than 45 hadron medical centers in the planing stage. 

This fourth edition keeps the structure of the previous editions. The design con- 
cepts of recent diffraction limited electron storage ring are discussed in Chapter 4.3. 
I expand the coverage of the non-linear beam dynamics in Chapter 2. I revise some 
homework problems, and correct mis-prints in earlier Editions. However, for begin- 
ners in accelerator physics, one should study Secs. II-IV in Chapter 2, and Secs. I-II 
in Chapter 3. Your comments and criticisms to this revised edition are appreciated. 


S.Y. Lee 
Bloomington, Indiana, U.S.A. 
June 10, 2018 
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Preface to Third Edition 


Accelerator science took off in the 20th century. Accelerator scientists invent many in- 
novative technologies to produce and manipulate high energy and high quality beams 
that are instrumental to progresses in natural sciences. Many kinds of accelerators 
serve the need of research in natural and biomedical sciences, and the demand of 
applications in industry. 

In the 21st century, accelerators will become even more important in applications 
that include industrial processing and imaging, biomedical research, nuclear medicine, 
medical imaging, cancer therapy, energy research, etc. Accelerator research aims 
to produce beams in high power, high energy, and high brilliance frontiers. These 
beams addresses the needs of fundamental science research in particle and nuclear 
physics, condensed matter and biomedical sciences. High power beams may ignite 
many applications in industrial processing, energy production, and national security. 

Accelerator Physics studies the interaction between the charged particles and elec- 
tromagnetic field. Research topics in accelerator science include generation of elec- 
tromagnetic fields, material science, plasma, ion source, secondary beam production, 
nonlinear dynamics, collective instabilities, beam cooling, beam instrumentation, de- 
tection and analysis, beam manipulation, etc. 

The textbook is intended for graduate students who have completed their graduate 
core-courses including classical mechanics, electrodynamics, quantum mechanics, and 
statistical mechanics. I have tried to emphasize the fundamental physics behind 
each innovative idea with least amount of mathematical complication. The textbook 
may also be used by advanced undergraduate seniors who have completed courses on 
classical mechanics and electromagnetism. For beginners in accelerator physics, one 
begins with Secs. 2.1-2.IV in Chapter 2, and follows by Secs. 3.I-3.I] in Chapter 3 
for the basic betatron and synchrotron motion. The study continues onto Secs. 2.V, 
2.VIII, and 3.VII for chromatic aberration and collective beam instabilities. After 
these basic topics, the rf technology and basic physics of linac are covered in Secs. 3.V, 
3.VI, 3.VIII in Chapter 3. The basic accelerator physics course ends with physics of 
electron storage rings in Chapter 4, and some advanced topics of free electron laser 
and beam-beam interaction in Chapter 5. 

For beginners, one should pay great attention to the Floquet transformation of 
Sec. 2.II that can be used to solve Hill’s equation with perturbations. Similarly, some 
scaling properties of bunch longitudinal distribution in Sec. 3.II are handy for beam 
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manipulation, data analysis, and machine design. The Hamiltonian formalism and 
canonical transformation, often used to solve particle motion in this book, can provide 
a better physics picture in beam dynamics. 

In this revised edition, I include some recently published information on beam ma- 
nipulation and detection methods, advanced data analysis. I revise some homework 
problems, and correct mis-prints in the second edition. The homework is designed to 
solve a particular problem by providing step-by-step procedures to minimize frustra- 
tion. The answer is usually listed at the end of each homework problem so that the 
result can be used in practical design of accelerator systems. I take this opportunity 
to enhance the content of Sec. 2.VII. Your comments and criticisms on this revised 
edition are appreciated. 


S.Y. Lee, Bloomington, Indiana, U.S.A. 
June 10, 2011 


Preface to Second Edition 


Since the appearance of the first edition in 1999, this book has been used as a text- 
book or reference for graduate-level “Accelerator Physics” courses. I have benefited 
from questions, criticism and suggestions from colleagues and students. As a re- 
sponse to these suggestions, the revised edition is intended to provide easier learning 
explanations and illustrations. 


Accelerator Physics studies the interaction between the charged particles and elec- 
tromagnetic field. The applications of accelerators include all branches of sciences and 
technologies, medical treatment, and industrial processing. Accelerator scientists in- 
vent many innovative technologies to produce beams with qualities required for each 
application. 


This textbook is intended for graduate students who have completed their gradu- 
ate core-courses including classical mechanics, electrodynamics, quantum mechanics, 
and statistical mechanics. I have tried to emphasize the fundamental physics behind 
each innovative idea with least amount of mathematical complication. The textbook 
may also be used by undergraduate seniors who have completed courses on classical 
mechanics and electromagnetism. For beginners in accelerator physics, one begins 
with Secs. 2.1-2.4 in Chapter 2, and follows by Secs. 3.1-3.2 for the basic beta- 
tron and synchrotron motion. The study continues onto Secs. 2.5, 2.8, and 3.7 for 
chromatic aberration and collective beam instabilities. After these basic topics, the 
rf technology and basic physics of linac are covered in Secs. 3.5, 3.6, 3.8 in Chapter 
3. The basic accelerator physics course ends with physics of electron storage rings in 
Chapter 4. 


I have chosen the Frenet-Serret coordinate-system of (ĉ, 8, 2) for the transverse 
radially-outward, longitudinally-forward, and vertical unit base-vectors with the right- 
hand rule: 2 = ĉ x §. I have also chosen positive-charge to derive the equations of 
betatron motion for all sections of the Chapter 2, except a discussion of +-signs in 
Eq. (2.22). The sign of some terms in Hill’s equation should be reversed if you solve 
the equation of motion for electrons in accelerators. 


The convention of the rf-phase differs in linac and synchrotron communities by 
Piinac = synchrotron — (7/2). To be consistent with the synchrotron motion in Chapter 
3, I have chosen the rf-phase convention of the synchrotron community to describe 
the synchrotron equation of motion for linac in Sec. 3.8. 
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In this revised edition, I include two special topics: free electron laser (FEL) 
and beam-beam interaction in Chapter 5. In 2000, several self-amplified spontaneous 
emission (SASE) FEL experiments have been successfully demonstrated. Many light 
source laboratories are proposing the fourth generation light source using high gain 
FEL based on the concept of SASE and high-gain harmonic generation (HGHG). 
Similarly, the success of high luminosity B-factories indicates that beam-beam in- 
teraction remains very important to the basic accelerator physics. These activities 
justify the addition of two introductory topics to the accelerator physics text. 

Finally, the homework is designed to solve a particular problem by providing 
step-by-step procedures to minimize frustrations. The answer is usually listed at the 
end of each homework problem so that the result can be used in practical design of 
accelerator systems. I would appreciate very much to receive comments and criticism 
to this revised edition. 


S.Y. Lee, Bloomington, Indiana, U.S.A. 
November, 2004 


Preface to First Edition 


The development of high energy accelerators began in 1911 when Rutherford discov- 
ered the atomic nuclei inside the atom. Since then, high voltage DC and rf acceler- 
ators have been developed, high-field magnets with excellent field quality have been 
achieved, transverse and longitudinal beam focusing principles have been discovered, 
high power rf sources have been invented, high vacuum technology has been improved, 
high brightness (polarized/unpolarized) electron/ion sources have been attained, and 
beam dynamics and beam manipulation schemes such as beam injection, accumula- 
tion, slow and fast extraction, beam damping and beam cooling, instability feedback, 
etc. have been advanced. The impacts of the accelerator development are evidenced 
by many ground-breaking discoveries in particle and nuclear physics, atomic and 
molecular physics, condensed-matter physics, biomedical physics, medicine, biology, 
and industrial processing. 

Accelerator physics and technology is an evolving branch of science. As the tech- 
nology progresses, research in the physics of beams propels advancement in accelerator 
performance. The advancement in type II superconducting material led to the devel- 
opment of high-field magnets. The invention of the collider concept initiated research 
and development in single and multi-particle beam dynamics. Accelerator develop- 
ment has been impressive. High energy was measured in MeV’s in the 1930’s, GeV’s 
in the 1950’s, and multi-TeV’s in the 1990’s. In the coming decades, the center of 
mass energy will reach 10-100 TeV. High intensity was 10° particles per pulse in the 
1950’s. Now, the AGS has achieved 6 x 10! protons per pulse. We are looking for 
104 protons per bunch for many applications. The brilliance of synchrotron radiation 
was about 10!” [photons/s mm? mrad? 0.1% (AA/A)] from the first-generation light 
sources in the 1970’s. Now, it reaches 10°, and efforts are being made to reach a 
brilliance of 102° — 104 in many FEL research projects. 

This textbook deals with basic accelerator physics. It is based on my lecture notes 
for the accelerator physics graduate course at Indiana University and two courses 
in the U.S. Particle Accelerator School. It has been used as preparatory course 
material for graduate accelerator physics students doing thesis research at Indiana 
University. The book has four chapters. The first describes historical accelerator 
development. The second deals with transverse betatron motion. The third chapter 
concerns synchrotron motion and provides an introduction to linear accelerators. The 
fourth deals with synchrotron radiation phenomena and the basic design principles 
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of low-emittance electron storage rings. Since this is a textbook on basic accelerator 
physics, topics such as nonlinear beam dynamics, collective beam instabilities, etc., 
are mentioned only briefly, in Chapters 2 and 3. 

Attention is paid to deriving the action-angle variables of the phase space coor- 
dinates because the transformation is basic and the concept is important in under- 
standing the phenomena of collective instability and nonlinear beam dynamics. In 
the design of synchrotrons, the dispersion function plays an important role in par- 
ticle stability, beam performance, and beam transport. An extensive section on the 
dispersion function is provided in Chapter 2. This function is also important in the 
design of low-emittance electron storage ring lattices. 

The SI units are used throughout this book. I have also chosen the engineer’s 
convention of j = —i for the imaginary number. The exercises in each section are 
designed to have the student apply a specific technique in solving an accelerator 
physics problem. By following the steps provided in the homework, each exercise can 
be easily solved. 

The field of accelerator physics and technology is multi-disciplinary. Many related 
subjects are not extensively discussed in this book: linear accelerators, induction 
linacs, high brightness beams, collective instabilities, nonlinear dynamics, beam cool- 
ing physics and technology, linear collider physics, free-electron lasers, electron and 
ion sources, neutron spallation sources, muon colliders, high intensity beams, vacuum 
technology, superconductivity, magnet technology, instrumentation, etc. Neverthe- 
less, the book should provide the understanding of basic accelerator physics that is 
indispensable in accelerator physics and technology research. 


S.Y. Lee, Bloomington, Indiana, U.S.A. 
January, 1998 
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Symbols and Notations 


a, phase space damping rate 

Qaa, the adiabaticity coefficient of synchrotron motion 

ap(¢s), running bucket phase space area reduction factor 

Qc, Momentum compaction factor 

Qr = = fal 2, Qz = —B,/2 

Are = OQ./OJ, nonlinear betatron detuning parameter 

Ay, = OQ,/OJ_ nonlinear betatron detuning parameter 

az, = 0Q./0J. nonlinear betatron detuning parameter 

a,b, the horizontal and the vertical envelope radii in KV equation 
A, = B,/os, Az = 8/05, hour-glass scaling factors for luminosity 
A, vector potential 

A, longitudinal phase space area of one bunch 

A, longitudinal phase space area of all bunches in the ring 

Ag, longitudinal bucket area 

B or ny, the number of bunches in a storage ring 

B, betatron amplitude matrix 

Bı = OB,/0x, gradient function of a quadrupole magnet 

B, = 0" B,/Ox", 2(n + 1)th multipole of a magnet 

bn, an, multipole expansion coefficients of magnetic fields 

Bp = po/e, momentum rigidity of the beam 

B. = m?c?/(eh) ~ 4.4 x 10° T, Schwinger critical field 

Bx, Bz, betatron amplitude functions, or called the Courant-Synder parameter, 
or the Twiss parameter 

Ye = (1 + 02)/Be, Ye = (1 + a2)/B. 

y, B, Lorentz’s relativistic factors 

2 


Yr, transition energy y,™mc 


C, circumference of the machine 
8.846 x 107 m/(GeV)? for electrons 
C, = 4nr./3(mce?)3 = ¢ 4.840 x 107 m/(GeV)? for muons 
7.783 x 10-18 m/(GeV)? for protons 
C, = 55h/32V/3mce = 3.83 x 107! m quantum fluctuation coefficient (electron) 
Cz = 0Q./06, Cz = 0Q-/06, chromaticities 
C, stands for either C, or C, 
c = 299792458 m/s, speed of light 
D or D}, horizontal dispersion function 


D,, vertical dispersion function 


D, damping re-partition number 
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SYMBOLS AND NOTATIONS 


D =0;/ fo», beam-beam disruption parameter 

ô = Ap/po, fractional momentum deviation 

ô, the maximum fractional momentum spread of a beam 

ô or 6,, the resonance proximity parameter 

Oskin = 1/2/po.w, skin depth of conductors 

€o, permittivity of the vacuum 

€x,€z,€,, transverse emittances 

En = PY€x; Enz = PY€z, normalized emittances 

E electric field across a cavity gap 

Eo the amplitude of the electric field across a cavity gap 

F, the emittance dependent factor for electron storage rings, i.e. €s = FO,776° 
Fg = 20 Ry/V2r05, bunching factor 

fo revolution frequency 

f = Bp/Bı£ focal length of a quadrupole 

fob, focal length of beam-beam interaction 

(%, ô), synchrotron phase space coordinates with 6 = Ap/‘po 
(¢, AE/wo), synchrotron phase space coordinates 

(46, —6), synchrotron phase space coordinates 

($, P), normalized synchrotron phase space coordinates with P = —(h|n|/v.)d 
®, ®,,®,,®,, transverse phase advance per cell or per period 
g =1+2In(b/a), geometric factor of electromagnetic wave in a wave guide 
h, harmonic number of the rf frequency, fre = h fo 

A, Hamiltonian 

H = yD? + 2a DD' + ba D, dispersion H-function 

Iq or Ja, the dispersion action 

I», I; or Jy, Jz, horizontal and vertical betatron actions 

I, or J, the longitudinal action 

Jz, In, Iz, damping partition numbers 

Is (i = 1,2,3...), radiation integrals 

I, = f(D/p)ds; h = f (1/p)ds 

Iz = J (1/|p|*)ds; Iza = J (1/p*)ds 

L= {(D/o)((/o?) +2K]ds; Ts = fH/lol8)as 

k = w/c, wave number 

K(s) = B,/Bp, gradient function of a magnet 

K,(s) = 1/p? — K(s), horizontal focusing function 

K.(s) = K(s), vertical focusing function 

Kec = 2Nr9/8? 73, space charge perveance 

K = K,-L/2€, ®,, effective space charge perveance parameter 
Ky = eByAy/2nmc, wiggler or undulator parameter 
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XXX1 


Kyams = Ky, for helical wiggler or undulator Kyoms = Kw/ v2, for planar 


wiggler or undulator 

L, length of a periodic cell or superperiod 

Ac = h/ (mec) = 2.426 x 1071? m, Compton wavelength 
Aw, the wiggler period 

L, luminosity 

[io = 4r x 10-7 Tm/A, permeability of the vacuum 

He, permeability of a conducting medium 

u, permeability of a medium 

ji, magnetic dipole moment 


M(s2\s1), (2X2, 3x3, or 4x4) transfer matrix for linear betatron motion 
M(s), betatron transfer matrix of a periodic beam transport section 


Vr. z, betatron tunes 
Vs, synchrotron tune for ¢, = 0 at zero synchrotron amplitude 
Abse = Koch /4re, Laslett space charge tune shift 


N, number of particle per unit length, for a Gaussian bunch: Ñ = Ng [N OTO; 


Ng, number of particles per bunch 

n, field gradient index, focusing index 

wo, revolution angular frequency 

We, critical angular frequency 

wg, angular frequency of betatron motion 

wr resonance frequency of an rf cavity 

w, angular frequency of electromagnetic waves 
P, superperiod 

Py, power dissipation in rf cavity 

Pp = —8/ 5V3, Sokolov-Ternov radiative polarization 
Qz,z, (nonlinear) betatron tunes 


Qs = Vs\/| cos ¢s|, synchrotron tune 

Qs, the amplitude dependent synchrotron tune 

Q-factor, quality factor of rf cavity 

p, bending radius of a dipole magnet 

pe = 1/0., resistivity of a conductor 

Piel = Hongoe? A? K2 /(4n?432m), FEL or Pierce parameter 

p(x, 8,2), distribution function 

R(A,, Az), hour-glass reduction factor for the luminosity 

R or Ro, average radius of a synchrotron 

R: = Ze = y L/C, characteristic impedance of a transmission line 
Rs = 1/ocdskin = y How /20, surface resistance of a conductor 
Rij, Tijk, Vij, transport matrices 
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Rz, Rz, the horizontal and the vertical envelope radii 

Rn, shunt impedance of an rf cavity 

Tsh, Shunt impedance of rf cavities per unit length 

RRR=p(273K, 0 Tesla) /p(10K, 0 Tesla), residual resistance of a conducting wire 
ro = e?/4megmc? classical radius of the particle with mass m 

Fo(s), a reference orbit in an accelerator or a transport line 

Te, bunch compression ratio 

Ge = 1/pe, conductivity 

o—matrix 

Ox, OCz, rms bunch bunch widths 

ds Or ov, rms bunch bunch length 

Taq adiabatic time 

Tal, nonlinear time 

(7,6), synchrotron phase space coordinates 

(7,7/wo), normalized synchrotron phase space coordinates 

To and T, revolution periods for a reference particle and other particles 

T;,, period of synchrotron motion 

Uo, energy loss per revolution due to synchrotron radiation in dipoles 

U,,, total synchrotron radiation-energy loss per revolution including wigglers 
V, Vo, Vie, rf voltage 

Up, phase velocity 

Ug, group velocity 

Ws, stored energy in rf cavity 

Wst, Stored energy per unit length in rf cavity 

E, Ex, Ez, linear beam-beam tune shift parameter 

Ese; €2,sc) Ez,sc; linear space charge tune shift parameter 

(ĉ, 8, 2), Frenet-Serret coordinate system defined by a reference orbit fo(s) 
(x, x’), horizontal betatron phase space coordinates 
(x, Pz), horizontal normalized phase space coordinates 
(y, y’), either x or z betatron phase space coordinates 
(y, Py) either x or z normalized phase space coordinates 
n, phase slip factor 

Y beamstrahlung parameter 

(z, 2’), vertical betatron phase space coordinates 

(z, P2), vertical normalized phase space coordinates 
Zen, Shunt impedance 

Zo = Hoc = 1/eoc ~ 377Q, vacuum impedance 

Zsc, Space charge impedance 

¢y(w) = sin Nwr/ sin wr, the enhancement function 
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Chapter 1 


Introduction 


The first accelerator dates back to prehistoric-historic times, when men built bows 
and arrows for hunting. The race to build modern particle accelerators began in 1911 
when Rutherford discovered the atomic nucleus by scattering a-particles off gold foil. 
These activities produced a series of innovative ideas such as the voltage rectifier 
(Cockeroft-Walton) and the Van de Graaff DC accelerators, the rf linac accelerators, 
the classic cyclotrons, the betatrons, the separate sector cyclotrons, the synchrotrons, 
and eventually storage rings and colliding beams. 

The physics and technology of accelerators and storage rings involves many 
branches of science, including electromagnetism, solid-state properties of materi- 
als, atomic physics, superconductivity,nonlinear mechanics, spin dynamics, plasma 
physics, quantum physics, radiofrequency, and vacuum technology. Accelerators have 
found many applications: they are used in nuclear and particle physics research, in 
industrial applications such as ion implantation and lithography, in biological and 
medical research with synchrotron light sources, in material science and medical re- 
search with spallation neutron sources, etc. Accelerators have also been used for 
radiotherapy, food sterilization, waste treatment, etc. 


A major application of particle accelerators is experimental nuclear and particle 
physics research. Advances in technology have allowed remarkable increases in energy 
and luminosity! for fundamental physics research. High energy was measured in 
MeV’s in the 1930’s, and is measured in TeV’s in the 1990s. The beam intensity 
was about 10° particles per pulse (ppp) in the 1950’s, and is about 10 ppp in the 
1990s. Since 1970, high energy and high luminosity colliders have become basic tools 
in nuclear and particle physics research. As physicists probe deeper into the inner 
structure of matter, high energy provides new territory for potential discoveries, and 
indeed new energy frontiers usually lead to new physics discoveries. The evolution of 


The luminosity £ is defined as the rate of particle encountering per unit area in a collision 
process (see Exercise 1.7). The commonly used dimension is [em~? s~']. The counting rate in a 
detector is Lo, where ø is the cross-section of a reaction process. 


2 CHAPTER 1. INTRODUCTION 


accelerator development can be summarized by the Livingston chart shown in Fig. 1.1, 
where the equivalent proton kinetic energy for a fixed target experiment is plotted 
as a function of time. The total center of mass energy for fixed target proton-proton 
collision is ,/2mc?(KE + 2mc?), where m is the proton mass and KE is the kinetic 
energy of the moving particle in the Laboratory frame (see Exercise 1.6). 


1021 


WHO, ] Figure 1.1: The Livingston Chart: The 


e 3 

> a 

ap m El 3 

§ 4918 g 3 -| equivalent fixed target proton beam en- 

= 3 op (LHC) 4 ergy versus time in years. Note that in- 

3 [ 4 2 | novative ideas provide substantial jump 

21015 — e ou (ILC) = ; 

7 L = 8 +t | in beam energy. The dashed line, drawn 
g P . 

= i2 Ls $ ¢ eTe- siida 4 to guide the trend, corresponds to beam 

10S fg e 3 7) energy doubling in every two years. The 

2 Lè f ; fs : : 

E Le 4 oeg Stron (strong focusing) | discovery of Higgs boson in 2014 at the 

= 109 HE 8 O Proton linac + LHC at 125 GeV/c? re-ignites efforts to 

3 La Ke Byclotron, sector focused J i S i wie 

E | iig A sotrostatie genéralor ] build a Higgs factory in the form of ere 

3 106 ki as ERectifier generator _| circular collider besides the efforts of the 

5, i 

(S 


@otisiliiwitliiitliiitliiiitiil yery large hadron collider (VLHC) and 


1940, 4260 a 2020 2040 the international linear collider (ILC). 


1028 


up to soba | 1030 


Figure 1.2: The peak and 
average Photon Brilliance, de- 
fined as photons/(mm?mrad?s 
(0.1%Aw/w)), vs. photon beam 
energy generated by high quality 
electron beams in storage rings 
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In the 1940’s, scientists discovered that high energy electron beams in synchrotron 
could generate high energy Photon beams. With its flexible photon energy and high 
brilliance, photon sources produced by high-brightness electron beams have surpass 
the conventional optical sources. Applications of high energy photon beams include 
atomic physics, biology, chemistry, condensed matter physics and medicine. There are 
tremendous progresses in building high energy and high brightness electron sources 
and special insertion devices for photon production. Figure 1.2 shows the peak photon 
brilliance, defined as the photon beam intensity divided by its phase-space volume or 
in [number of photons/(mm? mrad? s (0.1% Aw/w))] as a function of photon beam 
energy from storage rings and linacs. 
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High power proton beams can be used to produce high flux neutron beam for 
fundamental material science research. The high power proton beams have also been 
actively considered to incinerate nuclear waste and provide energy amplification for 
future global energy needs. The secondary beams from high power hadron beams 
provides neutrino beams for research in high energy nuclear physics, High intensity 
heavy-ion beams had also been actively pursued for inertial fusion evaluation. 


Frontiers in accelerator physics and technology research 


Accelerator physics is a branch of applied science. Innovations in technology give 
rise to new frontiers in beam physics research. Since higher energy leads to new 
discoveries, and higher luminosity leads to higher precision in experimental results, 
the frontiers of accelerator physics research are classified into the frontiers of high 
energy and high brightness. Some of these topics in beam physics are as follows. 


e High energy: For high energy hadron accelerators, research topics cover high 
field superconducting magnets, the stability of high-brightness beams, emit- 
tance preservation, and nonlinear dynamics, etc. For lepton colliders, research 
topics include high acceleration gradient structures, wakefields and emittance 
preservation, high power rf sources, linear collider technologies, etc. 

e High luminosity: To provide a detailed understanding of CP violation and other 
fundamental symmetry principles of interactions, dedicated meson (®, r-charm, 
B) factories were constructed in 1990s. Since the neutron flux from spallation 
neutron sources is proportional to the proton beam power, physics and tech- 
nology for high-intensity low-loss proton sources are important (See e.g., the 
National Spallation Neutron Source Design Report (Oak Ridge, 1997)). Fur- 
thermore, a high-intensity proton source can be used to drive secondary beams 
such as kaons, pions, and muons. With high-intensity u beams, u” u~ collider 
studies are also of current interest. 

e High-brightness beams: Beam-cooling techniques have been extensively used in 
attaining high-brightness hadron beams. Stochastic cooling has been success- 
fully applied to accumulate anti-protons. This led to the discovery of W and 
Z bosons, and b and t quarks. Electron cooling and laser cooling have been 
applied to many low energy storage rings used in atomic and nuclear physics re- 
search. Ionization cooling is needed for muon beams in pot y~ colliders. Taking 
advantage of radiation cooling, synchrotron light sources with high-brightness 
electron beams are used in medical, biological, and condensed-matter physics 
research. Sub-picosecond photon beams would be important to time-resolved 
experiments. A high power tunable free-electron laser would be useful for chem- 
ical and technical applications. The linac light source and very low emittance 
storage ring projects will provide very high brilliance X-ray sources for scientific 
applications. 
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e Accelerator applications: The medical use of accelerators for radiation treat- 
ment,” isotope production, sterilization of medical tools, etc., requires safety, 
reliability, and ease in operation. Higher beam power density with minimum 
beam loss can optimize safety in industrial applications such as ion implanta- 
tion, electron-beam welding, material testing, food sterilization, etc. 


Research topics in accelerator physics include beam cooling, nonlinear beam dy- 
namics, beam-beam interactions, collective beam instability, beam manipulation tech- 
niques, ion sources, space-charge effects, beam instrumentation development, novel 
acceleration techniques, etc. Accelerator technology research areas include supercon- 
ducting materials, high power rf sources, high gradient accelerating structures, etc. 
This book deals only with the fundamental aspects of accelerator physics. It serves as 
an introduction to more advanced topics such as collective beam instabilities, nonlin- 
ear beam dynamics, beam-cooling physics and technologies, rf physics and technology, 
magnet technology, etc. First, the technical achievements in accelerator physics of 
past decades will be described. 


I Historical Developments 


A charged particle with charge q and velocity v in the electromagnetic fields (E ; B) 
is exerted by the Lorentz’s force F: 


= > 


F =q(ẸE +0 x B). (1.1) 


The charge particle can only gain or lose its energy by its interaction with the electric 
field €. Since the magnetic force is perpendicular to both v and B, the charged 
particle will move on a circular arc. In particular, when the magnetic flux density is 
perpendicular to v, the momentum and the momentum rigidity Bp of the charged 
particle are 


p = nw = |q|Bp, 


Bp [T—m] = ia = c x 3.33564 x p [GeV/c/u], (1.2) 
where p is the bending radius m is the mass of the particle, Bp is measured in Tesla- 
meter, and the momentum is measured in GeV/c per amu, and A and Ze are the 
atomic mass number and charge of the particle. 

Accelerators are composed of ion sources, cavity and magnet components that can 
generate and maintain electromagnetic fields for beam acceleration and manipulation, 
devices to detect beam motion, high vacuum components for attaining excellent beam 


See e.g., P.L. Petti and A.J. Lennox, ARNS 44, 155 (1994). 
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lifetime, undulators and wigglers to produce high brilliance photon beam, targets for 
producing secondary beams, etc. Accelerators can be classified as linear or circular, 
electrostatic or radio frequency, continuous (CW, DC or coasting beam) or bunched 
and pulsed. They are designed to accelerate electrons (leptons) or hadrons, stable 
or radioactive ions. Accelerators are classified as follows, in no specific chronological 
order. 


I.1 Natural Accelerators 
Radioactive accelerators 


In 1911, Rutherford, with Hans Geiger and Ernest Marsden, employed a particles 
escaping the Coulomb barrier of Ra and Th nuclei to investigate the inner structure 
of atoms.? He demonstrated the existence of a positively charged nucleus with a 
diameter less than 10~'3 m. This led to the introduction of Bohr’s atomic model, and 
the revolution of quantum mechanics in the early 20th century. In 1919, Rutherford 
also used a particles to induce the first artificial nuclear reaction, a + 14N > 170 
+ H. This discovery created an era of search for high-voltage sources for particle 
acceleration that can produce high-intensity high-energy particles for the study of 
nuclear transmutation. 


Cosmic rays 


Cosmic rays arise from galactic source accelerators. Nuclei range from n and H to 
Ni; heavy elements have been measured with energies up to 3 x 10% eV.4 Muons 
were discovered in cosmic-ray emulsion experiments in 1936 by C.D. Anderson, S.H. 
Neddermeyer, and others. Pions were discovered in 1947 in emulsion experiments. 
Interest in the relativistic heavy ion collider (RHIC) was amplified by the cosmic ray 
emulsion experiments. 


I.2 Electrostatic Accelerators 
X-ray tubes 


William David Coolidge in 1926 achieved 900-keV electron beam energy by using 
three X-ray tubes in series. Such a cascade type structure is called the Coolidge tube. 


3The kinetic energy of a particles that tunnel through the Coulomb barrier to escape the nuclear 
force is typically about 6 MeV. 

4See J.A. Simpson, Ann. Rev. Nucl. Sci. 33, 323 (1983) and R. Barnett et al., Phys. Rev. 
(Particle Data Group) D54, 1 (1996). An event with energy 3 x 107° eV had been recorded in 1991 
by the Fly’s Eye atmospheric-fluorescence detector in Utah (see Physics Today, p. 19, Feb. 1997; 
p. 31, Jan. 1998). 
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Cockcroft-Walton electrostatic accelerator 


In 1930, John Douglas Cockcroft and Ernst Thomas Sinton Walton developed a high- 
voltage source by using high-voltage rectifier units. In 1932, they reached 400-kV 
terminal voltage to achieve the first man-made nuclear transmutation:> p+Li—-2He. 
The maximum achievable voltage was limited to about 1 MV because of sparking in 
air. Since then, Cockcroft-Walton accelerators have been widely used as the first- 
stage ion-beam accelerator. Recently, they are being replaced by more compact, 
economical, and reliable radio frequency quadrupole (RFQ) accelerators. 


Van de Graaff and tandem accelerators 


In 1931, R.J. Van de Graaff developed the electrostatic charging accelerator.® In the 
Van de Graaff accelerator, the rectifier units are replaced by an electrostatic charg- 
ing belt, and the high-voltage terminal and the acceleration tube are placed in a 
common tank with compressed gas for insulation, which increases the peak acceler- 
ation voltage. Placement of the high-voltage terminal at the center of the tank, the 
charge-exchange process on a negatively charged atomic beams can provide tandem 
acceleration to the stripped positively-charged nuclei.’ Today the voltage attained in 
tandem accelerators is about 25 MV. When the Van de Graaff accelerator is used for 
electron acceleration, it has the brand name Pelletron. 


I.3 Induction Accelerators 


According to Faraday’s law of induction, when the magnetic flux changes, it induces 
electric field along the path that encompasses the magnetic flux: 


fe-as= 6. o= | Bas. (1.3) 
C Ss 


Here € is the induced electric field, ® is the total magnetic flux, ds’is the differential of 
the line integral that surrounds the surface area, dS is the differential of the surface 
integral, and B is the “magnetic field”® enclosed by the contour C. The induced 
electric field can be used for beam acceleration. 


5J.D. Cockcroft and E.T.S. Walton, Proc. Roy. Soc. A136, 619 (1932); A137, 229 (1932); A144, 
704 (1934). Cockcroft and Walton shared 1951 Nobel Prize in physics. See also Brian Cathcart, The 
Fly in the Cathedral, (Farrar, Straus and Giroux; NY, 2005) 

R.J. Van de Graaff, J.G. Trump, and W.W. Buechner, Rep. Prog. Phys. 11, 1 (1946). 

TR.J. Van de Graaff, Nucl. Inst. Methods 8, 195 (1960). 

8We will use “magnetic field” as a synonym for “magnetic flux density.” 
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A: Induction linac 


The induction linac was invented by N.C. Christofilos in the 50’s for the acceleration 
of high-intensity beams.’ A linear induction accelerator (LIA) employs a ferrite core 
arranged in a cylindrical symmetric configuration to produce an inductive load to a 
voltage gap. Each LIA module can be viewed as a low-Q 1:1 pulse transformer. When 
an external current source is discharged through the circuit, the electric field at the 
voltage gap along the beam axis is used to accelerate the beam. A properly pulsed 
stack of LIA modules can be used to accelerate high-intensity short-pulse beams with 
a gradient of about 1 MV/m and a power efficiency of about 50%.!° Table 1.1 lists 
the achievements of some LIA projects. 


Table 1.1: Induction linac projects and achievements 
Project 


rate (Hz) 
ETA II 1 
ETA IT 2000 
ATA 1000 


B: Betatron 


Let p be the mean radius of the beam pipe in a basic magnet configuration of a 
betatron. If the total magnetic flux enclosed by the beam circumference is ramped 
up by a time-dependent magnetic flux density, the induced electric field along the 
beam axis and the particle momentum are 


: 1 1. 
fe - ds = 2np€ = Tp? Bay, ES zPwP. p=eE = 5° BaP 
1 1 
p= 5 ¢BawP = eBep, or B= 5 Baw (1.4) 


where € is the induced electric field, Bay is the average magnetic flux density inside 
the circumference of the beam radius. We obtain the betatron principle: the guide 
field B, is equal to 1/2 of the average field Bay, first stated by R. Wiederöe in 1928.1" 


ISee e.g., J.W. Beal, N.C. Christofilos and R.E. Hester, IEEE Trans. Nucl. Sci. NS 16, 294 
(1958) and references therein; Simon Yu, Review of new developments in the field of induction 
accelerators, in Proc. LINAC96 (1996). 

10See e.g., R.B. Miller, in Proc. NATO ASI on High Brightness Transport in Linear Induction 
Accelerators, A.K. Hyder, M.F. Rose, and A.H. Guenther, Eds. (Plenum Press, 1988); R.J. Briggs, 
Phys. Rev. Lett. 54, 2588 (1985); D.S. Prono, IEEE Trans. Nucl. Sci. NS32, 3144 (1985); G.J. 
Caporaso, et al., Phys. Rev. Lett. 57, 1591 (1986); R.B. Miller, IEEE Trans. Nucl. Sci. NS32, 
3149 (1985); G.J. Caporaso, W.A. Barletta, and V.K. Neil, Part. Accel. 11, 71 (1980). 

Jn 1922, Joseph Slepian patented the principle of applying induction electric field for electron 
beam acceleration in the U.S. patent 1645304. 


8 CHAPTER 1. INTRODUCTION 


Figure 1.3 is a schematic drawing of a betatron, where particles circulate in the 
vacuum chamber with a guide field B,, which is equal to half of the average flux 
density Bav enclosed by the orbiting particle. 


| = Figure 1.3: Schematic 
drawing of a betatron. The 

| < CT) 7 B a B< guide field for beam parti- 
= av = cles Bg must equal to the 
ce ea average flux density Bay en- 


closed by the orbiting path. 


It took many years to understand the stability of transverse motion. This problem 
was solved in 1941 by D. Kerst and R. Serber.!? We design a magnet so that the 
magnetic field is 


n dB. 
B,= Bo (2) : with n= = ( =) j (1.5 
=R 


where R is the orbit radius of a reference particle, r is a radius with small deviation 
from R, and n is the focusing index. Let x = r — R and z be small radial and vertical 
displacements from a reference orbit, then the equations of motion become 


d2 dr g 
= +wnz = 0, tw(1—n)x = 0. (1.6 


The motion is stable and simple harmonic if 0 < n < 1 (see Exercise 1.14). The 
resulting frequencies of harmonic oscillations are fe = foVl—n and f, = fon, 
where fo = w/27 = v/(27R) is the revolution frequency, and v is the speed of the 
particle. 

In 1940 D. Kerst built and operated the first betatron achieving 2.3 MeV at 
University of Ilinois. In 1949 he constructed a 315-MeV betatron! at the University 
of Chicago with parameters p = 1.22 m, Bg = 9.2 kG, Ejnj = 80—135 keV, [inj = 1—3 
A. The magnet weighed about 275 tons and the repetition rate was about 6 Hz. The 
limitations of the betatron principle are (1) synchrotron radiation loss (see Chapter 
4) and (2) the transverse beam size limit due to its intrinsic weak-focusing force. 


I.4 Radio-Frequency (RF) Accelerators 


Since the high-voltage source can induce arcs and corona discharges, it is difficult to 
attain very high voltage in a single acceleration gap. It would be more economical to 


12D, Kerst and R. Serber, Phys. Rev. 60, 53 (1941). See also Exercise 1.14. Since then, the 
transverse particle motion in all types of accelerators has been called betatron motion. 
13D.W. Kerst et. al., Phys. Rev. 78, 297 (1950). 
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make the charged particles pass through the acceleration gap many times. This con- 
cept leads to many different rf accelerators, which can be classified as linear (RFQ, 
linac) and cyclic (cyclotron, microtron, and synchrotron). An important milestone 
in rf acceleration is the discovery of the phase-focusing principle by E. M. McMillan 
and V. Veksler in 1945 (see Ref. [21] and Chap. 2, Sec. IV.3). Accelerators using an 
rf field for particle acceleration are described in the following subsections. 


A. LINAC 


In 1925 G. Ising pointed out that particle acceleration can be achieved by using an 
alternating radio-frequency field. In 1928 R. WiederGe reported the first working rf 
accelerator, using a 1-MHz, 25-kV oscillator to produce 50-kV potassium ions shown 
in the top plot of Fig. 1.4. In 1931 D.H. Sloan and E.O. Lawrence built a linear 
accelerator using a 10-MHz, 45 kV oscillator to produce 1.26 MV Hg* ion.!° 


Wideroe Linac RF source 


~ Figure 1.4: Top: schematic drawing of the 
5 


Wiederöe rf LINAC, where drift tubes shield 
particles from the decelerating rf electric field. 
Wideröe used a 1-MHz, 25-kV oscillator to pro- 
duce 50-kV potassium ions. Bottom: enclos- 
Alvarez Linac ing the drift tubes in a metallic cylinder, the 
capacitance of the gap can be coupled to the 
4y |, inductance for a resonance cavity to achieve a 
higher efficiency in acceleration gradient. This 
cavity invented by Alvarez is called Alvarez 
linac or drift-tube linac (DTL). 


4 


Beam Source 


| pn/e 


RF source ~) 


Since the distance between adjacent drift tubes is 8A/2 = 8c/ (2 frt), it would save 
space by employing higher frequency rf sources. However, the problem associated 
with a high frequency structure is that it radiates rf energy at a rate of P = wCV2, 
where wrt is the rf frequency, C is the gap capacitance, and V+ is the rf voltage. The 
rf radiation power loss increases with the rf frequency. To eliminate rf power loss, the 
drift tube can be placed in a cavity so that the electromagnetic energy is stored in the 
form of a magnetic field (inductive load). At the same time, the resonant frequency 
of the cavity can be tuned to coincide with that of the accelerating field.'® 

In 1948 Louis Alvarez and W.K.H. Panofsky constructed the first 32-MV drift- 
tube proton linac (DTL or Alvarez linac) shown schematically in the bottom plot of 
Fig. 1.4. Drift-tube linacs have been used as injectors for high energy accelerators at 


14The rf sources are classified into VHF, UHF, microwave, and millimeter waves bands. The 
microwave bands are classified as follows: L band, 1.12-1.7 GHz; S band, 2.6-3.95 GHz; C band, 
3.95-5.85 GHz; X band, 8.2-12.4 GHz; K band, 18.0-26.5 GHz; millimeter wave band, 30-300 GHz. 
See also Exercise 1.2. 

DH. Sloan and E.O. Lawrence, Phys. Rev. 38, 2021 (1931). 

16L, Alvarez, Phys. Rev. 70, 799 (1946). 
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BNL, KEK, Fermilab, SNS, and CERN. In the 1970’s Los Alamos constructed the 
first side-coupled cavity linac (CCL), reaching 800 MeV. Fermilab upgraded part of 
its linac with the CCL to reach 400 MeV kinetic energy in 1995. 

After World War II, rf technology had advanced far enough to make magnetron 
and klystron amplifiers that could provide MW rf power at 3 GHz (S band).!” Today, 
the highest energy linac has achieved 50-GeV electron energy operating at S band 
(around 2.856 GHz) at SLAC, and has achieved an acceleration gradient of about 
20 MV/m, fed by klystrons with a peak power higher than 40 MW in a 1-us pulse 
length. To achieve 100 MV/m, about 25 times the rf power would be needed. The 
peak power is further enhanced by pulse compression schemes. 

Superconducting cavities have substantially advanced in recent years. At the 
Continuous Electron Beam Accelerator Facility (CEBAF) at the Thomas Jefferson 
National Accelerator Laboratory (JLAB) in Virginia, about 160 m of superconduct- 
ing cavity was installed for attaining a beam energy up to 6 GeV in 5 paths using 
338 five-kW CW klystrons. During the LEP-II upgrade more than 300 m of super- 
conducting rf cavity was installed for attaining more than 100-GeV beam energy. 
Many accelerator laboratories, such as KEK in Japan, Cornell and Fermilab in the 
U.S. and DESY in Germany, are collaborating in the effort to achieve a high-gradient 
superconducting cavity for a linear collider design called the International Linear 
Collider (ILC). Normally, a superconducting cavity operates at about 5-10 MV/m. 
After extensive cavity wall conditioning, single-cell cavities have reached far beyond 
25 MV/m."8 


B: RFQ 


In 1970, I.M. Kapchinskij and V.A. Teplyakov invented a low energy radio-frequency 
quadrupole (RFQ) accelerator — a new type of low energy accelerator. Applying an 
rf electric field to the four-vane quadrupole-like longitudinally modulated structure, 
a longitudinal rf electric field for particle acceleration and a transverse quadrupole 
field for focusing can be generated simultaneously. Thus the RFQs are especially 


The klystron, invented by Varian brothers in 1937, is a narrow-band high-gain rf amplifier. The 
operation of a high power klystron is as follows. A beam of electrons is drawn by the induced 
voltage across the cathode and anode by a modulator. The electrons are accelerated to about 400 
kV with a current of about 500 A. As the beam enters the input cavity, a small amount of rf power 
(< 1 kW) is applied to modulate the beam. The subsequent gain cavities resonantly excite and 
induce micro-bunching of the electron beam. The subsequent drift region and penultimate cavity 
are designed to produce highly bunched electrons. The rf energy is then extracted at the output 
cavity, which is designed to decelerate the beam. The rf power is then transported by rf waveguides. 
The wasted electrons are collected at a water-cooled collector. If the efficiency were 50%, a klystron 
with the above parameters would produce 100 MW of rf power. See also E.L. Ginzton, “The $100 
idea”, IEEE Spectrum, 12, 30 (1975). 

18See e.g., J. Garber, Proc. PAC95, p. 1478 (IEEE, New York 1996). Single-cell cavities routinely 
reach 30 MV/m and beyond. 
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useful for accelerating high-current low-energy beams. Since then many laboratories, 
particularly Los Alamos National Laboratory (LANL), Lawrence Berkeley National 
Laboratory (LBNL), and CERN, have perfected the design and construction of RFQ’s, 
which are replacing Cockcroft-Walton accelerators as injectors to linac and cyclic 
accelerators. 1° 


C: Cyclotron 


The synchrotron frequency for a non-relativistic particle in a constant magnetic field 
is nearly independent of the particle velocity, i.e., 


eBo yaxi eBo 


Wsyn = Weyc = r (1.7) 


ym 
where Bo is the magnetic field, and m is the particle mass. In 1929 E.O. Lawrence 
combined the idea of a nearly constant revolution frequency and Ising’s idea of the rf 
accelerator (see Sec. I.4A of WiederGe linac), he invented the cyclotron.” Historical 
remarks in E.O. Lawrence’s Nobel lecture are reproduced below: 


One evening early in 1929 as I was glancing over current periodicals in the 
University library, I came across an article in a German electrical engineering 
journal by Wideröe on the multiple acceleration of positive ions. ... This new 
idea immediately impressed me as the real answer which I had been looking 
for to the technical problem of accelerating positive ions, ... Again a little 
analysis of the problem showed that a uniform magnetic field had just the right 
properties — that the angular velocity of the ion circulating in the field would 
be independent of their energy so that they would circulate back and forth 
between suitable hollow electrodes in resonance with an oscillating electric field 
of a certain frequency which has come to be known as the cyclotron frequency. 


If two D plates (dees) in a constant magnetic field are connected to an rf electric 
voltage generator, particles can be accelerated by repeated passage through the rf 
gap, provided that the rf frequency is an integer multiple of the cyclotron frequency, 
Wrp = hwo. On January 2, 1931 M.S. Livingston demonstrated the cyclotron principle 
by accelerating protons to 80 keV in a 4.5-inch cyclotron, where the rf potential 
applied across the the accelerating gap was only 1000 V. In 1932 Lawrence’s 11- 
inch cyclotron reached 1.25-MeV proton kinetic energy that was used to split atoms, 
just a few months after this was accomplished by the Cockcroft-Walton electrostatic 


See e.g. A. Pisent, HIGH POWER RFQS, Proc. of PACO9, 75 (2009) 

20.0. Lawrence and N.E. Edlefsen, Science, 72, 376 (1930). See e.g. E.M. McMillan, Early 
Days in the Lawrence Laboratory (1931-1940), in New directions in physics, eds. N. Metropolis, 
D.M. Kerr, Gian-Carlo Rota, (Academic Press, Inc., New York, 1987). The cyclotron was coined by 
Malcolm Henderson, popularized by newspaper reporters; see M.S. Livingston, Particle Accelerators: 
A Brief History, (Harvard, 1969). 
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accelerator. Since then, many cyclotrons were designed and built in Universities.?! 
Figure 1.5 shows a schematic drawing of a classical cyclotron. 


Figure 1.5: Schematic drawing of a classical 
cyclotron. Note that the radial distance be- 
tween adjacent revolutions becomes smaller as 
the turn number increases [see Eq. (1.9)]. A 
septum is a device that can kick the beam into 
an external beam transport line. 
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The momentum p and kinetic energy T of the extracted particle are p = mygge 
and T = mc?(y — 1) = p?/[(y + 1)m]. Using Eq. (1.2), we obtain the kinetic energy 


per amu as 
2 R2 p2 2 2 

Tad n ZK z ; (1.8) 
A (y+1)m, \A Aj’ 


where By Ro = Bp is the magnetic rigidity, Z and A are the charge and atomic mass 
numbers of the particle, m, is the atomic mass unit, and K is called the K-value or 
bending limit of a cyclotron. In the non-relativistic limit, the K-value is equal to the 
proton kinetic energy T in MeV, e.g. K200 cyclotron can deliver protons with 200 
MeV kinetic energy. 

The iron saturates at a field of about 1.8 T (depending slightly on the quality of 
iron and magnet design). The total volume of iron-core is proportional to the cubic 
power of the beam rigidity Bp. Thus the weight of iron-core increases rapidly with 
its K-value: Weight of iron = W ~ (Bp)? ~ K!°, where Bp is the beam rigidity. 
Typically, the magnet for a K-100 cyclotron weighs about 160 tons. The weight 
problem can be alleviated by using superconducting cyclotrons.?? 

Beam extraction systems in cyclotrons is challenging. Let Vo be the energy gain 
per revolution. The kinetic energy at N revolutions is Ky = eNVo = e?B?r?/2m, 
where e is the charge, m is the mass, B is the magnetic field, and r is the beam radius 
at the N-th revolution. The radius r of the beam at the N-th revolution becomes 


1 (2mVy\"? 
r= = °) N", (1.9) 


2IM.S. Livingston, J. Appl. Phys, 15, 2 (1944); 15, 128 (1944); W.B. Mann, The Cyclotron, 
(Wiley, 1953); M.E. Rose, Phys. Rev., 53, 392 (1938); R.R. Wilson, Phys. Rev., 53, 408 (1938); 
Am. J. Phys., 11, 781 (1940); B.L. Cohen, Rev. Sci. Instr., 25, 562 (1954). 

22See H. Blosser, in Proc. 9th Int. Conf. on Cyclotrons and Applications, p. 147 (1985). 
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i.e. the orbiting radius increases with the square root of the revolution number N. 
The beam orbit separation in successive revolutions may becomes small, and thus the 
septum thickness becomes a challenging design problem. 

Two key difficulties associated with classical cyclotrons are the orbit stability and 
the relativistic mass effect. The orbit stability problem was partially solved in 1945 by 
D. Kerst and R. Serber (see Exercise 1.14). The maximum kinetic energy was limited 
by the kinetic mass effect. Because the relativistic mass effect can destroy particle 
synchronism [see Eq. (1.7)], the upper limit of proton kinetic energy attainable in 
a cyclotron is about 12 MeV (See Exercise 1.4). Two ideas proposed to solve the 
dilemma are the isochronous cyclotron and the synchrocyclotron. 


Isochronous cyclotron 


The radius of an orbiting particle and the magnetic field that maintain isochronism 
with a constant w are 


_Pp_ Pp _c¢f, ERY? 
P= B ymw w E? ; 


-1/2 
ymw Ww wEo wp? 
Ce See ee h ey, | : a 


where Ey = mc’ is the rest energy, w is the angular revolution frequency, and B, or B 
is the guide field. When the magnetic flux density is shaped according to Eq. (1.10), 
the focusing index becomes n < 0, and the vertical motion is unstable. 

In 1938 L.H. Thomas pointed out that, by using an azimuthal varying field, the 
orbit stability can be retained while maintaining the isochronism. The isochronous 
cyclotron is also called the azimuthal varying field (AVF) cyclotron. Orbit stability 
can be restored by shaping the magnetic pole plates with hills and valleys.24_ The 
success of sector-focused cyclotron constructed by J.R. Richardson et al. led to the 
proliferation of the separate sector cyclotron, or ring cyclotron in the 1960’s.?? It 
gives stronger “edge” focusing for attaining vertical orbit stability. Ring cyclotrons 
are composed of three, four, or many sectors. Many universities and laboratories built 
ring cyclotrons in the 1960’s. 


Synchrocyclotron 


Alternatively, synchronization between cyclotron frequency and rf frequency can be 
achieved by using rf frequency modulation (FM). FM cyclotrons can reach 1-GeV 


23H, Bethe and M. Rose, Phys. Rev. 52, 1254 (1937). 

24L.H. Thomas, Phys. Rev. 54, 580 (1938). 

25H. A. Willax, Proc. Int. Cyclotron Conf. 386 (1963); Design and operation aspects of 
a 1.3 MW high power proton ring cyclotron at the PSI by M. Seidel et. al. is available at 
http: //accelconf.web.cern.ch/AccelConf/IPAC10/papers/tuyra03.pdf 
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proton kinetic energy.” The synchrocyclotron uses the same magnet geometry as the 
weak-focusing cyclotrons. Synchronism between the particle and the rf accelerating 
voltage is achieved by ramping the rf frequency. Because the rf field is cycled, i.e. 
the rf frequency synchronizes with the revolution frequency as the energy is varied, 
synchrocyclotrons generate pulsed beam bunches. Thus the average intensity is low. 
The synchrocyclotron is limited by the rf frequency detuning range, the strength of 
the magnet flux density, etc. Currently two synchrocyclotrons are in operation, at 
CERN and at LBL. 


D: Microtron 


The accelerating rf cavities are expensive, it would be economical to use the rf struc- 
ture repetitively. The microtron, originally proposed by V. Veksler in 1944, is designed 
to do this. Repetitive use requires synchronization between the orbiting and the rf 
periods. For example, if the energy gain per turn is exactly equal to the rest mass 
of the electron, the energy at the n — 1 passage is ymo = nmoc?. the orbit period 
is an integral multiple of the fundamental cyclotron period: T = nêm, Thus, if the 
rf frequency wt is an integral multiple of the fundamental cyclotron frequency, the 
particle acceleration will be synchronized. Such a scheme or its variation was invented 
by V. Veksler in 1945. 

The synchronization concept can be generalized to include many variations of 
magnet layout, e.g. the race track microtron (RTM), the bicyclotron, and the hexa- 
tron. The resonance condition for the RTM with electrons traveling at the speed of 
light is As 

nA = BcAt = 208 (1.11) 
where AF is the energy gain per passage through the rf cavity, B is the bending dipole 
field, A,¢ is the rf wavelength, and n is an integer. This resonance condition simply 
states that the increase in path length is an integral multiple of the rf wavelength. 

Some operational microtrons are the three-stage MAMI microtron at Mainz, Ger- 
many,?’ and the 175-MeV microtron at Moscow State University. Several commercial 
models have been designed and built by DanFisik.The weight of the microtron also 
increases with the cubic power of beam energy. 


E: Synchrotrons, weak and strong focusing 


After E.M. McMillan and V. Veksler discovered the phase focusing principle of the 
rf acceleration field in 1945, a natural evolution of the cyclotron was to confine the 
particle orbit in a well-defined path while tuning the rf system and magnetic field 

26For a review, see R. Richardson, Proc. 10th Int. Conf. on Cyclotrons and Their Applications, 


IEEE CH-1996-3, p. 617 (1984). 
7See e.g., H. Herminghaus, in Proc. 1992 EPAC, p. 247 (Editions Frontières, 1992). 
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to synchronize particle revolution frequency.*® The first weak-focusing proton syn- 
chrotron, with focusing index 0 < n < 1, was the 3-GeV Cosmotron in 1952 at BNL. 
A 6-GeV Bevatron constructed at LBNL in 1954, led to the discovery of antiprotons 
in 1955. 

An important breakthrough in the design of synchrotron came in 1952 with the 
discovery of the strong-focusing or the alternating-gradient (AG) focusing principle 
by E.D. Courant, H.S. Snyder and M.S. Livingston.?? Immediately, J. Blewett. in- 
vented the electric quadrupole and applied the alternating-gradient-focusing concept 
to linac? solving difficult beam focusing problems in early day rf linacs. Here is 
“Some Recollection on the Early History of Strong Focusing’ in the publication BNL 
51377 (1980) by E.D. Courant: 


Came the summer of 1952. We have succeeded in building the Cosmotron, 
the world’s first accelerator above one billion volts. We heard that a group 
of European countries were contemplating a new high-energy physics lab with 
a Cosmotron-like accelerator (only bigger) as its centerpiece, and that some 
physicists would come to visit us to learn more about the Cosmotron. ... 


Stan (Livingston) suggested one particular improvement: In the Cosmotron, 
the magnets all faced outward. ... Why not have some magnets face inward 
so that positive secondaries could have a clear path to experimental apparatus 
inside the ring? 

... I did the calculation and found to my surprise that the focusing would be 
strengthened simultaneously for both vertical and horizontal motion. ... Soon 
we tried to make the gradients stronger and saw that there was no theoretical 
limit — provided the alterations were made more frequent as the gradient went 
up. Thus it seemed that aperture could be made as small as one or two inches — 
against 8 x 24 inches in the Cosmotron, 12 x 48 in the Bevatron, and even bigger 
energy machines as we then imagined them. With these slimmer magnets, it 
seemed one could now afford to string them out over a much bigger circles, and 
thus go to 30 or even 100 billion volts. 


The first strong-focusing 1.2 GeV electron accelerator was built by R. Wilson at 
Cornell University. Two strong-focusing or alternating-gradient (AG) proton syn- 
chrotrons, the 28-GeV CERN PS (CPS) and the 33-GeV BNL AGS, were com- 
pleted in 1959 and 1960 respectively. The early strong-focusing accelerators used 
combined-function magnets, i.e., the pole-tips of dipoles were shaped to attain a 
strong quadrupole field. For example, the bending radius and quadrupole field gradi- 
ents of AGS magnets are respectively p = 85.4 m, and Bı = (OB/Ox) = +4.75 T/m 


?8Frank Goward and D.E. Barnes converted a betatron at Telecommunication Research Labora- 
tory into a synchrotron in August 1946. A few months earlier, J.R. Richardson, K. MacKenzie, B. 
Peters, F. Schmidt, and B. Wright modified the fixed frequency 37-inch cyclotron at Berkeley to a 
synchro-cyclotron for a proof of synchrotron principle. A research team at General Electric Co. at 
Schenectady built a 70 MeV electron synchrotron to observe synchrotron radiation in October 1946. 
See also E.J.N. Wilson, 50 years of synchrotrons, Proc. of the EPAC96 (1996). 

29E.D. Courant, H.S. Snyder and M.S. Livingston, Phys. Rev. 88, 1188 (1952). 

30J, Blewett, Phys. Rev. 88, 1197 (1952). 
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at B = 1.15 T. This corresponds to a focusing index of n = +352. The strengths of 
a string of alternating focusing and defocusing lenses were adjusted to produce net 
strong focusing effects in both planes. 

The strong focusing idea was patented by a U.S. engineer, N.C. Christofilos,*! 
living in Athens, Greece. Since then, the alternating-gradient (AG or strong-focusing) 
principle and a cascade of AG synchrotrons, proposed by M. Sands,*? has become a 
standard design concept of high energy accelerators. 

Since the saturation properties of quadrupole and dipole fields in a combined 
function magnet are different, there is advantage in machine tuning with separate 
quadrupole and dipole magnets. The Fermilab Main Ring was the first separate 
function accelerator.*? Most present-day accelerators are separate-function machines. 
For conventional magnets, the maximum dipole field strength is about 1.5 T and the 
maximum field gradient is approximately 1/a [T/m] (see Exercise 1.12), where a is the 
aperture of the quadrupole in meters. For superconducting magnets, the maximum 
field and field gradient depends on superconducting coil geometry, superconducting 
coil material, and magnet aperture. 


I.5 Colliders and Storage Rings 


The total center-of-mass energy obtainable by having a high energy particle smash 
onto a stationary particle is limited by the kinematic transformation (see Exercise 
1.6). To boost the available center-of-mass energy, two beams are accelerated to high 
energy and made to collide at interaction points.*4 Since the lifetime of a particle 
beam depends on the vacuum pressure in the beam pipe, stability of the power supply, 
intrabeam Coulomb scattering, Touschek scattering, quantum fluctuations, collective 
instabilities, nonlinear resonances, etc., accelerator physics issues have to be evaluated 
in the design, construction, and operation of colliders. Beam manipulation techniques 
such as beam stacking, bunch rotation, invention of beam cooling including stochastic 
beam cooling, invented by S. Van de Meer, and electron beam cooling, invented by 
Budker in 1966, etc., are essential in making the collider a reality.” 


3IN.C. Christofilos, Focusing system for ions and electrons, U.S. Patent No. 2736799 (issued 
1956). Reprinted in The Development of High Energy Accelerators, M.S. Livingston, ed. (Dover, 
New York, 1966). 

32M. Sands, A proton synchrotron for 300 GeV, MURA Report 465 (1959). MURA stands for 
Mid-Western University Research Association. 

°3The Fermi National Accelerator Laboratory was established in 1967. The design team adopted 
a cascade of accelerators including proton linac, rapid cycling booster synchrotron, and a separate 
function Main Ring. 

344M. Sessler, The Development of Colliders, LBNL-40116, (1997). The collider concept was 
patented by R. Wiederée in 1943. The first collider concept based on “storage rings” was proposed 
by G.K. O’Neill in Phys. Rev. Lett. 102, 1418 (1956). 

35S, Van de Meer, Stochastic Damping of Betatron Oscillations in the ISR, CERN internal report 
CERN/ISR-PO/72-31 (1972); H. Poth, Phys. Rep. 196, 135 (1990) and references therein. 
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The first proton-proton collider was the intersecting storage rings (ISR) at CERN 
completed in 1969. ISR was the test bed for physics ideas such as stochastic beam 
cooling, high vacuum, collective instabilities, beam stacking, phase displacement ac- 
celeration, nonlinear beam-beam force, etc. It reached 57 A of single beam current 
at 30 GeV. It stopped operation in 1981. 


The first electron storage ring (200 MeV) was built by B. Touschek et al. in 1960 
in Rome. It had only one beam line and an internal target to produce positrons, 
and it was necessary to flip the entire ring by 180° to fill both beams. Since the 
Laboratoire de l’Accelerateur Lineaire (LAL) in Orsay had a linac, the storage ring 
was transported to Orsay in 1961 to become the first ete~ collider. The Stanford- 
Princeton electron-electron storage ring was proposed in 1956 but completed only in 
1966. An e~e~ collider moved from Moscow to Novosibirsk in 1962 began its beam 
collision in 1965. 


Since the 1960’s, many et e™ colliders have been built. Experience in the operation 
of high energy colliders has led to an understanding of beam dynamics problems such 
as beam-beam interactions, nonlinear resonances, collective (coherent) beam instabil- 
ity, wakefield and impedance, intrabeam scattering, etc. Many e*e~ colliders such as 
CESR at Cornell, SLC and PEP at SLAC, PETRA and DORIS at DESY, VEPP’s at 
Novosibirsk, TRISTAN at KEK, and LEP at CERN led to major discoveries in par- 
ticle physics. The drive to reach higher beam energy provided incentives for research 
on high power klystrons, new acceleration methods, etc. High energy lepton colliders 
such as NLC, JLC, and CLIC are expanding linear accelerator technology. On the 
luminosity frontier, the ®-factory at Frascati, J/W-factories at the PEPC in Beijing, 
B-factories such as PEP-IT at SLAC and TRISTAN-II at KEK, and the SUPER-B at 
Frascati aim to reach 1038735 cm~? s71, 

Proton-antiproton colliders such as the Tevatron at Fermilab and SppS at CERN 
had made many discoveries. The discovery of type-II superconductors*® led to the 
successful development of superconducting magnets, which have been successfully 
used in the Tevatron to attain 2-TeV c.m. energy, and in HERA to attain 820-GeV 
proton beam energy. At present, the CERN LHC (14-TeV c.m. energy) and the BNL 
RHIC (200-GeV/u heavy ion c.m. energy) are operational. The (40-TeV) SSC proton 
collider in Texas was canceled in October 1993. Physicists are contemplating a very 
large hadron collider with about 60-100 TeV beam energy and possible muon-muon 
colliders. 


36Type II superconductors allow partial magnetic flux penetration into the superconducting ma- 
terial so that they have two critical fields Ba (T) and B.2(T) in the phase transition, where T is 
the temperature. The high critical field makes them useful for technical applications. Most type II 
superconductors are compounds or alloys of niobium; commonly used alloys are NbTi and NbsSn. 
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I.6 Synchrotron Radiation Storage Rings 


Since the discovery of synchrotron light from a then high energy (80-MeV) electron 
synchrotron in 1947, the synchrotron light source has become an indispensable tool 
in basic atomic and molecular physics, condensed-matter physics, material science, 
biological, chemical, and medical research, and material processing. Worldwide, about 
70 light sources are in operation or being designed or built. 


Specially designed high-brightness synchrotron radiation storage rings are clas- 
sified into generations. Those in the first generation operate in the parasitic mode 
from existing high energy e*e~ colliders. The second generation comprises dedicated 
low-emittance light sources. Third-generation light sources produce high-brilliance 
photon beams from insertion devices using dedicated high-brightness electron beams. 
Many 3rd Generation light storage rings at 1-6 GeV have been operational since 
1990. They serve scientific communities in the world. Efforts in research on the 
fourth generation (coherent) light sources based on linac free electron laser from a 
long undulator have been very successful. This leads to construction of linac light 
sources in the US, Japan, Europe, and China. Similarly, the emittance of storage 
ring light sources have been pushed to pico-meter level. These upgraded light source 
will serve scientific communities. 


The back-scattering of laser beam (A ~ 1 um) by a high energy electron beam 
(E ~ 20 — 60 MeV) can produce tunable high brightness hard-X-ray. The small 
foot-print of this device can be used in many university laboratories for biomedical 
and material science research. This inverse Compton or Thompson X-ray (ICX, or 
TX) source is also of great interest in accelerator physics research. 


II Layout and Components of Accelerators 


A high energy accelerator complex is composed of ion sources, buncher/debuncher, 
chopper, pre-accelerators such as the high-voltage source or RFQ, drift-tube linac 
(DTL), booster synchrotrons, storage rings, and colliders. Figure 1.6 shows the draw- 
ing of a small accelerator complex, now decommissioned, at Indiana University Cy- 
clotron Facility. Particle beams are produced from ion sources, where charged ions 
are extracted by a high-voltage source to form a beam. The beam pulse is usually 
prebunched and chopped into appropriate sizes, accelerated by a DC accelerator or 
RFQ to attain the proper velocity needed for a drift-tube linac. The beams can be 
injected into a chain of synchrotrons to reach high energy. Some basic accelerator 
components are described in the following subsections. 
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Figure 1.6: A small accelerator, the Cooler Injector Synchrotron (CIS) at the Indiana 
University Cyclotron Facility. The source, RFQ, DTL, debuncher, chopper, the CIS syn- 
chrotron with 4 dipoles, and a transfer line are shown to illustrate the basic structure of an 
accelerator system. The circumference is 17.36 m. 


II.1 Acceleration Cavities 


The electric fields used for beam acceleration are of two types: the DC acceleration 
column and the rf cavity.2” The DC acceleration column is usually used in low energy 
accelerators such as the Cockcroft-Walton, Van de Graaff, etc. 

The rf acceleration cavity provides high longitudinal electric field at an rf frequency 
that ranges from a few hundred kHz to 10-30 GHz. For a particle with charge e, the 
energy gain/loss per passage through a cavity gap is 


AE = AV, (1.12) 


where AV = Vo sin(wt + @) is the effective gap voltage, uw. is the rf frequency, Vo 
is the effective peak accelerating voltage, and @ is the phase angle. Low frequency rf 
cavities are usually used to accelerate hadron beams, and high frequency rf cavities 
to accelerate electron beams. 

37In recent years, new acceleration schemes such as inverse free-electron laser acceleration, laser 
plasma wakefield acceleration, etc., have been proposed for high-gradient accelerators. See e.g., 


Advanced Accelerator Concepts, AIP Conf. Proc. No. 398, S. Chattopadhyay, et al., Eds. (1996) 
and reference therein. 
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Acceleration of the bunch of charged particles to high energies requires synchro- 
nization and phase focusing. The synchronization is achieved by matching the rf 
frequency with particle velocity, and the phase focusing is achieved by choosing a 
proper phase angle between the rf wave and the beam bunch. 


II.2 Accelerator Magnets 


Accelerator magnets requires a stringent field uniformity condition in order to mini- 
mize un-controllable beam orbit distortion and beam loss. Accelerator magnets are 
classified into field type of dipole magnets for beam orbit control, quadrupole magnets 
for beam size control, sextupole and higher-order multipole magnets for the control 
of chromatic and geometric aberrations. 

Accelerator magnets are also classified into conventional iron magnets and su- 
perconducting magnets. The conventional magnets employ iron or silicon-steel with 
OFHC copper conductors. The superconducting magnets employ superconducting 
coils to produce high field magnets. 


Dipoles 


Dipole magnets are used to guide charged particle beams along a desired orbit. From 
the Lorentz force law, the bending angle @ in passing through a dipole, and the 
integrated dipole field in a ring are 


e f” 1 f” 
g=- | Ba- f Bdl, f Bal = 27 e = 27 Bp. 1.13 
Pola Bp J., Po/ P ( ) 


where po is the momentum of the beam, and Bp = po/e is the momentum rigidity of 
the beam, and the total bending angle for a circular accelerator is 2r. 

The conventional dipole magnets are made of laminated silicon-steel plates for 
the return magnetic flux to minimize eddy current and hysteresis loss. Solid block 
of high permeability soft-iron can also be used for magnets in the transport line or 
cyclotrons, that requires DC magnetic field. A gap between the iron yoke is used to 
shape dipole field. The iron plate can be C-shaped for a C-dipole (see Exercise 1.10 
and the left plot of Fig. 1.7), or H-shaped for H-dipole. Since iron saturates at about 
1.7 T magnet flux, the maximum attainable field for iron magnet is about 1.8 T. To 
attain a higher dipole field, superconducting coils can be used. These magnets are 
called superconducting magnets. 

Superconducting magnets that use iron to enhance the attainable magnetic field 
is also called superferric magnets. For high field magnets, e.g. 5-12 T, blocks of 
superconducting coils are used to simulate the cosine-theta current distribution (see 
Exercise 1.9). The right plot of Fig. 1.7 shows the cross-section of the high field SSC 
dipole magnets. 
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Figure 1.7: The cross-sections of a C-shaped conventional dipole magnet (left, courtesy of 
G. Berg at IUCF) and an SSC superconducting dipole magnet (right, courtesy of R. Gupta 
at LBNL). For conventional magnets, the pole shape is designed to attain uniform field in 
the gap. The rectangular blocks shown in the left plot are oxygen free high conductivity 
(OFHC) copper coils. For superconducting magnets, the superconducting coils are arranged 
to simulate the cosine-theta like distribution. 


Quadrupoles 


A stack of laminated iron plates with a hyperbolic profile can be used to produce 
quadrupole magnet (see Exercise 1.12), where the magnetic field of an ideal quadrupole 
is 

B = B,(z#+ 22), (1.14) 


where B, = 0OB./0x evaluated at the center of the quadrupole, and ĉ, 5, and ê are 
the unit vectors in the horizontal, azimuthal, and vertical directions. For a charged 
particle passing through the center of a quadrupole, the magnetic field and the Lorentz 
force are zero. At a displacement (x, z) from the center, the Lorentz force for a particle 
with charge e and velocity v along § direction is 


= 


F = evB)§ x (zĉ + x2) = —evB 22 + evB xi. (1.15) 


The equations of motion become 


1 xz eB, 1 dz eB, 
= E = 2 (1.16) 
v dt? ymw v? dt? ymv 


Thus a focusing quadrupole in the horizontal plane is also a defocusing quadrupole 
in the vertical plane and vice versa. Defining the focusing index as 
n- Robt R? OB. 
ymv Bp Ou 


(1.17) 
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we obtain 
r n dz n 


=> pe “a Sy) 
ds F? ds? R? 
in a quadrupole, where s = vt is the longitudinal distance along the § direction. 


z (1.18) 


II.3 Other Important Components 

Other important components in accelerators are ion sources;?> monitors for beam 
position, beam current and beam loss; beam dump; emittance meters; vacuum ports 
and pumps; beam orbit and stopband correctors; skew quadrupoles, sextupoles, oc- 
tupoles, and other nonlinear magnets for nonlinear stopband correction; orbit bumps, 
kickers, and septum; power supplies, etc. For high energy experiments, sophisticated 
particle detectors are the essential sources of discovery. For synchrotron radiation 
applications in electron storage rings, wigglers and undulators are used to enhance 
the photon beam quality. 

The timing and operation of all accelerator components (including experimental 
devices) are controlled by computers. Computer control software retrieves beam sig- 
nals, and sets proper operational conditions for accelerator components. The advance 
in computer hardware and software provides advanced beam manipulation schemes 
such as slow beam extraction, beam stacking accumulation, stochastic beam cooling, 


etc. 


III Accelerator Applications 


II.1 High Energy and Nuclear Physics 


To probe into the inner structure of the fundamental constituents of particles, high 
energy accelerators are needed. Historical advancement in particle and nuclear physics 
has always been linked to advancement in accelerators. High energy accelerators have 
provided essential tools in the discovery of p, Q, J/Y, Z°,W+*---, etc. Observation of 
a parton-like structure inside a proton provided proof of the existence of elementary 
constituents known as quarks. The IUCF cyclotron had been used to understand the 
giant M1 resonances in nuclei. The Tevatron at Fermilab facilitated the discovery of 
the top quark in 1995. Radioactive beams may provide nuclear reactions that will 
provide information on nucleo-synthesis of elements in the early universe. 

High energy colliders such as HERA (30-GeV electrons and 820-GeV protons), 
Tevatron (1-TeV on 1-TeV proton-antiproton collider), SLC (50-GeV on 50-GeV ete” 
collider), LEP (50-100-GeV on 50-100-GeV e*e~ collider) led the way in high energy 
physics in the 1990s. High luminosity colliders, such as the B-factories at SLAC 


38B. Wolf, ed., Handbook of Ion Sources (CRC Press, New York, 1995); R. Geller, Electron Cy- 
clotron Resonance Ion Sources and ECR Plasma (Inst. of Phys. Pub., Bristol, 1996). 
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and KEK and the ®-factory at DA®NE, provided dedicated experiments for under- 
standing the symmetry of the fundamental interactions. The RHIC (100-GeV/u on 
100-GeV/u heavy ion collider) provided important information on the phase transi- 
tions of quark-gluon plasma. The JLAB 4-12-GeV continuous electron beams allow 
high resolution (0.1 fm) studies of the electromagnetic properties of nuclei. The LHC 
(7-TeV on 7-TeV proton-proton collider) at CERN will lead high energy physics re- 
search at the beginning of the 21st century. 

High power accelerators are also considered to be particle sources for mesons, 
muons, neutrinos. The fixed-field alternating-gradient (FFA) accelerator, sprung out 
of the discovery of the alternating-gradient (or strong focusing) principle, was pro- 
posed by the Midwestern University Research Association (MURA) group in the 
1950’s. Since the magnetic field in FFA is stationary, particle-beams can be acceler- 
ated rapidly. There are renewed efforts in exploring the feasibility of achieving high 
power beam, rapid acceleration of muon beams, etc.” in recent years. High power 
particle sources are also important in accelerator physics. 


II.2 Solid-State and Condensed-Matter Physics 


Ion implantation,” synchrotron radiation sources, and neutron back-scattering have 
provided important tools for solid-state and condensed-matter physics research. Neu- 
tron sources have been important sources for research aimed at understanding the 
properties of metals, semiconductors, and insulators. Free-electron lasers with short 
pulses and high brightness in a wide spectrum of frequency ranges have been used 
extensively in medical physics, solid-state physics, biology, and biochemistry. 


III.3 Other Applications 


Electron beams can be used to preserve and sterilize agricultural products. Beam 
lithography is used in industrial processing. Radiation has been used in the manu- 
facture of polymers, radiation hardening for material processing, etc. Particle beams 
have been used to detect defects and metal fatigue of airplanes, ships, and strategic 
equipment. 

Since the discovery of X-ray in 1895, radiation has been used in medical imaging, 
diagnosis, and radiation treatments. Radiation can be used to terminate unwanted 
tumor growth with electron, proton, or ion beams. In particular, proton and heavy- 
ion beams have become popular in cancer radiation therapy because these beam 
particles deposit most of their energy near the end of their path. By controlling the 
beam energy, most of the beam energy can be deposited in the cancerous tumor with 


3°See S. Machida, et. al., Nature Physics, 8, 243 (2012) and references therein. 
4°The ion implantation, invented by W. Shockley in 1954 (U.S. Patent 2787564), has become an 
indispensable tool in the semiconductor industry. 
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less damage to surrounding healthy cells. Beams have also been used in radiation 
sterilization, isotope production for radionuclide therapy,*! etc. 


Exercise 1: Basics 


1. Show that the magnet rigidity Bp is related to the particle momentum p by 


Bo Tm- 2 = 3.3357 p [GeV/c] for singly charged particles 

p [Tm] = Ze | 33 p [GeV/c] for particles with charge Ze ’ 
where B is the magnetic flux density, p is the bending radius, p is the beam momen- 
tum, and Ze is the charge of the particle. 


(a) (1) Calculate the magnetic rigidity of proton beams at the IUCF Cooler Ring (ki- 
netic energy 500 MeV), RHIC (momentum 250 GeV/c), Tevatron (momentum 
1 TeV/c) SSC (momentum 20 TeV/c). (2) Calculate the momentum rigidity of 
19.7 TeV Au-ion beam in RHIC, and 287 TeV Pb-ion beam in LHC. 


(b) Ifthe maximum magnetic flux density for a conventional dipole is 1.7 Tesla, what 
is the total length of dipole needed for each of these accelerators? What is the 
total length of dipoles needed in each accelerator if superconducting magnets 
are used with magnetic fields B = 3.5 T (RHIC), 5 T (Tevatron) and 6.6 T 
(SSC)? 


2. The resonance frequency of a LC circuit is fp = 1/2rv LC. Assuming that you can 


build a capacitor with a minimum capacitance of C = 1 pF, what value of inductance 
L is needed to attain 3 GHz resonance frequency? What is your conclusion from this 
exercise? Can you use a conventional LC circuit for microwave tuning??? 


. Consider a uniform cylindrical beam with N particles per unit length in a beam of 


radius a; show that a test charged particle traveling along at the same velocity as the 
beam, v, experiences a repulsive space-charge force, 


EN r<a 
P- 2rega?y? 7 
eN , 
maor r>a 


where y = Vfl — 8? and e is the charge of the beam particle. 


(a) Estimate the space-charge force for the SSC low energy booster at injection 
with kinetic energy 800 MeV and Ng = 10!° particles per bunch. We assume 
a Gaussian distribution with rms bunch length o = 2 m and beam diameter 4 
mm. For a Gaussian beam, we use the maximum N given by Ng/(v2rcs) at 
the center of the bunch. 


41See e.g. Bert M. Coursey and R. Nath, Phys. Today, p. 25, April 2000. 

See V.F.C. Veley, Modern Microwave Technology (Prentice Hall, Englewood Cliffs, NJ, 1987). 
For an order of magnitude estimation, a 5-cm-radius single loop with wire 0.5 mm thick will yield 
an inductance of about 3 x 1077 H. 
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(b) What happens if the test charged particle travels in the opposite direction in the 


head-on collision process? Estimate the space-charge force for the ete~ colliding 
beam at SLC, where the beam parameters are E = 47 GeV and Ng = 2 x 10", 
the rms bunch length is os = 0.6 mm, and the beam size is 3 um. If this force 
is exerted by a quadrupole, what is the equivalent field gradient? 


4. In a cyclotron, the synchronous frequency is w = eB/ym = wo/y, where wo = eB/m 
is the cyclotron frequency, and y is the relativistic energy factor. Use the following 
steps, in the uniform acceleration approximation, to prove that, if a sinusoidal voltage 
Vie = Vcoswot is applied to the dees, the maximum attainable kinetic energy is 
/2eV mc?/m, where e and m are the charge and mass of the particle. 


(a) 


(b) 


Let w be the rf phase of the particle. Show that the equation of motion in a 
uniform acceleration approximation is diyp/dt = (y~!—1)wo, dy?/dt = acosy, 
where a = 2wyeV/mmce’. 

Defining a variable q = acosy, show that the equation of motion becomes 
(q/\/a? — q2)dq = (27 — 2)wo dy. Integrate this equation and show that the 
maximum kinetic energy attainable is \/2eVmc?/n. 


5. The total power radiated by an accelerated charged particle is given by Larmor’s 
formula: 


where dr = dt/y is the proper time and p, is the four-momentum.* 


(a) 


_ 1 e702 1 2e dp, dp, 
— Areg 3 4reo 3m? dr dr 


) 


3 


In a linear accelerator, the motion is along a straight path. The power radiated 
is 
1 2e dE 


— Arey 3m2c3 ` dx 


o 1 2e? „dp 
— Amey 3m2c3 ` dt 


iy rs 


where dE/dx is the rate of energy change per unit distance. The ratio of radi- 
ation power loss to power supply from an external accelerating source is 


P 1 __2e ies Te (22) 
dE/dt  4reo 3mv` da’ 3me`dr” 


where re = 2.82 x 10715 m is the classical radius of the electron. Assuming 
that electrons gain energy from 1 GeV to 47 GeV in 3 km at SLC, what is the 
ratio of power loss to power supply? In the Next Linear Collider (NLC), the 
gradient of the accelerating cavities will increase by a factor of 10. What will 
be the ratio of radiation power loss to power supply? What is your conclusion 
from this exercise? 


In a circular accelerator, p changes direction while the change in energy per 
revolution is small, i.e. 
dE 


dp 1 
dr WA > Cae 


43See J.D. Jackson, Classical Electrodynamics, 2nd ed., p. 468 (1975). 
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where w = c/p, and p is the bending radius. The radiated power becomes 


2 ro 2 2) 42 BcCy Et 
paat = 2. 
3me? wal Qn p’ 
C = 4nro _ f 8.85 x 10-°[m/(GeV)3] for electrons, 
7 3(me2)3 — | 7.78 x 107t8[m/(GeV)?] for protons, 


where rọ is the classical radius of the particle, m is the mass, and The radiative 
energy loss per revolution of an isomagnetic storage ring becomes 


Uo = B?C,E* /p. 


i. Calculate the energy dissipation per revolution for electrons at energy E = 
50 GeV and 100 GeV in LEP, where p = 3096.175 m and the circumference 
is 26658.853 m. 


ii. Find the energy loss per turn for protons in SSC, where the magnetic field is 
6.6 Tesla at 20 TeV, the circumference is 87120 m, and the bending radius 
is 10187 m. 


iii. Show that the power radiated per unit length in dipoles for a beam is 


os. UolMeV] 
27p [m] 


where Up is the energy loss per revolution, J is the total beam current, and 
p is the radius of curvature in the dipole. Find the synchrotron radiation 
power loss per unit length in LEP and SSC, where the circulating beam 
currents are respectively 3 mA and 70 mA. 


P(W/m) =1 I [A], 


6. The center of mass (c.m.) energy of two particles with mass m and energy Yemme? 


colliding head on has a total c.m. energy of 2yemmc?. (1) Show that the total 
c.m. energy for this collision is equivalent to a fixed target collision at the energy of 
yermc with another particle with mass m at rest if yer = 272, — 1. (2) What is 
the equivalent center of mass energy for the collision of a cosmic ray proton at the 
energy of 3 x 10% eV with another proton? (3) In December 2010, LHC had Pb298 
on Pb2gs collision at 287 TeV per beam. If this were a fixed target experiment, what 
energy of the lead ion should be in order to achieve the same center of mass energy? 


. The luminosity, £ [em7?s7'], is a measure of the probability (rate) of particle en- 


counters per unit area in a collision process. Thus the total counting rate of a physics 
event is R = Opnys£, where opnys is the cross-section of a physics process. 


(a) In fixed target experiments, the luminosity is given by £L = (dN, /dt)ntarget, 
where dN,,/dt is the number of beam particles per second on target, and Ntarget 
is the target thickness measuring the number of atoms per cm?. The average 
luminosity is given by (£) = (dN,,/dt)ntarget, Where (dN, /dt) = Np f. Here Np 
is the number of particles per pulse (bunch) and f is the pulse repetition rate. 
Consider a fixed target experiment, where the beam repetition rate is 0.4 Hz, 
beam particle per pulse is 10'°, the beam pulse length is 150 ns, and the target 
thickness is 4 mg/cm? Au foil. Find the instantancous and average luminosities 
of the fixed target experiment. What is the advantage of stretching the beam 
pulse length to 1 s in this experiment? 
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(b) When two beams collide head-on, the luminosity is 


L=2fN, No J pilx, 2, 81)P2(2, Z, s2)dxdzdsd(ßct), 


where sı = s+ (ct, s2 = s— (ct, f is the encountering frequency, N; and Na are 
the numbers of particles, and pı and p2 are the normalized distribution functions 
for these two bunches. Using a Gaussian bunch distribution, 


( ) 1 x z? 8? 
L,2,8)= - ex ; 
P (27)3/20,.0205 E 202 202 20? 


where Ogz,0z, and o, are respectively the horizontal and vertical rms bunch 
widths and the rms bunch length, show that the luminosity for two bunches 
with identical distribution profiles is 

_ MM2 


ANOO; 


Show that when two beams are offset by a horizontal distance b, the luminosity 
is reduced by a factor exp{—b?/402}. 


8. Show that the magnetic field on the axis of a circular cylindrical winding of uniform 
cross-section is 


oJ b+ s]2)1/2 b + (b2 + 52)1/2 
"i= e es es cer e HE 


where @ is the length of the solenoid, J is the current density, a,b are the inner and 
outer cylindrical radii respectively, and s is the distance from one end of the solenoid. 
For an ideal solenoid, set s = 4/2,b — a, show that the magnetic field and the 
inductance are 


By = ponl, 
L = mon? lS = pon? x volume of the solenoid, 
where n is the number of turns per unit length, J is the current in each turn, and 


S is the cross-section area of the solenoid. Note that the total energy stored in the 
magnet is given by the magnetic energy. 


9. From elementary physics, the field at a distance r from a long straight wire carrying 
current I is 
B = pol /2ar 


along a direction tangential to a circle with radius r around the wire. 
(a) Show that the 2D magnetic field at location y = x + jz for a long straight wire 
is I 
. Lo 
B,(x, 2) + jB2(x,2z) = =~ —, 
í 7 2m(y — yo) 


where j is an imaginary number, the current I is positive if it points out of 
paper, and yo = zo + jzo is the position of the current filament.*4 


44See R.A. Beth, J. Appl. Phys. 37, 2568 (1966); 38, 4689 (1967). 
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(b) If the current per unit area of an infinitely long circular current sheet is 
Ar, 4) = (I1/2a) cos ¢ 4(r — a), 


where J is the total dipole current and (r,¢ġ) are the cylindrical coordinates 
with x = rcos¢ and z = rsin ¢, show that the magnetic field inside the current 
sheet is 

B,=—polh/4a, By, =0. 


This is the cosine-theta current distribution for a dipole. High-field supercon- 
ducting dipoles are normally made of current blocks that simulate the cosine- 
theta distribution. 


(c) The Beth current sheet theorem states that the magnetic fields in the immediate 
neighborhood of a two-dimensional current sheet are 


B(y+) — B(y-) = juo(al/dy), 


where y} and y— are the complex coordinates y = x + jz at an infinitesimal 
distance from the current sheet, and dI/dy is the current per unit length. Apply 
this theorem to show that the cosine-theta current distribution on a circular 
cylinder gives rise to a pure dipole field inside the cylinder. 


Show that the magnetic field at the coordinate y = x + jz, due to a thin current 
wire located at coordinates yo = £o + j20, between two sheets of parallel plates with 
infinite permeability is*® 


I =y" = 
Be + 5B, = P% | tanh my — Yo) ead m(y — Yo) 
4g 29 2g 


where g is the gap between two parallel plates. The current flows in the ĉ x 2 direction. 


Show that the dipole field and the inductance of a window-frame dipole with two 
sheets of parallel plates having infinite permeability are 


B = joNI/g = pont, 
L= po N7tw/g 5 uon? x volume of the dipole, 


where N is the number of turns, J is the current in each turn, g is the gap between 
two iron plates, and n = N/g is the number of turns per unit gap length, @ and w 
are the length and width of the dipole. The total power dissipation is P = (NI)?R, 
where R = pt/A is the resistance, A as the cross-sectional area of the conductor, and 
p is the resistivity of the coil. 


Following Maxwell’s equation, V x B = 0 in the current-free region, and the mag- 
netic field can be derived from a magnetic potential, ®,,, with B = —V®,. For 
a quadrupole field with B, = Kz, By = Kz, show that the magnetic potential is 


458. Y. Lee, Nucl. Inst. Meth. A300, 151 (1991). Use the following identities: 


4y = 2 4y 1 
t net ent = = + HN e 
iid T Bae EENT Ea TY T 3 (2k)? 
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13. 


®, = —Kaz. The equipotential curve is xz = constant. Thus the pole shapes of 
quadrupoles are hyperbolic curves with xz = a?/2. The pole-tip field is Bpole tip = 
Ka. To avoid the magnetic field saturation in iron, the pole-tip field in a quadrupole 
is normally designed to be less than 0.9 Tesla. The achievable gradient is By = 
Boole tip/a. Show that the gradient field is 


By = 2poNT/a?, 
where NI is the number of ampere-turns per pole, and a is the half-aperture of the 
quadrupole. The inductance in an ideal quadrupole is 
SuoNL 9 af Pa Spo NL 5 
= a Te T22) a Te, 


L 


a2 
where ze is the distance of the conductor from the center of the quadrupole. In reality, 


x2 should be replaced by z2 + zewe, where we is the width of the pole. 


Consider a pair of conductors with cross-sections independent of the azimuthal coor- 
dinate s, and surrounded by isotropic and homogeneous medium with permittivity € 
and permeability u. Maxwell’s equations are 


V-(é)=0, vxĒ=-2, v-B=0, Vxi=— 


where the external charge and current are zero. Let ĉ,2 and § form the basis of an 
orthonormal coordinate system. For a transverse guided field propagating in the +5 
direction, we assume 


E(?,t) = Ey (a, z)e I), 
A(t) = Ëi (æ, zje, By = pË, 
where fields are all transverse with phase velocity vp = w/k. 
(a) Show that the frequency w and the wave number k of the electromagnetic wave 


satisfy the dispersion relation w = k/,/ef. Show that the transverse electromag- 
netic fields satisfy the static electromagnetic field equation, 


Ə? PA a? Pa 
(= + =) Ex(z,z) =0, (= + Z) Hi (2,2) =0, 


and the transverse plane wave obeys the relation H= z x Ë ‘1, where Z = 
y u/€ is the intrinsic impedance of the medium. 


(b) Show that, because of the transverse nature of the electromagnetic field, the 

electric field can be represented by 
E(x, z) = -V ¢(z, z), 

where ¢ is the electric potential, and V is the transverse gradient with respect 
to the transverse coordinates. By definition, the capacitance per unit length is 
C = A/V, where V = ¢, — ¢y is the potential difference between two conductors, 
and A is the charge per unit length on conductors. Using Ampere’s law, show 
that 


fä -dF = \/eZ = rp, 


where J = vp is the current per unit length, and dř = dxêĉ + dz2. 
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(c) Similarly, the inductance per unit length is 


ldb pu [? = 
L=- =!) Boe 
T ds ae nary 


where the integral is carried out between two conductors. Show that there is a 


general relation: : 
CL=pe= 1/v2. 
The characteristic impedance of the transmission line is given by Re = y L/C = 
V/I, where C and L are the capacitance and the inductance per unit length. 
(d) Show that the capacitance and the inductance per unit length of a coaxial cable 


with inner and outer radii rı and rz are 


27€ H 
= : L= jf ; 
C n(r/r1)’ on rı 


Fill out the following table for some commonly used coaxial cables. 


Type Diameter | Capacitance | Inductance | Re | Delay time 
fem) | [pF/m] | [uE/m] 
RG58/U | 0.307 93.5 


RG174/U | 0.152 98.4 
RG218/U | 1.73 96.8 


14. Derive the transverse equations of motion for electrons in a betatron*® by the following 
procedures. In the cylindrical coordinate system, the equation of motion for electrons 
is 

dpr dpz 

dt dt 
where 7,2 are respectively the radially outward and vertically upward directions, 
B,, B, are the radial and vertical components of the magnetic flux density, 0 is the 
azimuthal angle, and 6 = v/r is the angular velocity. If the vertical component of the 
magnetic flux density is 

R 
+ eee , 


B= Bi (5) ~ Bo ( ees 


where n is the field index. Then the radial magnetic field with B, = 0 at z = 0 is 


B, =2(5) __ Bo, 
=k 


— ymré? = —erOBz, = er6Bp, 


Or R 
Show that the equations of motion become 
E+ue(1—n)Eé=0, ¢+uen¢ =0, 


where € = (r — R)/R, Ç = z/R, and wọ = v/R = eBo/ym is the angular velocity of 
the orbiting particle. Show that the stability of betatron motion requires 0 < n < 1. 


46See D. Kerst and R. Serber, Phys. Rev. 60, 53 (1941). Because of this seminal work, the 
transverse oscillations of charged particles in linear or circular accelerators are generally called 
betatron oscillations. 
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15. Ion sources are indispensable to all applications in accelerators. For electron beams, 
there are thermionic sources, rf gun sources, laser-driven electron sources, etc. For 
charged ion beams, there are many different configurations for generating plasma 
sources for beam extraction.“ Charged ion beams are usually drawn from a space- 
charge ion source at zero initial velocity. The flow of charged ions is assumed to be 
laminar. In the space-charge dominated limit, the electric field between the anode and 
the cathode is maximally shielded by the beam charge. The maximum beam current 
occurs when the electric field becomes zero at the emitter. Assume a simplified geom- 
etry of two infinite parallel plates so that the the motion of ions is one-dimensional. 
Let s be the distance coordinate between the parallel plates with s = 0 at the emitter, 


and s = a at the anode. The Poisson equation becomes 


where V is the electric potential, p is the ion density in the parallel plate, and €ọ is 


the permittivity. 


(a) In the non-relativistic limit with laminar flow, show that the Poisson equation 


becomes 
eV J 9” y-1/2 


ds? €o \2e 


where J = pv is the current density, e and m are the charge and mass of the 


ion, and v is the velocity of the ion. 


(b) For a space-charge dominated beam, the condition of maximum space-charge 
shielding is equivalent to V = 0 and dV/ds = 0 at s = 0. Show that the 


maximum current is 


where Vo is the extraction voltage at the anode, and y is the perveance of the 
ion source. The relation of the current to the extraction voltage is called Child’s 


law.48 


(c) Show that the space-charge perveance parameters for electron, proton, deuteron, 
Het, Nt, and Art ion sources are given by the following table. Here the micro- 


perveance is defined as 1 pP = 1 x 107° A/V?/?. 


Dt Het Nt At 


e p 


16. The Paraxial Ray Equation: In the free space, the electric potential obeys the 
Laplace equation V?V = 0. Using the basis vectors (f, ĝ, 5) for the cylindrical coordi- 
nates in paraxial geometry, where r is the radial distance from the axis of symmetry, 
¢ is the azimuthal coordinate, and s is the longitudinal coordinate, we expand the 


47See e.g. Proc. Int. Symp. on Electron Beam Ion Sources, AIP Conf. Proc. No. 188 (1988); 


Production and Neutralization of Negative Ions and Beams, AIP Conf. Proc. No. 210 (1990). 


48C.D. Child, Phys. Rev. 32, 492 (1911); I. Langmuir, Phys. Rev. 32, 450 (1913). See also A.T. 


Forrester, Large Ion Beams (Wiley, New York, 1988). 
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position vector as R=rf+sé8. Let Vo(s) be the electric potential on the axis of sym- 


metry. Show that the electric potential V(r,s) and the electric field E = By? + B.S 
are 


4 64 
(2) (4) 
Eps Vo r Vo r? + A 
2 16 
3 5 
E.- yo 4 ere Vo a 
i 0 4 64 i 


where A correspond to nth-derivative of Vo with respect to s. The equation of 


motion for a non-relativistic particle in the electric field is mk = eË, where the 
overdot represents the time derivative. Show that the equation of motion for the 
radial coordinate, known as the paraxial ray equation, becomes 


1 1 
Vr" + yT + Vr s0; 


where V replaces Vo for simplicity and the prime is the derivative with respective to s. 
The paraxial ray equation can be used to analyze the beam envelope in electrostatic 
accelerators.*9 


17. Consider a line charge inside an infinitely long circular conducting cylinder with radius 
b. The line-charge density per unit length is A, and the coordinates of the line charge 
are a = (acos ¢,asin ġ), where a is the distance from the center of the cylinder, and 
¢ is the phase angle with respect to the ĉ axis. Show that the induced surface charge 
density on the cylinder is®? 


A b? — a? 
2b b? + a? — 2bacos(dw — ¢) 


= mae > )" cosn(ġ s-o. 


where @y is the angular coordinate of the cylindrical wall surface. This result is the 
basis of beam position monitor design. 


a(b, dw) 


49V K. Zworykin et al., Electron Optics and the Electron Microscope, (Wiley, 1945); J.R. Pierce, 
Theory and Design of Electron Beams, (Van Nostrand, 1949); V.E. Cosslett, Introduction to Electron 
Optics, (Oxford, 1950); F. Terman, Radio Engineers’ Handbook, (McGraw-Hill, 1943). 

50Let the image charge be located at Z = (ccos¢, csin@), then the electric potential for infinite 
line charges at 7 is 


Ài y 
(r) = In |? — a| + — n |F- äl. 
2T€0 


27 €0 
The electric field is Æ = —V®. Using the condition Ey = 0 on the conducting wall surface in the 
cylindrical coordinate, we obtain c = b?/a and A; = —A. The induced surface charge density is 
o = €)E,. The multipole expansion can be obtained by using the identity cosn@ + j sin nð = eJ”®. 


2021 © The Author(s). This is an Open Access chapter published by World Scientific Publishing Company, 
licensed under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0). 
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Chapter 2 


Transverse Motion 


The transverse particle motion in an accelerator is divided into a closed orbit and 
a small-amplitude betatron motion around the closed orbit, where the closed orbit 
in a synchrotron is defined as a particle trajectory that closes onto itself after a 
complete revolution, a closed orbit in a linac or cyclotron is the orbit with zero 
betatron oscillation amplitude. Particle motion with a small deviation from the closed 
orbit will oscillate around the closed orbit. The terminology of betatron motion is 
derived from the seminal work of D. Kerst and R. Serber on the stability of transverse 
particle motion in a betatron. It is now used for transverse motion in all types of 
accelerators. 


In synchrotrons, bending magnets are needed to provide complete revolution of 
the particle beam. This defines a closed orbit. Betatron motion around the closed 
orbit is determined by an arrangement of quadrupoles, called accelerator lattice. In 
actual accelerators, magnetic field errors are unavoidable, the closed orbit and the 
betatron motion will be perturbed. Lattice design has to take these field errors into 
account. Since the bending angle of a dipole depends on the particle momentum, 
the resulting closed orbit is a function of the particle momentum. In the first-order 
approximation, the deviation of the closed orbit is proportional to the fractional off- 
momentum deviation (p — po)/po, where po is the momentum of a reference particle. 
The dispersion function, defined as the derivative of the closed orbit with respect to 
the fractional off-momentum variable, and the chromatic aberration of the betatron 
motion play a major role in the accelerator’s performance. Furthermore, careful cor- 
rection of linear and nonlinear resonances and feedback of collective beam instabilities 
are important for high-intensity and high-brightness beams. 

Various aspects of transverse particle motion will be discussed in this chapter. In 
principle, the method discussed in this chapter can also be applied to a linac or a 
transport line, where the betatron motion is equivalent to an initial value problem. 
In Sec. I, we derive the particle Hamiltonian in the Frenet-Serret coordinate sys- 
tem. For accelerator practitioners, who are not familiar with Hamiltonian dynamics, 
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can skip the formal formulation of Sec. I and jump right on to the Hill’s equations: 
Eq. (2.22) of Sec. II, where we examine the properties of linear betatron motion. 
We discuss the Floquet transformation to action-angle variables, beam distribution, 
beam emittance, and properties of the envelope function. In Sec. III, we study the 
effects of linear magnetic imperfections (dipole and quadrupole field errors) and their 
roles in beam manipulation. Section IV deals with the off-momentum closed orbit 
and its implications for longitudinal synchrotron motion, and also with the lattice 
design strategies for variable y,, and minimum dispersion action. Section V describes 
the chromatic aberration and its correction, and Section VI describes linear beta- 
tron coupling. In Sec. VII, we examine the effects of low-order nonlinear resonances. 
Section VIII introduces the basic concept of transverse collective instabilities and Lan- 
dau damping. Section IX lays out a general framework for the synchrotron-betatron 
coupling Hamiltonian. 


I Hamiltonian for Particle Motion in Accelerators 


The motion of a charged particle in electromagnetic field E and B is governed by the 
Lorentz force, 
dp = es 

g TE ee + ex B), (2.1) 
where p = ymy is the mechanical momentum, Y = dr/dt is the velocity, m is the mass, 
e is the charge, and y = 1/\/1 — v?/c? is the relativistic Lorentz factor. The energy 
and momentum of the particle are E = ymc? = mc*dt/dr and p = myt = mdr/dr, 
where 7 is the proper time with dt/dr = y. The electric and magnetic fields are 
related to the vector potential A and scalar potential ® via E= -V -Å /ət, and 
B = V x Å. With the Lagrangian: L = —mc?,/1 = u/c e®+ed- A, Equation (2.1) 
can be derived from Lagrange’s equation 


d (OL OL 
a pp a el Oy 2.2 
(ae) ~ 3° e2) 
The canonical momentum, the Hamiltonian, and Hamilton’s equations of motion are 
+ ôL e 
UV 
H = P- 0- L= cme + (P — eA}? +8, (2.4) 
OH . OH 
g= , P =--—, ete, 2: 
7 AP ax’ O (2 
where the overdot is the derivative with respect to time t, and (x, P,),--- pairs are 


conjugate phase-space coordinates with respect to any reference point in space. Par- 
ticle motion in accelerators is usually confined to small deviations from a well-defined 
reference orbit. The phase space coordinate system around this reference orbit is 
called the Frenet-Serret coordinate system shown in Fig. 2.1. 
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Figure 2.1: Curvilinear coordinate system 
for particle motion in synchrotrons. fo(s) is 
the reference orbit, ĉ, § and 2 form the basis 
of the curvilinear coordinate system. Any 
point in the phase space can be expressed 
by T = To + zê + 22. Here x and z are 
betatron coordinates. 


7 (s) 


reference orbit 


I.1 Hamiltonian in Frenet-Serret Coordinate System 


Let 7(s) be the reference orbit (see Fig. 2.1), where s is the path length measured 
along the reference orbit from an initial point. The tangent unit vector to the reference 
orbit, the unit vector perpendicular to the tangent vector and on the tangential plane,! 
and the unit vector orthogonal to the tangential plane are 

` dro(s) k ds(s) " . A 

ê(s) = ——, &(s) = —p(s)—— , 2(s) = &(s) x §(s) , (2.6) 

ds ds 

where p(s) defines the radius of curvature. The vectors (4, 8, 2) form the orthonormal 
basis for the right-handed Frenet-Serret curvilinear coordinate system with 


H(s) = A aa +r(s)2(s), 2(s) = —r(s)ê(s) , (2.7) 


p(s) 

where the prime denotes differentiation with respect to s, and 7(s) is the torsion of 
the curve. For simplicity, we discuss only planar geometry, where 7(s) = 0. The 
particle trajectory around the reference orbit can be expressed as 


F(s) = f(s) + v#(s) + 22(s) . (2.8) 


To express the equation of motion in terms of the reference orbit coordinate system 
(x, 8,z), we perform a canonical transformation by using the generating function 


F;(P; L,8,2) = =P [Fo(s) + x&(s) + 22(s)] , (2.9) 


where P is the momentum in the Cartesian coordinate system. The conjugate mo- 
menta for the coordinates (x, s, z) (see Appendix A) and the field momentum vector 
in the curvilinear coordinate system A,, Ay and A, are 


Using Eq. (2.6), we find centripetal = |d?7/dt?| = (ds/dt)?|(d/ds) (dr /ds)| = v?|(d8/ds)|, where 
v = ds/dt is the tangential velocity. The magnitude of the bending radius is p = v?/ centripetal = 
\ds/dé|. 
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The new Hamiltonian becomes 


= A, 2 i 1/2 
H = eD tedne H (ps : ) } (Dy eA,)* t (pz ca.) > (2.10) 


(1+2/p)? 


Note that A, and p, are not simply the projections of vectors A and P in the 8 
direction. In the new coordinate system, Hamilton’s equation becomes 


. OH, OH . OH . OH ,. OH . OH 
I= » Ps = > t= > Pr = 3 pee eee 


(2.11) 


The next step is to use s as the independent variable instead of time ¢ [20]. With 
the relation dH = (OH /Op,)dp, + (OH /Op,)dp, = 0 or 


, dx è (0H\ (OH\™* _ A(=p,) 
le ee (=) (=) Ope” etc., (2.12) 


where the prime denotes differentiation with respect to s, Hamilton’s equations of 
motion become 
Ops, __ Op Ops, _ _ Op 


: : ODs 
= ; c= =, = ; A m =, = =. 
at Op, 2 T ðr 3p T Oz 


Y= Ops 


(2.13) 


Here s as the independent variable, —p, is the new Hamiltonian, and the conjugate 
phase-space coordinates are (x, ps; z, pz; t, -—H). 

Since the scalar and vector potentials ® and A depend on position, the new 
Hamiltonian is a function of the independent coordinate s. However, the repetitive 
nature of the accelerator components, the dependence of the new Hamiltonian on s 
is periodic. The periodic nature of the new Hamiltonian can be fruitfully exploited in 
the analysis of linear and nonlinear betatron motion with the Floquet theorem. The 
new Hamiltonian H = —p, becomes 


= 9 H — eğ}? 1/2 

H=- (1 + z) a mc? — (Pr — eA}? — (pz — eA)? — eAs, (2.14) 
p c 

with (£, pz, z,pz,t, -H) as the phase-space coordinates. The energy and momentum 

of a particle are given by E = H — e® and p = y E?/c? — m?c?. Since the transverse 

momenta py and p, are much smaller than the total momentum p, we expand the 

Hamiltonian up to second order in py and p, 


z) 1+z/p 


He (1 [(pr — eAx)” + (pz — eAz)?| — eAg. (2.15) 
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I.2 Magnetic Field in Frenet-Serret Coordinate System 


The scale factors for the Frenet-Serret coordinate system are hg = 1, hs = 1 +7, h; = 
1. The differential path length is d? = h?dx? + h?ds? + h?dz?, and the differential 
operators are 


a>. 100, a, 
= an ios re 


+ 1 [(heA1)  OAg  O(heAs) 
Va =| Oe oe ee. |? 
T 1 [OAs O(hs A2) ay OA, A3 a 1 O(hsA2) OA, A 
Vee = la az -|a r| hs | Oz ðs |” 
p — 1[2, 0%, 313e a, o 
hs |ðx °Ox ` Ash, Os öz °Az |” 


where A, = A- £, Ao = A. 8, and A; = A-%. In particle accelerators, we consider 
only the case with zero electric potential with ® = 0, furthermore, for an accelerator 
with transverse magnetic fields, we can assume A, = A, = 0. The two-dimensional 
magnetic field can be expressed as 


B = B,(z, 2) + B.(a,2)2, 
ləh) 1 OAs = 1 A(heAg) — 1 OA, 
Boh Oe hy Oe? he Oey On? eN 


with A, = hA. Using Maxwell’s equation V x B= 0, we have 


ð 1 ðA; 010A, 
e Nn 2A, 
Ozh, Oz = Oxh, Ox ca 
General solutions of B}, B- and A, can be obtained through power series expansion 
(see Exercise 2.1.3). 

In the rectangular coordinate system with hs = 1 or p = 00, we have V? A, = 0, 
and A, can be expanded in power series as 


co 


bn + jan . 
Ay = BoR |X = (x + j2)""] (2.18) 
n=0 n+ 1 


where j is the imaginary number, R|...] represents the real part, and B, = 2s and 


Bz = — ĉis, Normally the normalization constant Bo is chosen as the main dipole 
field strength such that bọ = 1, i.e. Bobo = —[Bp]/p, where Bp is the momentum 


rigidity of the beam, p is the bending radius. The resulting magnetic flux density and 
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the effective multipole field on the beam particles become? 


B, + jBz = Bo > (bn + jan)(x + jz)” (2.19) 
n=0 


1 : 1 : se 
Bp + jBz) = ple + Jan) (x + jz) ’ 


1 O"B 


1 OB, a z| 
z=z=0" i Bon! Ou” ow 


Bon! Ox” 


where bn, an are called 2(n + 1)th multipole coefficients with dipole bo, dipole roll ao, 
quadrupole bı, skew quadrupole a1, sextupole bz, skew sextupole az, etc.? Here after, 


we use the notation: B, = an 


z=z=0 
in B, + 7B, is called the Beth representation (see Exercise 1.10). 
Since V x B = 0 in the current free region, the magnetic field can also be derived 


from a scalar magnetic potential ®,,, i.e. B = —V®,, (see Exercise 2.1.3). The scalar 
magnetic potential is 


Dn = 


. The complex 2D magnetic field representation 


> by T Jan . 
Om = —BoS 5 (x ele Jeya: , (2.20) 
n=0 n+l 


where S|...] represents the imaginary part of the expression. 


I.3 Equation of Betatron Motion 


Disregarding the effect of synchrotron motion (see Sec. IX Chap. 2), Hamilton’s 
equations of betatron motion are 


oH oH oH oH 
g = ; De = , z = , p, = (2.21) 
Opr Ox p- Oz 
With the transverse magnetic fields of Eq. (2.16), the betatron equations of motion 
become 
+2 B, z 2 B, i 2 
z"! P — = Po (: ) !=F Po (: ) , (2.22) 
p Bp p p Bp p p 
?The multipole expansion of the magnetic field is usually re-scaled to obtain 
pope o TÍZ 
Bz + jBa = Bo X (bn + jan) ==)", 


n=0 


where rp is a reference radius. The reference radius for the multipole expansion of superconducting 
magnets is often chosen to be 1/2 or 2/3 of the inner coil radius, e.g. rp = 1 cm for the SSC and LHC, 
and rp = 2.54 cm for RHIC and Tevatron. The resulting b, and an coefficients are dimensionless. 
3Note that the multipole convention used in Europe differs from that in the U.S. In Europe, 
physicists use b1, a; for dipole and dipole roll, bz, a2 for quadrupole and skew quadrupole, etc. 
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where we neglect higher-order terms, the upper and lower signs correspond to the 
positive and negative charged particle respectively, p is the momentum of the particle, 
po is the momentum of a reference particle, Bp = po/e is the magnetic rigidity, and 
e is the charge of a particle. The sign convention is chosen such that Bp is positive. 
Alternatively, Eq. (2.22) can be derived through Newton’s law of acceleration (see 
Exercise 2.1.2). The equations of motion are given by 

ev, B, vB, : vB, 


fh Ce Me meee 
f—r aii Bp’ Žž Bp’ 


which can be transformed into Eq. (2.22) by changing the time variable to the coor- 
dinate of orbital distance s, i.e. x” = #/v2. 


I.4 Particle Motion in Dipole and Quadrupole Magnets 


We consider a on-momentum particle with p = po, expand the magnetic field up to 
first order in x and z, i.e. 

OB, OB, 

B, = FBo 4 aL” T FBo + Bız, By, = a T Bız, (2.23) 
where Bo/Bp = 1/p signifies the dipole field in defining a closed orbit, and the 
quadrupole gradient function By = OB,/0x is evaluated at the closed orbit. The 
betatron equations of motion, Eq. (2.22), become Hill’s equation: 


x” + K,(s)a = 0, 2" + K.(s)z =0, (2.24) 
K, =1/P + Ki(s), K,=—K,(s), 


where Ki(s) = +B,(s)/Bop is the effective focusing function with dimension [m~°]. 
Here the upper and lower signs correspond respectively to the positive and negative 
charged particles. The sign-convention is Kı > 0 for horizontal focusing, and thus 
vertical defocusing. The focusing index is defined as n(s) = +p? Ki(s), or Ky, = 
(1 —n) and K, = arn. A weak focusing accelerator requires 0 < n(s) < 1, 
while a strong-focusing accelerator, |n| > 1, e.g. n(s) ~ +350 for the AGS. Some 
observations about the linearized betatron equations (2.24) are given below. 


e Ina quadrupole, where 1/p = 0, we have K, = —K,, i.e. a horizontally focusing 
quadrupole is also a vertically defocusing quadrupole and vice versa. 


e A horizontal bending dipole has a focusing function K, = 1/p?, and K, = 0. A 
dipole with entrance and exit angles perpendicular to the edge of the dipole field 
is called a sector dipole (see Fig. 2.2a). The entrance and exit angles of particle 
trajectories in non-sector type dipoles are not perpendicular to the dipole edge. 
There is an edge focusing/defocusing effect (see Exercise 2.2.2) on all dipoles. 
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e The focusing functions K,, K, is periodic functions of the longitudinal coor- 
dinate s in one revolution. One can design an accelerator lattice with many 
identical focusing periods. The number of identical building blocks is called 
the superperiod P. The solution of periodic Hill’s equation satisfies the Floquet 


theorem. 
Figure 2.2: Schematic drawing of the 
oa particle trajectory in a sector dipole 
. 9/27 AN 6/2 and in a rectangular dipole. Note 
yoy "Ye x that the particle orbit is perpendic- 
Sa ge ular to the pole-faces of the sector 
Y S dipole magnet, and makes an angle 
sector dipole rectangular dipole 0/2 with the pole-faces in the rectan- 


gular dipole. 


Exercise 2.1 
1. In the Frenet-Serret coordinate system (ĉ, 8, 2), transverse magnetic fields are 


1 OA; 1 OAs 


By = = : 
7 l+a/p Oz’ 7 1+2/p Ox 


Derive Eq. (2.22) from the Hamiltonian of Eq. (2.15). 


2. Derive Eq. (2.22) through the following geometric argument. Let (ĉ, 8,2) be local 
polar coordinates inside a dipole. The particle coordinate is 


r= (p+ x) + 22, 


where p is the bending radius. The momentum of the particle is p = mr, where y 
is constant in the static magnetic field, and the overdot corresponds to the derivative 


with respect to time t. Similarly, dp/dt = mr. 


(a) Using Eq.(2.7), show that 


F= tê + (p + 2/08 + 22, . i 
F= [ë — (p + x)67]2 + [246 + (p + x)6]8 + 22, 


where 0 = s/p is the angle associated with the reference orbit, i.e. ds = pd0. 


(b) Using dp/dt = et x B, with B = B,# + B,2, show that 


; vB vB 
n T — Us el tacky 
&—(p+2) ap? Bp’ 


where Bp = ymv,/e is the momentum rigidity and vs is the longitudinal velocity. 
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(c) Transform the time coordinate to the longitudinal distance s with ds = pd, 
where d0 = vsdt/(p + x), and show that 


B; g 
=z (147), ET E 7), 
p Bp! P Bp! p 


where the prime is the derivative with respect to s. 


3. Inside the vacuum chamber of an accelerator, we have V x B=0andV xĒ=0. 
Thus the electric field and magnetic field can be expanded by scalar potentials with 
B= -VOn,E = —V®., where both scalar potentials satisfy the Laplace equation 
with V?® = 0, where © stands for either ®,, or ®,. In the curvilinear coordinates 
(x, 8,2), we then have 


1 ð ð Oe 1 ð, 1 ô 


2 ee a, 
VO tae | ep oe de oe 1 ðs 


)=0, 


where h = 1/p, and p is the radius of curvature. Expressing the scalar potential in 
power series of particle coordinates, 


show that Aj; satisfies the following iteration relation: 


Ai j+2 = —A}}; = ihA}_ Lj Si ih Aj Lj Ai42,j ~~ (3% + 1)hAiti,j 
—3ihAi—1,j+2 = i(3i = 1)h? Aij = 3i(i al 1)h? Aj_2,549 
—i(i — 1)?AF Ai-i; — ili — 1) (i — 2)h? Ai—3,j+2, 
where the prime is the derivative with respect to s. Assuming Aoo = 0, Aio = 0, 


and Ao, = — Boo in a rectangular coordinate system with h = h’ = 0, show that the 
magnetic potential, up to the fourth order with i + j < 4, ist 


1 1 : 
® = —Bozt 5 420 (#” — 27) + Azz + 5 As0(x* — 3427) + = 5 Blane? 
1 1 ‘ 1 
sAaieiz z (Boo A2) 4 5q Aao(a" 6x?2? + 2f) 
1 


j 1 1 
po(— 3872" + z+) 4 5 Asi (2*z 22°) 4 02°. 


"12 6 


4. The field components in the current-free region of an axial symmetric solenoid are 


foe) co co 
‘Bs =r) bopyi(2” + 27)F, B= zX bla? +2)", B= So bala? +22). 
k=0 k=0 k=0 


4A word of caution: the magnetic potential obtained here can not be used as the potential in the 
Hamiltonian of Eq. (2.14). In particular, the potential for a quadrupole is given by the Aj; term 
and the skew quadrupole arises from the Ago term, etc. However, this serves as a general method 
for deriving the magnetic field map. 
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(a) 


(c) 
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Show that the coefficients are 


b = : bt b = : } 
2k+1 = 2(k +1) 2h 2k+2 = 2(k + 1) 2k+1> 


where the prime is the derivative with respect to s. Show that the vector 
potential is 


bop ot ote box 21 2k 
A, = t 3 A,= í t r AÅ; = x 
a” a] zY EE N 0 


In a cylindrical coordinate system, where r = xê + 22, r = yx? +2, and 
@ = (—zĉ + x2)/r, show that the vector potential can be expressed as 


7 1 1 5 R 
A=- tots) - reels) +--| ĝ. 


The Hamiltonian of Eq. (2.15) for the particle motion in the solenoid is 


Show that the linearized equation of motion is (see also Exercise 2.6.2) 
wv! +2gz' +g'z=0, z" — 2gx' — g'x = 0, 


where g = ebo/2p = eB /2p is the strength of the solenoid. The linearized 
equation can be solved analytically. Letting y = x + jz, show that the coupled 
equation of motion becomes 


y” — j2gy' — jg'y = 0. 


Transforming the coordinates into the rotating frame, show that the system is 
decoupled, i.e. 


S 
g=ye i), where 0 =| gds, 
0 


Thus the solenoidal field, in the rotating frame, provides both horizontal and 
vertical focusing, independent of the direction of the solenoidal field. Note also 
that the effects of the ends of a solenoid, included in the g’ terms, have been 
included to obtain this Hill’s equation in the rotating frame. 


Up to third order, show that the equation of motion is 


g" g!" 
xr" +2gz' +gz = 5ra? +2?) + z + 27), 
ge g" 
z" — 2gx'—g'x = sue" Hz?) — r(e? + 2°). 
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5. Consider the transverse magnetic field in the Frenet-Serret coordinate system.” For 
normal multipoles with mid-plane symmetry with 


B.(z) = B.(-z), B,(z) = —B,(—2z), B,(z) = —B;(-z), 
the most general form of expansion is 
B= 5 bi ptz, BaZ D aitz, B,=z 5 cipa z™ 
i,k=0 i,k=0 i,k=0 


where a,b,c can be determined from Maxwell’s equations: V x B=OandV-B=0. 
Show that Maxwell’s equations give the following relations: 


i+] 1 b o 


gee ke E gpa 
p (+1) (i+1)(i+2) 2(k +1) 
la i t A T e e oy Wk + 1)bik+1 = 0, 
Cik t p(2k + 1) i+1,k + +1 i+2,k + r i—1,k+1 + 2(k + 1)bi k+1 


where the prime is the derivative with respect to s. Assuming that we can measure 
the B, at the mid-plane as a function of zx, s, i.e. 


B-(z = 0) = Boo + B1 ox + Boo2” + B302” +-+ 
where B;,9 are functions of s, show that the field map is 


Mu 
Boo , Bio 


B, = Boot Bior + Boox” — (Boo 4 5 H 2p )2? + Bs oa? 
2B20 1 Bio tt 1 Boorn 2 
Sip ea = 0072 4... 
{3B3,0 zS 2,0 2 —>)4 5 Bi Lo — ( p Yee" + 
2Bə 
Be = By oz + 2Booxz + 3B3 02? z— 5{8Bs0 + an 
1 Bio , Boo, 1 Boo : 
(Bot 5 )+ 5 [Bho — (Mya ++, 
p p 2 2 p 
B! B! Bi 
B, = Boozt+(Bi 0,0 rz + (B! Lo | 0,0 xz 
0,02 + (Bio P ) (B20 i Fe: ) 
1 1 Bio am Boo 3 
3( 2,0 T C? E- )z? + 


Show that in a pure multipole magnet, where p —> oo, the magnetic field can be 
expanded as 


. sAn Boo 2 Bio . 2 
Bz + Bz = X Bao(# t jz) EA t = Ce H jz)z Ferag 


n=0 


where j is the complex number. Thus for a finite length quadrupole with Bio #0, 
the end field has an octupole-like magnetic multipole field. 


"See K. Steffen, CERN 85-19, p. 25 (1985). 
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II Linear Betatron Motion 


Transverse particle motion around a closed orbit is called betatron motion. Since the 
amplitude of betatron motion is normally small, we study the linearized Hill ’s equa- 
tion: Eq. (2.24). The focusing functions are normally arranged to be periodic with 
Ka (s + L) = K,,.(s), where L is the length of a periodic structure in an accelerator. 
For example, Fig. 2.3 shows a schematic drawing of the Fermilab booster lattice, where 
four combined function magnets are arranged to form a basic focusing-defocusing pe- 
riodic (FODO) cell. Exploiting the periodic nature, we apply the Floquet theorem 
(see Appendix A, Sec. 1.5) to facilitate the design of an accelerator lattice, In this 
section we study linear betatron motion. betatron tune, envelope equation. Floquet 
transformation, the action and Courant—Snyder invariant, o-matrix, beam distribu- 
tion and emittance. 


Figure 2.3: A schematic drawing of the Fermi- 


Bp a 72 PD lab booster lattice, made of 24 FODO cells with 

7 | cell-length 19.7588 m. Each period consists of four 
| — combined-function magnets of length 2.8896 m and 
focusing function Kp = 0.02448 m~ and Kp = 
s=0 s=L —0.02082 m~?. A small trim focusing quadrupole is 


A Repetitive cell of Fermilab Booster : 
p used to change the betatron tune. The nominal be- 


tatron tunes are v, = 6.7 and v, = 6.8. 


II.1 Transfer Matrix and Stability of Betatron Motion 


Because accelerator components usually have uniform or nearly uniform magnetic 
fields, the focusing functions K, =(s) are essentially piecewise constant. Let y, y’ rep- 
resent either horizontal or vertical phase-space coordinates, then Eq. (2.24) becomes 


y” + K,(s)y = 0, (2.25) 


with the periodic condition K,(s + L) = K,(s). The solution (y, y’) is continuous for 
a finite K}. We neglect the subscript y hereafter for simplify our notation. With a 
constant K, the solution is 


a cos(V Ks +b), K >00, 
y(s) = § as +b, K=0, (2.26) 
a cosh(y—Ks +b), K <0. 
The integration constants a and b are determined by the initial values of yo and yọ. 


We define the betatron state-vector and obtain the betatron transfer matrix M (s|so) 
as 


y= (I) IO = Milso). (2.27) 
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Here we use (x, x’) as the betatron state vector, but bear in mind that the conjugate 
phase space coordinates are (£, px) of the Hamiltonian (2.14), and the phase space 
evolution should be described by Hamilton’s equations (2.21). The transfer matrix 
for a constant focusing function K is 


( cos VK Rs 
—J/K sin VK? cos YK? 
1 £ F f 
M(s|so) = € i) K =0: drift space 
coshy/|A|é Jimmie 
y|K|sinhy| K| — coshy/|K|é 


where l = s — sọ. In thin-lens approximation with £ — 0, the transfer matrix for a 
quadrupole reduces to 


1 0 1 0 
Mrocusing = (aiy J , Meefocusing = ee 1) , (2.28) 


where f is the focal length given by® f = limp+o KE: Similarly, the transfer matrix 


K > 0: focusing quad. 


K <0: defocusing quad. 


for a pure sector dipole with K, = 1/p? is 


_[{ cos? psin@ (<1) l£ 
Mls) = (Tong a — 7? G a 220) 


where 0 = ¢/p is the orbiting angle and p is the bending radius, and £ is the length of 
the dipole. In small-angle approximation, the transfer matrix of a dipole is equivalent 
to that of a drift space. 

The transfer matrix for any intervals made up of subintervals is just the product 
of the transfer matrices of these subintervals, e.g. M(sə|so) = M(s9|s1)M(si|50). 
Using these matrices, particle motion can be tracked through accelerator elements. 
Combining all segments, the solution of a second-order differential equation can be 
expressed as 


y(s) = C(s, 80) yo + S(s, so)yo, y'(s) = C"(s, 50) yo + S (s, 50) 40; 


where C” and S’ are the derivatives of C and S with respect to s, and yo and yb 
are the initial phase-space coordinates at sọ. The solutions C(s, sọ) and S(s, so) are 
respectively called the cosine-like and sine-like solutions with boundary conditions 


C (so, So) = 1, S(so, so) = 0, C" (so, 80) E 0, S' (so, So) =, 


1 0 
-1/f 1)? 


where f > 0 for a focusing quadrupole and f < 0 for a defocusing quadrupole. In this case, 
f = limo 1/(Ke). 


®The convention for the transfer matrix of a thin-lens quadrupole is Mguaa = 
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The solution of Eq. (2.24) can be expressed in terms of the transfer matrix as’ 


y(s) = M(s|s0)y(s0), M(s|so) = ea ae ; 


where (yo, yg) and (y, y’) are the particle phase-space coordinates at the entrance and 
exit of accelerator elements. For any two linearly independent solutions y1, y2 of Hill’s 
equation, the Wronskian is independent of time, i.e. 


W (11, Yo, 8) = Yao = YY» y 5A (2.31) 
The Wronskian obeys W(s) = [det M]W (so). Thus det M = 1, or det M(s|s9) = 
W(C,S,s) =1. 

An accelerator is usually constructed with repetitive modules. Let L be the length 
of a module with K(s + L) = K(s). The number of identical modules that form 
a complete accelerator is called the superperiod P. For example, P = 24 for the 
Fermilab booster shown in Fig. 2.3, P = 12 for the AGS at BNL, and P = 8 for 
the bare lattice of LEP at CERN. The transfer matrix M of one repetitive period 
composed of n elements is a periodic function of s with a period J, i.e. 


M(s) = M(s + L|s) = Mn- - M>M, 


where the M;’s are the transfer matrices of the constituent elements. Using the 
periodicity condition, we find 


M(s9 + L|s1) = M(s2)M(s2|81) = M(s2|51)M(s1), 
M(s2) = M(s2|81)M(s1)[M(s9|81)]7?- (2.32) 


Since M(s2) and M(s;) are related by a similarity transformation, the periodic trans- 
fer matrix has identical eigenvalues. The transfer matrix for passing through P super- 
periods is M(s + PL|s) = [M(s)]”, and for passing through m revolutions becomes 
[M(s)]"”. 

The necessary and sufficient condition for stable orbital motion is that all matrix 
elements of the matrix [M(s)|”” remain bounded as m increases. Let A, A be the 
eigenvalues and v1, v2 be the corresponding eigenvectors of the matrix M. Since M has 


‘The transfer matrix for the uncoupled betatron motion can be expressed as 


v x 
wv’ | — ( M,(s2|s1) 0 a 
a ( 0 M.(82|81) : (2.30) 


z 


2 1 


where the M’s are the 2x2 transfer matrices. 
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a unit determinant, the eigenvalues are the reciprocals of each other, i.e. Ay = 1/Ag, 
and Ay + A, = Trace(M). The eigenvalue satisfies the equation 


 — Trace(M)\ + 1 = 0. 


Let Trace(M) = 2cos(®). We find that ® is real if Trace(M) < 2, and ® is complex if 
Trace(M) > 2. The eigenvalues are \, = ef? and Ay = e~/®, where © is the betatron 
phase advance of a periodic cell. 

Expressing the initial condition of beam coordinates (yo, yj) as a linear superposi- 
A 


tion of the eigenvectors, i.e. ( = av, + bve, where vı and vg are the eigenvectors 


0 
associated with eigenvalues A, and A» respectively, we find that the particle coordinate 
after the mth revolution becomes 


Gs =M” (r = aX} v + bàz v2. 


The stability of particle motion requires that Aj’ and Az’ not grow with m. Thus a 


necessary condition for orbit stability is to have a real betatron phase advance ®, or 


|Trace(M)| < 2. (2.33) 


II.2 Courant—Snyder Parametrization 
The most general form for matrix M with unit modulus can be parametrized as 


mama lsin ® 


-yain cos — ie = I cos + J sin ®, (2.34) 


where a, 8 and y are Courant-Snyder parameters, © is the phase advance, I is the 
unit matrix, and 


J= ( K A , with Trace(J)=0, J? = -—I or 8y = 1+0. (2.35) 
Similarity transformation of the matrix M can also be parametrized as that of 
Eq. (2.34). The ambiguity in the sign of sin® can be resolved by requiring 8 to 
be a positive definite number if |Trace(M)| < 2, and by requiring Im(sin®)>0 if 
|Trace(M)| > 2. The definition of the phase factor ® is still ambiguous up to an 
integral multiple of 27. This ambiguity will be resolved when the matrix is tracked 
along the accelerator elements. Using the property of matrix J, we obtain the De 
Moivere’s theorem: 


M* = (Icos® + J sin P)” = Icos k® + Jsink®, 
M~! = Icos Ë — Jsin®. 


8The a, 8, and y parameters have nothing to do with the relativistic Lorentz factor. 
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With the similarity transformation of Eq. (2.32), the values of the Courant-Snyder 
parameters Q2, 32,72 at sy are related to a1, 81, %1 at sı by (see Exercise 2.2.8) 


B M? —2 Mı Mı2 M? B 
Q = — Mai Mo, My, Mo. + Miz Mı —My2Mo a ; (2.36) 
y 2 M3, —2Mo, Moo M3, "y 1 


where M;; are the matrix elements of M(s9|s1). 


1. The evolution of the betatron amplitude function in a drift space is 


1 aN)? a (s= s) 
= +n(s-%) =% TE 
V1 Yı B 
(s — s*) 1 
Ag = A — N15 = — Be? Y= V1 = ay 


Note that y is constant in a drift space, and s* = aı/71 is the location for an 
extremum of the betatron amplitude function with a(s*) = 0. 


2. Passing through a thin-lens quadrupole, the evolution of betatron function is 
given by 
bı 2a Pi 
Po = Pi, te = Bat Ve = Ye Fe) 
f f P 
where f is the focal length of the quadrupole. Thus a thin-lens quadrupole gives 
rise to an angular kick to the betatron amplitude function without changing its 
magnitude. 


II.3 Floquet Transformation 


Since the focusing function K(s) is a periodic function, Eq. (2.25) can be solved by 
using the Floquet transformation: 


y(s) =aw(s)e"), y*(s) = aw(s)e FO), (2.37) 


where a is a constant, and w and w are the amplitude and phase functions. Since 
K(s) is real, the amplitude and phase functions satisfy 


1 1 
"+ Kw- — =0, e 2: 
w +Kw- 73 0, Y E (2.38) 


They are the betatron envelope and phase equations. The integration constant in 
the phase equation is chosen to be 0 so that the w? is exactly the Courant-Snyder 
6-function in Eq. (2.40). 


II. LINEAR BETATRON MOTION 49 


Any solution of Eq. (2.25) is a linear superposition of the linearly independent 

solutions y and y*. The mapping matrix M(s2|s1) is 

= cosy — wgw) sin Y Wy We sin w 
M(s9|81) = ( (twiw" aa] $28 wi w! o Ww Ias ? 
-R sin y — (= — =) cosy = cosy + wiwi sin Y 
w1w2 w2 wi w2 

(2.39) 

where w = w(s1), w2 = w(s2), Y = Y(s2) — Y(s1), wi = w'(s1), wh = w' (s2), and the 

prime is the derivative with respect to s. 

Let s2 — sı = L be the length of a periodic beam line, i.e. the focusing function 
K(s) satisfies K(s) = K(s+L). Using the Floquet theorem (see Appendix A, Sec 1.5) 
with the periodic boundary conditions to the amplitude and phase functions, and 
equating the matrix M of a complete period in Eq. (2.39) to Eq. (2.34), we obtain 


W, = W = W, wi = w, =W; W(s1 + L) — w(si) =p. 
Wap, amu i (2.40) 


With the integration constant of Eq. (2.38), the amplitude of the betatron motion is 
exactly equal to the square root of the Courant-Snyder parameter 3(s), which will be 
referred to as the betatron amplitude function. The Courant-Snyder parameter a is 
related to the slope of the betatron amplitude function. The betatron phase advance 
of one period is ® = i OR In the smooth approximation, we have ® = L/(8}, or 
(8) = L/®. The betatron wavelength is \g = 27(8). Substituting 8 = w? back into 


Eq. (2.38), we obtain 


1 n 1 j p K Eag l 
Bo+Kp shed] 0, or a’ =KB gil+e’). (2.41) 


The transfer matrix of Eq. (2.39) from s; to sz in any beam transport line becomes 


[2 (cos + ax sine) VAP: sin 


M(s2|81) = 
— Se siny + Se cosh 4/ = (cos p — asin y) 
Z e 0 )( cos y% =) (7 0 ) 
-J FIA —siny cosy Nn VB 


_ cosy sinw -1 
= B(s2) é sin a B (s1), (2.42) 
where 61, 01,71, and 62, a2, Y2 are values of betatron amplitude functions at sı and s2 
respectively, ¢ = w(s2) — w(s1), and we have defined the betatron amplitude matrix 
B(s) and its inverse as 


1 


p(s) 0 _ Bs) 
B(s) = È a(s) 1 ) and BAe) | Yis ~|. (243) 
aa VPO 
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We note, from Eq. (2.42), that the linear betatron motion becomes coordinate rotation 
after the normalization of the phase-space coordinates with the B~! matrix. Applying 
Floquet theorem to a repetitive period, where s2 = sı + L with K (sz) = K(s1), we 
obtain 3; = b2, a, = a2, and the transfer matrix of Eq. (2.42) reduces to the Courant- 
Snyder parametrization of Eq. (2.34). 


A. Betatron tune (number of betatron oscillations in one revolution): 


We consider an accelerator of circumference C = PL with P identical superperiods. 
The phase change per revolution is P®. The betatron tune vy, or Qy, defined as the 
number of betatron oscillations in one revolution, is 


PO, 1 fds 
In =O J, Bls) 


O°. == (2.44) 


The betatron oscillation frequency is vy fo, where fo is the revolution frequency. The 
general solution of Eq. (2.25) becomes 


y(s) = ay/ By(s) cos [Wy(s) +E] with wy(s) = i: ay (2.45) 


where a, y are constants to be determined from initial conditions. This is a pseudo- 
harmonic oscillation with varying amplitude By! 7(s). The local betatron wavelength 
is A = 27G,(s). 

Introducing the coordinate 7(¢,), and ”time” coordinate to ¢,, Hill’s equation 
becomes 


y 1 ff ds y 3 
n= =F: i tvn = 0. (2.46) 
V By Vy By(s) do? Fe 


The phase function (“time variable”) @, increases by 27 in one revolution. The linear 
betatron motion is simple harmonic. 


dy(s) = 


Example 1: FODO cell in thin-lens approximation 


A FODO cell (Fig. 2.4) is made of a pair of focusing and defocusing quadrupoles with 
or without dipoles in between: 


1 1 
-QF O QD O -QF 
2 2 
where O stands for either a dipole or a drift space: FODO cells are often used in 


beam transport in arcs and transport lines.® 


The accelerator lattice is usually divided into arcs and insertions. Arcs are curved sections that 
transport beams for a complete revolution. Insertions (or straight sections) are usually used for 
physics experiments, rf cavities, injection and extraction systems, etc. 
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QF/2 B QD B ar/2 Figure 2.4: A schematic plot of a FODO cell, where 
the transfer matrices for dipoles (B) can be approx- 
imated by drift spaces, and QF and QD are the fo- 
cusing and defocusing quadrupoles. 


FODO CELL 


The transfer matrix in the thin-lens approximation, is!° 


“= Cyl 16 YO Cy 


L2 
E se Ln (1+ #) 
Lı (1 _ 4) 1 Li 


~ BFF 2f i 


where the focusing and defocusing quadrupoles have focal lengths + f respectively and 
L; is the drift length between quadrupoles. Because of the repetitive nature of FODO 
cells, the transfer matrix can be identified with the Courant—Snyder parametrization 
of Eq. (2.34): 


1 D 6 L 
cos ® = z Trace(M) =1- Bf or sin a af 
21, (1 in(®/2 
B= ı(1+sin( 2) a =0. 


sin ® 


The parameter ® is the phase advance per cell, and 6, and a, are values of the 
betatron amplitude functions at the center of the focusing quadrupole. The betatron 
tune for a machine with N FODO cells is v = NẸỌ/2r. The above procedure can 
be performed at any position of the FODO cell, and the corresponding Courant- 
Snyder parameters are values of the betatron amplitude functions at that position. 
For example, we find 


_ 2L (1 — sin(®/2)) 


Bo sin ® T =, 

Li ® 1 
mi oint — —. > 2— si fo ; ‘mi oint = = 
eee eee 


at the center of the defocusing quadrupole, and at the midpoint between the QF and 
the QD respectively. We can also use the transfer matrix of Eq. (2.42) to find the 
betatron amplitude functions at other locations (see Exercise 2.2.8). 

The solid and dashed lines in the upper plot of Fig. 2.5 show the betatron am- 
plitude functions 6,(s) and 8,(s) for the AGS. The middle plot shows the dispersion 


10The transfer matrices of dipoles are represented by those of drift spaces, where we neglect the 
effect of 1/p? focusing and edge focusing. The transfer matrix for vertical motion can be obtained 
by reversing focusing and defocusing elements. 
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or 
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BE B(s)Bx(s) 


E . 
20H; 3 (oy 
EN 


Figure 2.5: The betatron amplitude func- 
tions for one superperiod of the AGS lat- 
tice, which made of 20 combined-function 
magnets. The upper plot shows 6, (solid 


n amplitudes (m) 
So m 
mpa 


line) and 8; (dashed line). The middle plot 

g aA: shows the dispersion function D,. The lower 

Lis plot shows schematically the placement of 

Siel ] combined-function magnets. Note that the 

Mia, n, TEA e _j superperiod can be well approximated by five 

0 20 40 S (m) 60 regular FODO cells. The phase advance of 
od ot St Sor to each FODO cell is about 52.8°. 


function D(s), to be discussed in Sec. IV. The AGS lattice has 12 superperiods, each 
composed of 20 combined-function dipoles, shown schematically in the bottom plot of 
Fig. 2.5. The AGS lattice can be well approximated by 60 FODO cells with a phase 
advance of 52.8° for a betatron tune of 8.8, and a half-cell length of Lı = 6.726 m for 
a complete circumference of 807.12 m. 


Example 2: Doublet cells 


The values of the horizontal and vertical betatron functions in FODO cells alternate 
in magnitude, i.e. 

Bx  1+sin &/2 d 1 — sin ®/2 

B. 1—sn 6/2’ S T¥sin 6/2’ 
at the focusing and defocusing quadrupoles respectively. The beam size variation 
increases with the phase advance of the FODO cell. In some applications, a paraxial 
beam transport system provides a simpler geometrical beam matching solution. Some 
examples of paraxial beam transport beam lines are the doublet, the triplet, and the 
solenoidal transport systems. In the following example, we consider a doublet beam 
line, shown schematically in Fig. 2.6. 


DOUBLET CELLS 
QD QF QD QF ap gr Figure 2.6: A schematic plot of a doublet 
transport line, where two quadrupoles are sepa- 
rated by a distance L4, and the long drift space 
| | Ly between two quadrupoles can be filled with 
L2 ' Lj’ dipoles. 


The phase advance of a doublet cell, in thin-lens approximation, and the maximum 
and minimum values of the betatron amplitude function are (see Exercise 2.2.13) 


T E S a L og LF ing 
7 = of ’ max — sin © , min — Ü : 


where we have assumed equal focusing strength for the focusing and the defocusing 
quadrupoles, f is the focal length of the quadrupoles, and Lı and Lə are the lengths 
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of the drift spaces shown in Fig. 2.6. If Lı < Lə, the horizontal and vertical betatron 
amplitude functions are nearly identical along the transport line. Thus the doublet 
can be considered as an example of the paraxial transport system. Other paraxial 
transport systems are triplets and solenoidal focusing channels (see Exercise 2.2.12). 


II.4 Action-Angle Variable and Floquet Transformation 
The Hill equation, y” + K(s)y = 0, can be derived from a pseudo-Hamiltonian 


i eee 
H = Sy? + 5K(s)y?, (2.47) 
where (y, y’) are conjugate phase-space coordinates. We want to transform (y, y’) to 
the action-angle coordinates, where 7 in Eq. (2.45) serves as the angle-coordinate. 
There are two possible generating functions: either F} (y, Y) or F3(y’, y) (see Exercise 
2.21). Using Eq. (2.45) we find F}, and obtain the action-coordinate as: 


7 


y 
y= —4(tanv — 5), => Ruw = f ydy =F (tan — 5), (2.48) 
OF, 1 
T= Fp g = ggi +O ta] 


where (y, J) are the angle (betatron phase) and action coordinates, and y’ = F, /ðy 
is verified easily from the generating function Fı (y, Y). With the canonical transfor- 
mation, the new Hamiltonian becomes 


Hsp asi, (2.49) 
Hamilton’s equation gives 7! = 0H /0.J = 1/8(s), which recovers Eq. (2.38). Since the 


new Hamiltonian is independent of the phase coordinate y, the action J is invariant, 
ie. 4# = =F = 0. Using Eq. (2.48), we obtain 


y = V26J cosy, y= -j3 [sin Y + a cos 4%], (2.50) 


where a = —/’/2. The action J is the phase space area enclosed by the invariant 
torus: 


l 
J= — dy'dy = — 'dy. 2.51 
oe ydy = > f y'dy (2.51) 
The Jacobian of the transformation from (y, y’) to (J, %) is equal to 1. A word 
of convention: The area of the phase space ellipse is 2r J, where we usually use (rJ) 
as action in unit of [t-mm-mrad] or [rum], or [rnm], or [tpm]. Thus sometimes 


torus 
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Figure 2.7: The betatron phase space ellipses of 
¿č 1 a particle with actions J = 107 mm-mrad. The 
betatron parameters are 8, = 10m, and a, shown 
by each curve. The scale for the ordinate y is mm, 
and y’ in mrad. The betatron parameters for each 
i ellipse are marked on the graph. All ellipses has 
> -| the maximum y coordinate at \/26,J. The max- 


imum angular coordinate y’ is ,/2(1 + 02) J/By. 


All ellipses have the same phase space area of 2r J. 


Are 4 Cy ł Figure 2.8: The horizontal and vertical betatron 


ellipses for a particle with actions J; = J, = 0.57 
mm-mrad at the end of the first dipole (left plots) 
= arte EE] and the end of the fourth dipole of the AGS lattice 
© osf F 4 (see Fig. 2.5). The scale for the ordinate x or z is 
E ook tm in mm, and that for the coordinate 2’ or z’ is in 
x mrad. Left plots: Bs = 17.0 m, az = 2.02, 8z 


“a8 Hx, 2) EA Œ x) 14.7 m, and a, = —1.84. Right plots: Bs = 21.7 
a 26 o 2 £ <4 8 0B å m, a, = —0.33, 6, = 10.9 m, and a, = 0.29. 


one writes Eq. (2.50) as y = 22 cosy, and similarly for y’. The factor m cancels 
the unit of 7 in action. Figure 2.7 shows the phase ellipses with identical action of 
J = 107 mm-mrad. 


Figure 2.8 shows the phase-space ellipses (x,x’) and (z, 2’) for a particle with 
actions J, = J, = 0.57 mm-mrad at the ends of the first and the fourth dipoles of 
the AGS lattice (see Fig. 2.5). Such a phase-space ellipse is also called the Poincaré 
map, where the particle phase-space coordinates are plotted in each revolution. The 
consecutive phase-space points can be obtained by multiplying the transfer matrices, 


ne: 
Cm. Oa, 
T n+1 T n Z n+1 Z n 


where M, and M, are the transfer matrices of one complete revolution. The Poincaré 
map of betatron motion at a fixed azimuth s is also called the Poincaré surface of 
section. If the betatron tune is not a rational number, the consecutive phase-space 
points of the particle trajectory will trace out the entire ellipse. The areas enclosed 
by the horizontal and vertical ellipses are equal to 27J, and 27J, respectively. As 
the particle travels in an accelerator, the shape of the phase-space ellipse may vary 
but the area enclosed by the ellipse is invariant. 
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A. Normalized phase space coordinates 


We define the normalized conjugate phase-space coordinate Py as 


Py = By' + ay = -V/28J sin y. (2.52) 


A particle trajectory in the normalized phase-space coordinates (y, P,) moves clock- 
wise on a circle with radius /28J as phase advance w increases. In terms of the 
betatron amplitude matrix of Eq. (2.43), the normalized phase space coordinates are 
expressed as 


(2)-vae(%) ma (%)-4a(2). ess 


B. Using the orbital angle 0 as the independent variable 


The Hamiltonian H of Eq. (2.49) depends on the independent variable s. Because 
G(s) is not a constant, the phase advance is modulated along the accelerator orbital 
trajectory. Sometimes it is useful to use the orbiting angle as “time” coordinate in 
order to obtain a global Fourier expansion of particle motion. We use the generating 
function for coordinate transformation: 


A. D=(v- [Fras = gey- [Sem Jas 
£ 


Here 0 = s/R is the orbiting angle of the reference orbit and R is the mean radius of an 
accelerator. The transformation compensates the modulated phase-advance function 
with conjugate coordinates (,J) and new Hamiltonian H = vJ /R. Scaling the 
“time coordinate” from s to 0, the re-scaled new Hamiltonian and the corresponding 
coordinate-transformation are 


H = RĀ =v. (2.54) 
y = v 28J cos (Y + x(s) — v8), (2.55) 
P, = By' + ay = —V 28I sin(y + x(s) — v0), 


where y(s) = Jo ds/3. The transformation is useful in expressing a general betatron 
Hamiltonian in action-angle coordinates for obtaining a global Fourier expansion in 
the nonlinear resonance analysis. Hereafter, the notation (Y, J) is simplified to (Y, J). 


II.5 Courant—Snyder Invariant and Emittance 


Using the general solution y(s) of Eq. (2.45), we obtain By’ +ay=—aS"/?(s) sin(vd(s)+ 
ô). The Courant-Snyder invariant defined by 


C(y, y’) = 3 ly? + (ay + By')?] = yy? + 2ayy' + By”? (2.56) 
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is equal to twice the action. The trajectory of particle motion with initial condition 
(yo, yo) follows an ellipse described by C(y,y’) = e. The phase space enclosed by 
(y,y’) of Eq. (2.56) is equal to re (see Fig. 2.9). The quantity “me” is identify as 
emittance in the unit of [tmm-mrad] or [trum] or [rnm] or simply [u-meter] or [um], 
[nano-meter] or [nm], [pico-meter] or [pm], etc.. In each unit, the factor m is implied, 
explicitly stated or not. The maximum betatron amplitude is /8e, where 7 is ignored 
in the calculation, or sometimes explicitly expressed as \/3e/m to cancel the 7 is the 
unit of emittance. 


Inn AY 
Vepar oe 7 Figure 2.9: The Courant-Snyder invari- 
— i ant ellipse. The area enclosed by the el- 
ve/ £ lipse is equal to me, where € is twice the be- 


tatron action; 8 is the betatron amplitude 
functions, and a = —48', y = (1 + a?)/. 
' y_ The maximum amplitude of betatron mo- 
Ve tion is v Øe, and the maximum divergence 

(angle) of the betatron motion is /y€ (see 
the footnote in Eq. (2.50) for the conven- 
tion of the emittance and action. The cen- 
ter of the ellipse is the reference orbit or 
closed orbit (c.o.)). 


closed orbit 


A. The emittance of a beam 


A beam is composed of particles distributed in phase space. Depending on the initial 
beam preparation, we approximate a realistic beam distribution function by some 
simple analytic formula. Neglecting dissipation and diffusion processes, each particle 
in the distribution function has its invariant Courant—Snyder ellipse. 

Given a normalized distribution function p(y,y’) with f p(y, y’)dydy’ = 1, the 
moments of the beam distribution are 


(u) = I yply,y)dydy', (y) = J y'ply, y')dydy', 
a= i (y—(y)) ply, y)dydy’, o} = J (y' — (y')} ply, y')dydy', 
om = f w- Wu = Woy audy! = rooy, 


where oy and oy are the rms beam widths, o,, is the correlation, and r is the 
correlation coefficient. The rms beam emittance is defined as 


2 |, = OyoyV1 — r?. (2.57) 
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The rms emittance of a ring beam in phase space, i.e. particles uniformly dis- 
tributed in phase coordinate w at a fixed action J of Eq. (2.50), is Gms = J. If the 
accelerator is composed of linear elements such as dipoles and quadrupoles, the emit- 
tance defined in Eq. (2.57) is invariant. The rms emittance is equal to the phase-space 
area enclosed by the Courant—Snyder ellipse of the rms particle (see Exercise 2.2.14). 

Although incorrect, the term “emittance” is often loosely used as twice the action 
variable of betatron oscillations. The betatron oscillations of “a particle” with an 
“emittance” e is 

y(s) = Be cos [vo(s) + ô]. (2.58) 
Figure 2.9 shows a Courant—Snyder invariant ellipse with phase space area ze,!! the 
rms beam width is \/6(s)e, and the beam rms divergence y’ is \/7(s)e. Since y = 
(1 +a?°)/6, the transverse beam divergence is smaller at a location with a large 3(s) 
value, i.e. all particles travel in parallel paths. In accelerator design, a proper [(s) 
value is therefore important for achieving many desirable properties. 


B. The o-matrix 


The o-matrix of a beam distribution is defined as 


a= (CH w) (2 W) =w- o-o, 


O12 0O22 Oyy! Oo 


o(82) = M(so|81)o(s1)M(s9|51)'. (2.59) 


where y is the betatron state-vector of Eq. (2.27), yt = (y,y’) is the transpose of 
y, and (y) is the first moment. The rms emittance defined by Eq. (2.57) is the 
determinant of the o-matrix, i.e. Gms = Vdeto (see also Exercise 2.2.14). It is easy 
to verify that y'o~'y is invariant under linear betatron motion. An invariant beam 
distribution is 


ply, y’) = plyty). (2.60) 


C. Emittance measurement 


The emittance can be obtained by measuring the o-matrix. The beam profile of 
protons and ions is usually measured by using wire scanners or ionization profile 
monitors. Synchrotron light monitors are commonly used in electron storage rings. 
More recently, laser light has been used to measure electron beam size in the sub- 
micron range. Using the rms beam width and Courant—Snyder parameters, we can 


The accelerator scientists commonly use 7-mm-mrad as the unit of emittance. However, the 
factor 7 is also often omitted. In beam width calculation, we get oy = \/7ey,/a. The synchrotron 
light source community also uses nano-meter (nm) as the unit for emittance. In fact, the factor 7 is 
implied and omitted in the literature. 
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deduce the emittance of the beam. Two methods commonly used to measure the rms 
emittance are discussed below. 


C1. Quadrupole tuning method 
Using Eq. (2.59), we find 


( ) = ( ) M: 12(81) yy Í + h = M? (2 61) 
(0) S o S 1 + 4 s 
11\92 11\e1 11 i (s1) 12 u(s1) 12) 


where o;;(51)’s are elements of the o matrix at the entrance of the quadrupole with 
Cig = 011022 — 07, and o4;(S2) is the 11-element of the c-matrix at the profile 


“rms 


monitor location s. For a setup of a quadrupole and a drift space, we find Mj. = 
(1/VK) sin(V Kha) + L cos(V K4) and My, = cos(VK¢,) — VK Lsin(VK 44), where 
K = B,/Bp is the focusing function, l4 is the length of the quadrupole, and L is 
the distance between the quadrupole and the beam profile monitor. In thin lens 
approximation, we find Mj. > (L + = My 7 1-(£+ tag, and 

la 12(S1) L4 la i I eras L4 layz, 


on(s2) S on (s1) (1 (L4 59 o11(81) "9 l oi (s1) 2 


where g = Kl, is the effective quadrupole strength. 

The 011 (s2) data by varying quadrupole strength g can be used to fit a parabola. 
The rms emittance €m; can be obtained from the fitted parameters. This method is 
commonly used at the end of a transport line, where a fluorescence screen or a wire 


detector (harp) is used to measure the rms beam size. 


C2. Moving screen method 


Using a movable fluorescence screen, the beam size at three spots can be used to 
determine the emittance. Employing the transfer matrix of drift space, the rms beam 
widths at the second and third positions are 


a = on + 2L, 012 + Lio, 


2.62 
R? = 0n 2(L, + L2)oi2 + (Li 4 La)’022, ( ) 


where oy, = R, C12 and Gz are elements of the o matrix at the first screen location, 
and Lı and Lə are respectively drift distances between screens 1 and 2 and between 
screens 2 and 3. The solution c12 and o2 of Eq. (2.62) can be used to obtain the rms 
beam emittance: Gms = V 011022 — Oi: 

If screen 2 is located at the waist, i.e. dR3/dL, = 0, then the emittance can be 
determined from rms beam size measurements of screens 1 and 2 alone. The resulting 
emittance is 

e = (RR — RE) /LÈ. 


This method is commonly used to measure the electron emittance in a transport line. 
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D. The Gaussian distribution function 


The equilibrium beam distribution in the linearized betatron phase space may be any 
function of the invariant action. However, the Gaussian distribution function 
1 f : 
p(y, y’) = N exp (sas roa a24? — 2orayy! + any”) (2.63) 
is commonly used to evaluate the beam properties. Expressing the normalized Gaus- 
sian distribution in the normalized phase space, we obtain 


ply, Py) = oP FP G)/205 (2.64) 


2 
270; 


where (y?) = (p2) = o? = Pyéms With an rms emittance Ems. Transforming (y, Py) 
into the action-angle variables (J, Y) with 


= /2pyJ cosy, Py = —y 2byJ sin Y. 


The Jacobian of the transformation is 2P) = y, and the distribution function 
becomes i í 

Te oI /erms e o7 €/2érms 2.65 

A ) Erms f ate) 2€ms i i ( ) 


where e = 2J. The percentage of particles contained within € = nems is 1 — e™/?, 


shown in Table 2.1. 


Table 2.1: Percentage of particles in the confined phase-space volume 


E / Erms 


Percentage in 1D [ a z 75 35 
Percentage in 2D [ 40 | 74 | 90 | 96 


The maximum phase-space area that particles can survive in an accelerator is 
called the admittance, or the dynamic aperture. The admittance is determined by the 
vacuum chamber size, the kicker aperture, and nonlinear magnetic fields. To achieve 
good performance of an accelerator, the emittance should be kept much smaller than 
the admittance. Note that some publications assume 95% emittance, i.e. the phase- 
space area contains 95% of the beam particles, €95% © 6 Gms for a Gaussian distribu- 
tion. For superconducting accelerators, a dynamic aperture of 60 or more is normally 
assumed for magnet quench protection. For electron storage rings, quantum fluctu- 
ations due to synchrotron radiation are important; the machine acceptance usually 
requires about 100 for good quantum lifetime. 
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Accelerator scientists in Europe use € = 4€,ms to define the beam emittance. This 
convention arises from the fact that the rms beam emittance of a KV beam is equal to 
1/4 of the full KV beam emittance {see Eq. (2.73)]. A uniform phase space distribution 
in an ellipse y?/a? + y?/b? = 1 has an rms emittance equal to mab/4. 


E. Adiabatic damping and the normalized emittance: e, = bye 


The Courant—Snyder invariant of Eq. (2.56), derived from the phase-space coordinate 
y,y’, is not invariant when the energy is changed. To obtain the Liouville invariant 
phase-space area, we should use the conjugate phase-space coordinates (y, py) of the 
Hamiltonian in Eq. (2.14). Since py = py’ = mcByy', where m is the particle’s mass, 
p is its momentum, and (7 is the Lorentz relativistic factor, the normalized emittance 
defined by en = (ye is invariant. The beam emittance decreases with increasing beam 
momentum, i.e. € = €,/Sy. This is called adiabatic damping. The adiabatic phase- 
space damping of the beam can be visualized as follows. The transverse velocity of 
a particle does not change during acceleration, while the transverse angle y’ = p,/p 
becomes smaller as the particle momentum increases, and thus the beam emittance 
€ = €,/G7 becomes smaller. The adiabatic damping also applies to beam emittance 
in proton or electron linacs. 

On the other hand, the beam emittance in electron storage rings increases with en- 
ergy (~ 7°) resulting from the quantum fluctuation (see Chap. 4). The corresponding 
normalized emittance is proportional to y°, where y is the relativistic Lorentz factor. 


II.6 Stability of Betatron Motion: A FODO Cell Example 


In this section, we illustrate the stability of betatron motion using a FODO cell 
example. We consider a FODO cell with quadrupole focal length fı and — f2, where 
the + signs designates the focusing and defocusing quadrupoles respectively. The 
transfer matrix of {4QF; O QD» O 4QF}} is 


Mt E JG Fae is oie 
= 1 1 1 
= 1l 0 1 — 1 0 1 =a l 
L L i? L 
E La aR 2L1(1 + 355) 
© ee eee ee ee ee eee ey 
f2 fi fhf © 277 Rh f2 fi 2fi f2 


where L; is the drift length between quadrupoles. Identifying the transfer matrix 
with the Courant-Snyder parametrization, we obtain 


L L P Ii Dai - D 


eaa An a 


cos ®, = 14 
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The stability condition, Eq. (2.33), of the betatron motion is equivalent to the fol- 
lowing conditions: 


|1 + 2Xə = 2X1 = 2X1 X| < 1 and |1 = 2X9 + 2X1 = 2X1 X9| < Ty (2.66) 


where X; = 1; /2f; and Xə = Li/2f2. The solution of Eq. (2.66) is shown in Fig. 2.10, 
which is usually called the necktie diagram. The lower and the upper boundaries of 
the shaded area correspond to ®,. = 0 or m respectively. Since the stable region is 
limited by X12 < 1, the focal length should be larger than one-fourth of the full cell 
length. 


1.0 m~~ 


Figure 2.10: The “necktie diagram” for the sta- 
ble region of a FODO cell lattice shown in the 
shaded area of focusing strengths Xı = L1/2fı vs 
Xə = Lı/2fə2. where Lı is the half cell length, f’s 
are focal lengths. The lower and upper boundaries 
correspond to gz > = 0 or 180° respectively. When 
Xı is at the lower part of stability boundary, the 


0.4 F 


o2f phase advance of the FODO cell is ®, = 0. At 
L the boundary of the stability X; = 1, the phase 
0.0% advance ®,, = T. 


The phase advances ®, and ®, of repetitive FODO cells should be less than 
m. The phase advances of a complex repetitive lattice-module with more than 2 
quadrupoles can be larger than 7. For example, the phase advance of a flexible 
momentum compaction (FMC) module is about 37/2 (see Sec. IV.8 and Exercise 
2.4.17) and the phase advance of a minimum emittance double-bend achromat module 
is about 2.47 (see Sec. II.1; Chap. 4). In general, the stability of betatron motion 
is described by |cos®,| < 1 and |cos®,| < 1 for any type of accelerator lattice or 
repetitive transport line. 


II.7 Symplectic Condition 


The 2x2 transfer matrix M with det M = 1 satisfies MJM = J, where M is the 
0 

—1 0 
Hamiltonian flow of n degrees of freedom satisfies 


transpose of the matrix M, and J = ) In general, the transfer matrix of a 


P 0 Z 
MJM =J, fi a (2.67) 
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where M is the transpose of the transfer matrix M, and J? = —IJ, J=—-J, J =g 
with J as the n x n unit matrix. A 2n x 2n matrix, M, is said to be Symplectic if it 
satisfies Eq. (2.67).!2 The matrices I and J are symplectic. 

If the matrix M is symplectic, then M~t is also symplectic and det M = 1. If 
M and N are symplectic, then MN is also symplectic. Since the set of symplectic 
matrices satisfies the properties that (1) the unit matrix J is symplectic, (2) if M is 
symplectic then M~! is symplectic, and (3) if M and N are symplectic, then MN is 
also symplectic, the set of symplectic matrices form a group denoted by Sp(2n). The 
properties of real symplectic matrices are described below. 


e The eigenvalues of symplectic matrix M must be real or must occur in complex 
conjugate pairs, i.e. A and à*. The eigenvalues of a real matrix M or the roots 
of the characteristic polynomial P(A) = |M — AI| = 0 have real coefficients. 


e Since |M| = 1, zero can not be an eigenvalue of a symplectic matrix. 


e If A is an eigenvalue of a real symplectic matrix M, then 1/\ must also be an 
eigenvalue. They should occur at the same multiplicity. Thus eigenvalues of a 
symplectic matrix are pairs of reciprocal numbers. For a symplectic matrix, we 
have K-1(M — \I)K = M™ — AM =-AM"1(M— AI) or P(A) = A” P(4). 
If we define Q(A) = A™ P(A), then Q(A) = Q(4). 


À 


II.8 Effect of Space-Charge Force on Betatron Motion 


The betatron amplitude function w = „/ fy of the Floquet transformation satisfies 
Eq. (2.38). Defining the envelope radius of a beam as Ry = y/by€y, where ey is the 
emittance, the envelope equation becomes 


2 


R! + K Ry - T =0, (2.68) 


where the prime corresponds to the derivative with respect to s. Based on the Floquet 
theorem, we can impose a periodic condition, R,(s) = R,(s + L) to the envelope 
equation, if K, is a periodic function of s, i.e. Ky(s) = K,(s+L), with L as the length 
of a repetitive period. The periodic envelope solution, aside from a multiplicative 
constant, is equal to the betatron amplitude function. The envelope function of an 
emittance dominated beam is Ry = ./Gyéy. When the self-induced space-charge force 
is included in the betatron motion, what happens to the beam envelope? 


The transfer matrix M expressed in this form corresponds to the transfer matrix for phase 
space coordinates (q1,42,°°*;Qn}P1;P2,'**;Pn). If we choose the phase space coordinates as 
(q1, P1; 42, P2,°**, the J matrix will be defined slightly differently. 
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A. The Kapchinskij- Vladimirskij distribution 


It is known that the Coulomb mean-field from an arbitrary beam distribution is likely 
to be nonlinear. For example, The Exercise 5.2.1 shows the Coulomb mean field of a 
Gaussian beam distribution. In 1959, Kapchinskij and Vladimirskij (KV) discovered 
an ellipsoid beam distribution that leads to a perfect linear space-charge force within 
the beam radius. This distribution function is called the KV distribution. 

Particles, in the KV distribution, are uniformly distributed on a constant total 
emittance surface of the 4-dimensional phase space, i.e. 


Ne oa 1 
(Pe Pau ai (= (a? + P?) 4 pl? + P?) DE (2.69) 
4Ne (2J, 2J, 
P(Iz,Jz) = “5 ( bya 1). (2.70) 
Egé Ex Ez 


where N is the number of particles per unit length, e is the particle’s charge, a and 
b are envelope radii of the beam, x and z are the transverse phase-space coordinates, 
P, = R}, and P, = R are the corresponding normalized conjugate phase-space 
coordinates, €, and e, are the horizontal and vertical emittances, and the envelope 
radii are a = /B,€, and b = yBz€;. Thus beam particles are uniformly distributed 


along an action line 


£ z 1 
LLLE (2.71) 


Ex é; 2 


Some properties of the KV distribution are as follows. 


1. Integrating the conjugate momenta, the distribution function becomes 
Ne g 2? 
x,z) = — O0|1- =- 5 2.72 
plzz) mab ( a? =) 2) 


where the O(€) function is equal to 1 if € > 0, and 0 if € < 0. In fact, the 
KV particles are uniformly distributed in any two-dimensional projection of the 
four-dimensional phase space. 


2. The rms emittances of the KV beam are 


— (2?) = Ex = (2?) = Ez P 
€x,rms = Ba = 4? Ez rms = Be = rh (2.73) 


Thus the rms envelope radii are equal to half of the beam radii in the KV beam. 


131.M. Kapchinskij and V.V. Vladimirskij, Proc. Int. Conf. on High Energy Accelerators, p. 274 
(CERN, Geneva, 1959). 
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B. The Coulomb mean-field due to all beam particles 


The next task is to calculate the effect of the average space-charge force. Neglecting 
the longitudinal variations, beam particles can be viewed as a charge distribution in 
an infinite long wire with a line-charge density given by Eq. (2.72). The electric field 
at the spatial point (x, z) is 

m Ne x? z? (x—x')ê+ (z-z) 

TAG 2 mn dr'dz O0 — — — —) T _ 7T 

a 2TEo Tab Py gen a? pm? z’) z= 2)? 

2Ne x Zz 

= £4 Z|, 2.74 
279 (= +b) b(a + b) :) oe) 
where €) is the vacuum permittivity. A noteworthy feature of the KV distribution 
function is that the resulting mean-field inside the beam envelope radii is linear! 
If the external focusing force is also linear, the KV distribution is a self-consistent 
distribution function. Including the mean-magnetic-field, the force on the particle at 


(x, z) is 
> 2Ne? Gn, Zo a 
F(2,2z) = omer (aye "Mati 2) ; (2.75) 


where y is the relativistic energy factor. Hill’s equations of KV beams of motion 
become 


a" + (K) - 5) pay, d (x) ; ay | 2=0, (2.76) 


where the prime is a derivative with respect to the longitudinal coordinate s, and Kse 
is the “normalized” space-charge perveance parameter given by 
2N To 
B23’ 
where ro = e?/4egmc? is the classical radius of the particle, and N is the number 


of particles per unit length. Performing Floquet transformation of the linear KV-Hill 
equation x = wef”? and z = wel”, we obtain 


Keo = (2.77) 


2K, 1 1 
i ş se Ki —$— = A = 
Wy (x. a =) We + a 0, We me (2.78) 
2K 1 1 
n > sc i _ my 
w” (x. Na+ 5) w, + T 0, p, = u (2.79) 


Multiplying Eq. (2.78) by \/éz and Eq. (2.79) by y/€z, and identifying a = w,./e; and 
b = w.,/ez, we obtain the KV envelope equations, or simply the KV equations: 


2K, e 2K, e 
"+K = T->2= b" + Kb <—2=0. 2. 
a" + K.a a5 g 0, +K mar 0 (2.80) 
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Solving the KV envelope equation is equivalent to finding the betatron amplitude 
function in the presence of the space-charge force. The usefulness of the KV equation 
has been further extended to arbitrary ellipsoid distribution functions provided that 
the envelope functions a and b are equal to twice the rms envelope radii, and the 
emittances €, and e, are equal to four times the rms emittances.4 

If the external force is periodic, i.e. K,,(s) = K,(s+ L), the KV equation can be 
solved by imposing the periodic boundary (closed orbit) condition (Floquet theorem) 


a(s)=a(s+L), bs) =b(s +L). (2.81) 


A numerical integrator or differential equation solvers can be used to find the envelope 
function of the space-charge dominated beams. The matched beam envelope solution 
can be obtained by a proper closed orbit condition of Eq. (2.81). 

For beams with an initial mismatched envelope, the envelope equation can be 
solved by using the initial value problem to find the behavior of the mismatched 
beams. For space-charge dominated beams, the envelope solution can vary widely 
depending on the external focusing function, the space-charge parameter, and the 
beam emittance. To understand the physics of the mismatched envelope, it is ad- 
vantageous to extend the envelope equation to Hamiltonian dynamics as discussed 
below. 


C. Hamiltonian formalism of the envelope equation 


Introducing the pseudo-envelope momenta as pa = a’ and p, = b', we can derive the 
KV equations (2.80) from the envelope Hamiltonian: 


ony = a (p? F Pi) + Vea (a, b) 


2 
E PE A 4 KP) 8K inte) 4 4 (2.82) 
env (0, = 2 za q z sc Ha Daz D2’ 


where Venv(a, b) is the envelope potential. The matched beam envelope is the equi- 
librium solution (the betatron amplitude function) of the envelope Hamiltonian. For 
example, if we start from the condition with envelope momenta pa = pẹ = 0, the 
matched envelope radii are located at the minimum potential energy location, i.e. 


CA: 
ða ` Ob 

where am and bm are the matched envelope radii. The envelope oscillations of a mis- 

matched beam can be determined by the perturbation around the matched solution 

1 8? Venv 1 8? Venv 
2 ða? 2 OP 

MPM. Lapostolle, IEEE Trans. Nucl. Sci. NS-18, 1101 (1971); F.J. Sacherer, ibid. 1105 (1971); 


J.D. Lawson, P.M. Lapostolle, and R.L. Gluckstern, Part. Accel. 5, 61 (1973); E.P. Lee and R.K. 
Cooper, ibid. 7, 83 (1976). 


(Gm, bmn) = 0, 


Vony = (a= an) + (b= bal hes 
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Using the second-order derivatives, we can obtain the envelope tune, which is equal 
to twice betatron tune at Kse = 0. 


D. An example of a uniform focusing paraxial system 


First we consider a beam in a uniform paraxial focusing system, where the focusing 
function is 
z 2 
K, = (20L). 


Here L is the betatron wavelength, and the betatron amplitude function is 6o = 
L/27. With a = b in Eq. (2.80), the envelope Hamiltonian is 

ey = = eV), wos eee 
env = 5 Pa env (4); env(\@) = 9 L a sc NG Da7 


When the space-charge force is negligible, we find that the matched envelope radius is 
amo = V E€xrL/2T = Verb, and the second-order derivative at the matched envelope 


radius 
PV) 27 
env =9 , 
( da? ) ( L ) 
which is twice the betatron tune (see also Exercise 2.2.15) and is independent of the 
envelope-oscillation amplitude. 
Now, we consider the effect of space charge on the envelope function. The matched 
envelope radius is obtained from the solution of dVeny/da = 0, i.e. 


L Keb č KaL 
2 = = fea 2 -2 T| . — sc — scH tot 2.83 
am = nfe = €r (=) |r TUR oe Pea (e 
where & is the effective space-charge parameter, and Liot and Piot are the total length 
and total phase advance of a transport system.’ Equation (2.83) indicates that the 
betatron amplitude function increases by a factor K+? + 1 due to the space-charge 
force. The second-order derivative of the potential at the matched radius is 


PV, ue 20 K 1/2 
env z9- | J= a À 
( da? ) = ve) 
which is the phase advance per unit length of small amplitude envelope oscillation in 
the presence of the Coulomb potential. When the space-charge perveance parameter 
is zero, the phase advance of the envelope oscillation is twice of that of the betatron 
oscillation, and when the space-charge force is large, as x — oo, the phase advance of 
the small-amplitude envelope oscillations can maximally be depressed to V2 (27/L). 


The Laslett (linear) space-charge tune shift is related to the space-charge perveance parameter 
by ése = Avec = Kec Ltot/40€2 = KV, where v is the tune. 
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There is a large envelope detuning from 2u to vV2u, where u is the betatron phase 
advance. A nonlinear envelope resonance can be excited when perturbation exists 
and a resonance condition is satisfied.1® 


2007 QT 7 
E Kgo510, =2.2B17 pee" ! 


Figure 2.11: The phase advance of the enve- 
lope oscillations divided by the original betatron 
phase advance for a high space charge beam with 
Kse = 10, w = 2.28175. The matched radius is 
Ro = amy 2T/(H€xL) = 1.4199 in this example. 
See Eq. (2.83) for the matched envelope radius. 
When the envelope radius is mismatched from Ro, 
the envelope radius oscillates around Rọ at an en- 
| l | velope tune depending on its maximum radius os- 
2 4 6 8 cillation amplitude. The ordinate R is the normal- 
R ized maximum envelope radius of the beam. 


Figure 2.11 shows the envelope tune of a space charge dominated beam with 
Kee = 10 and a phase advance of u = 2.2817 radian (or v = pu/2r for the un- 
perturbed betatron tune) as a function of the maximum amplitude of the envelope 
oscillation. At a large envelope amplitude, the envelope tune approaches twice the 
unperturbed betatron tune. Near the matched envelope radius (or small amplitude 
envelope oscillations), the envelope tune approaches v2 times the unperturbed beta- 
tron tune. 

The single particle betatron phase advance per unit length is obtained by sub- 
stituting Eq. (2.83) into Eq. (2.76), ie. ©, = (VK? +1 — «). When the space 
charge parameter « is small, the incoherent space-charge (Laslett) tune shift is equal 
to Avs. = & = K. When the space charge parameter « is large, the betatron tune 
can be depressed to zero. 


E. Space-charge force for Gaussian distribution 


Since the emittance growth rate is usually much faster than a synchrotron period, 
this justifies the performance of only 2D simulation for a slice of the beam at the 
longitudinal bunch center. For a beam with linear particle density N and bi-Gaussian 
charge distribution 


Ne —x? /202 —z2/202 
p(z, z) — rooe eg ey a (2.84) 


165.Y. Lee and A. Riabko, Phys. Rev. E 51, 1609 (1995); A. Riabko et al., Phys. Rev. E 51, 
3529 (1995); C. Chen and R.C. Davidson, Phys. Rev. E49, 5679 (1994); Phys. Rev. Lett. T2, 2195 
(1994). See also Ref. [8] for an exploration of the space-charge dynamics. 
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with oz > being the rms horizontal and vertical beam radii including contribution 
coming from momentum dispersion, the transverse 2D space-charge potential is 

2 2 
Kf oP | Jim mml 1 
2 Jo J (202 + t)(202 +t) 


where Ks is the space-charge perveance of Eq. (2.77), ro is the particle classical radius, 

and 8 and y are the relativistic parameters. In the simulation, we set the bunch 

intensity with Ng particles and an rms bunch-length o, to obtain N = Ng/ VITO,. 

The space-charge force on each particle is obtained by Hamilton’s equation. Thus 

each beam particle passing through a length As experiences a space-charge kick 
Aq’ OV sc Az’ Ve 


As ox’ As g° 2) 


We expand the space-charge potential in Taylor series in order to study the sys- 
tematic space charge resonances: 


V(x, 2) = dt, (2.85) 


waz Kee x m 2? 1 2+r 44 
Age) == = a T 
2 Or(Or +02) OzlOx +02) 4o?(o, +02)? 3 
2 22, 14+2r4 i 8+9r+3r? 6, 
rol T3 -| — 5 7] 
1 2 
3(3 +r) 4,2 3(3r + ) aed l or +9r+3 g pab, (287) 
r r3 5r5 


with r = o,/o,. The first term inside the curly brackets represents the linear force, 
which gives rise to linear space charge (Laslett) tune shift. The second and the third 
terms drive the 4th and 6th order resonances. 

The linear space charge tune shift parameters become 


Kae f l Bid 
=h a 
zs i roundbeam 2 RE 
Ese,x/z = [Axl = os f Calta + 72) E di 7 (2.88) 


8TeE 
The F Js rms 
An ae” 


Particles at the center of the beam has a betatron tune shift —&sc,x/z, and large 
betatron amplitude particles have small betatron tune shift. Since particles at dif- 
ferent betatron amplitudes have different betatron tune shift, the space charge force 
produces an incoherent tune spread €.. The space charge parameter of the KV dis- 
tribution in Eq. (2.83) is 

2r RKsc 

16TErms 

The space charge parameter of Gaussian distribution is a factor of 2 larger than that 
of a beam with uniform distribution. The space charge tune shift of all particles in 
the KV beam is identically €kv.sc- It is still incoherent. 


EKV sc — 
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Exercise 2.2 


1. The focusing function K (s) for most accelerator magnets can be assumed to be piece- 
wise constant. Show that 


> 1 

K(s) =0, Mel) = (4 I 

x cosy Ks sin YKs 
D Mola) =( ere, pene i: 


K(s)=K <0, M(sa|s1) = ( 


cosh \/|K|s Jm sinh V|K|s 
/ || sinh ./|K|s cosh y |K]|s 


with s = s2 — sı. Show that the mapping matrix M for a short quadrupole of length 
£, in the thin-lens approximation, is 


1 0 
m= ( 1 ) 
-4 1 


where f = limg9(K@)~, is the focal length of a quadrupole. For a focusing quad, 
f > 0; and for a defocusing quad, f < 0. 


2. When a particle enters a dipole at an angle ô with respect to the normal edge of a 
dipole (see drawing below), there is a quadrupole effect. This phenomenon is usually 
referred to as edge focusing. Using edge focusing, the zero-gradient synchrotron 
(ZGS) was designed and constructed in the 1960’s at Argonne National Laboratory. 
The ZGS was made of 8 dipoles with a circumference of 172 m attaining the energy 
of 12.5 GeV. Its first proton beam was commissioned on Sept. 18, 1963. See L. 
Greenbaum, A Special Interest (Univ. of Michigan Press, Ann Arbor, 1971). We 
use the convention that 6 > 0 if the particle trajectory is closer to the center of 
the bending radius. Show that the transfer matrices for the horizontal and vertical 
betatron motion due to the edge focusing are 


1 0 1 0 
M: = ( tand 1 ) M: = (u 1) a 
p P P a 


where ô is the entrance or the exit angle of the 


particle with respect to the normal direction of the 
dipole edge. Thus the edge effect with ô > 0 gives ~ OS 
rise to horizontal defocusing and vertical focusing. 


3. The particle orbit enters and exits a sector dipole magnet perpendicular to the dipole 
edges. Assuming that the gradient function of the dipole is zero, i.e. O0B,/Ox = 0, 
show that the transfer matrix is 


cos 0 sin 0 1 £ 
Mz = ( tue on ) ¢ M= € i) 
where @ is the bending angle, p is the bending radius, and £ is the length of the dipole. 
Note that a sector magnet gives rise to horizontal focusing. 


4. The entrance and exit edge angles of a rectangular dipole are 6; = 6/2 and 6) = 6/2, 
where @ is the bending angle. Find the horizontal and vertical transfer matrices for 
a rectangular dipole (Fig. 2.2b). 
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5. For a weak-focusing accelerator, K,(s) = n/p? = constant and K, = (1 —n)/p?, 


where p is the radius of the accelerator. The focusing index n is 


n(s) = p(s) OB.(s,x,0) 
B.(s,0,0) Ox 2=0' 


where we have chosen the coordinate system shown in Fig. 2.1. Solve the following 
problems by using the uniform focusing approximation with constant n. 


(a) Show that the horizontal and vertical transfer matrices are 
en ( cos(yT=7 s/p) (e/V ITT) sin(/ TT a) 
. —(V1— n/p)sin(v1 -n s/p) cos(y1 =n s/p) ; 
tee ( cos(/n s/p) (p/m) sin “0)) 
-(Vn/p)sin(V I-n s/p)  cos(/ns/p) j” 


(b) Show that the betatron tunes are vy = (1—n)!/? and v, = n!/?, and the stability 
condition is0<n< 1. 


(c) If N equally spaced straight sections, with Kẹ = K, = 0, are introduced into 
the accelerator lattice adjacent to each combined-function dipole, calculate the 
mapping matrix for the basic period and discuss the stability condition. 


. The path length for a particle orbit in an accelerator is 


c=¢$ [1 + (x/p)]? + x? + z? ds. 


Show that the average orbit length of the particle with a vertical betatron action Jz 
is longer by 
AC 1 Ee +a? 
C 2 b 
where a, and 8, are betatron amplitude functions. In the smooth approximation, 
the betatron amplitude function is approximated by (8+) = R/vz, and the betatron 
oscillations can be expressed as 


z = Zc0s (Gtx): 


where R, v, and Z are the average radius, the vertical betatron tune, and the ver- 
tical betatron amplitude respectively, and y, is an arbitrary betatron phase angle 
of the particle. Show that the average orbit length of a particle executing betatron 
oscillations is longer by 


Je, 


AC v2 5 


“CGR?” 
Thus the orbit length depends quadratically on the betatron amplitude. 


. Ina strong-focusing synchrotron, the art (or science) of magnet arrangement is called 


lattice design. The basic building blocks of a lattice are usually FODO cells. A 
FODO cell is composed of QF OO QD OO, where QF is a focusing quadrupole, 
OO represents either a drift space or bending dipoles of length Lı, and QD is a 
defocusing quadrupole. The length of a FODO cell is L = 2L;. Using the thin-lens 
approximation, 
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(a) Find the mapping matrix and the phase advance of the FODO cell and discuss 
the stability condition. 


(b) Find the parameters 3,a at the quadrupoles and at the center of the drift space 
as a function of Lı and ®. Find the phase advance ® that minimizes the betatron 
amplitude function at the focusing quadrupole location. 


8. Using Eq. (2.41), show that 8” + 4B'K + 28K’ = 0. Solve this equation for a drift 
space and a quadrupole respectively, and show that the solution of this equation must 
be one of the following forms: 


B=a+tbs +c, drift space 
B =acos2VKs + bsin2V/Ks +c, focusing quadrupole 
B = acosh2\/|K|s + bsinh2,/|K|s +c, defocusing quadrupole. 


(a) In a drift space, where there are no quadrupoles, Show also that the betatron 
amplitude function is given by 


(s-s)? 

pe? 
where the parameters a1, 81 and 7 at betatron function values at the beginning 
of the element, or s = 0; and (* is the betatron function at the symmetry point 
s = s* with 6’ = 0. This means that s* = 8; /(ai+1/a1), and B* = 6; /(1+a?) = 
1/y* =1/y. Note that y = (1 + a?)/bı = 1/6", ie. yı is constant in a drift 
space. 


Bls) = B-2aist+ys? = B*4 


(b) Using the similarity transformation Eq. (2.32), show that the Courant—Snyder 
parameters a2, 02,72 at s2 are related to ay, 81,71 at sı by 


Bo M2, ~2Mi Mio M2, By 
az | = | -MuMə Mii Mo. + Mi2Mə1 —Mı2Mə2 ay 
72 M3, —2 M21 M22 MB, yı 


where Mij are the matrix elements of M (s2|s1). Use these equations to verify 
your solution to part (a). Similarly, the betatron function inside the focusing 
and defocusing quadrupole are respectively given by 


1 ay. -= 1 
Brocusing (S) = z% = 7) cos 2v Ks— Fae sin Ks+ z% + Th 
1 ay. — 1 
Bdefocusing(S) = z% + 2) cosh 2V Ks — ae sinh WK + 3 (At — T ; 


9. Use the transfer matrix M (s2|s1) of Eq. (2.42) to show that, when a particle is kicked 
at sı by an angle 0, the displacement at a downstream location is 


Axe = 0 y b1 b2 sin Y, 


where 6 and {2 are values of betatron functions at sı and s2 respectively, and 
Wp = w(s2) — (s1) is the betatron phase advance between sı and s2. The quantity 

152 sinw is usually called the kicker arm. To minimize the kicker magnet strength 
0, the injection or extraction kickers are located at a high 8 locations with a 90° 
phase advance. 
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Transforming the betatron phase-space coordinates onto the normalized coordinates 
with 


Y= Bs, Py = (ay + By’), 


ES 
vB 


or 


(Z) (2) wm (YA a) ome w= (225 Jn) 


show that the betatron transfer matrix in normalized coordinates becomes 


M(eals1) = ( cosy a) 


—sinw cosy 


i.e. the betatron transfer matrix becomes coordinate rotation with rotation angle 
equal to the betatron phase advance. Show that the transfer matrix of Eq. (2.42) 
becomes M (s2|s1) = B.MB;1, where Bə and B; are the betatron amplitude matrices 
at s = s2 and sı respectively. 


Show that the Floquet transformation of Eq. (2.55) transforms the Hamiltonian of 
Eq. (2.47) into Eq. (2.54). 


Often a solenoidal field has been used to provide both the horizontal and the verti- 
cal beam focusing for the production of secondary beams from a target (see Exer- 
cise 2.1.4). The focusing channel can be considered as a focusing-focusing (FOFO) 
channel. We consider a FOFO focusing channel where the focusing elements are sep- 
arated by a distance L. Use the thin-lens approximation to evaluate beam transport 
properties of a periodic FOFO channel. 


(a) Show that the phase advance of a FOFO cell is 


where f is the focal length given by f~! = g?¢ = 67/8, £ is the length of the 
solenoid, g = B} /2Bp is the effective solenoid strength, B \| is the solenoid field, 
and O = gf is the solenoid rotation angle. 


(b) Show that the maximum and minimum values of the betatron amplitude func- 
tion are 


Bmax = L/sin ®, Bmin = f sin ®. 


The doublet configuration consists of a pair focusing and defocusing quadrupoles with 
equal focusing strength separated by a small distance Lı as a beam focusing unit. 
The doublet pairs are repeated at intervals Lə > Lı for beam transport (Fig. 2.6). 
These quadrupole doublets can be used to maintain round beam configuration during 
beam transport. Using the thin-lens approximation with equal focal length for the 
focusing and defocusing quadrupoles, describe the properties of betatron motion in a 
doublet transport line. 
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(a) Show that the betatron phase advance in a doublet cell is 


p = Yr z = 2arcsin (VEits/2f) , 
where f is the focal length of the quadrupoles. 
(b) Show that the maximum betatron amplitude function is approximately 
Bmax = (Ly F Lo + Ly, L2/f)/siny. 


(c) Show that the minimum betatron amplitude function is 


BY = y Lı (4f? — Li La) /4L2. 


(d) Sketch the betatron amplitude functions and compare your results with that of 
the FODO cell transport line. 


14. Statistical definition of beam emittance:!” We consider a statistical distribution of 


N non-interacting particles in phase space (x, x’). Let p(x,x') be the distribution 
function with 


| nezdrav =, 
The first and second moments of beam distribution are 
1 1 
(2) = N Xori = J olexydzav', (x) = N 5 xi = J #0 avd, 
: 1 il 
oz =F Xa = (2))?, on = F = ('))?, 
1 
oza = = (ai — (2))(2 — (2")) = ronoey 
Here oy and oy are rms beam widths, and r is the correlation coefficient. The rms 


emittance is defined as 
ms = Oz0 y V 1 — r2. 


(a) Assuming that particles are uniformly distributed in an ellipse 


x? /a? + x’ b =i 


show that the total phase-space area is A = mab = 4Tr€é,ms. The factor 4 has 
often been used in the definition of the full emittance, i.e. € = 4€ms, to ensure 
that the phase-space area of such an ellipse is me. 


(b) Show that the rms emittance defined above is invariant under a coordinate 
rotation 
X=2xcosO4+2'sin@, X’ = —xsin0 +2’ cos, 


and show that the correlation coefficient R = Gayi [Tx Ox, ÌS Zero if we choose 
the rotation angle to be 
20OzOxT 
2 gs 
T, 


reach extrema at this rotation angle. 


tan 20 = 


Show that 0, and o 


x! 


See P. Lapostolle, IEEE Trans. Nucl. Sci. NS-18, 1101 (1971), and J. Buon, CERN 91-04, 30 
(1991). The statistical definition of beam emittance is applicable to all phase space coordinates. 
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In accelerators, particles are distributed in the Courant-Snyder ellipse: 
I(x, x") = yx? + 2azr' + Ba”, 


where a, 3, y are betatron amplitude functions. If the beam distribution function 
is a function of I(x, 2’), show that 


a o2 o o, hu a ee o wN : B —a 
-rms B y $ VBY’ Ora o, — erms Za y . 


and 


1 
xto tx = (yx? + 2axra! + Bx’). 
€rms 


Show that the ø matrix is transformed, in the linear betatron motion, according 


to 
2 vá 2 ul 
( Oe a) = M(v2)s) ( Is Oax ) M(s9|s1)*, 
Sra! Oy Jo Org’ O 1 


a! 
where Mt is the transpose of the matrix M. Use this result to show that 
xta~1x of Eq. (2.60) is invariant under betatron motion and thus an invariant 
beam distribution function is a function of x!o—!x. The transport equation for 
the o-matrix can be used to measure the o-matrix elements and derive the rms 
beam emittance. For a thick quadrupole lens, show that Eq. (2.61) becomes 


o S = o2 S COS = K sin A Cra! (s1) sin 
262) = o2(s1) cos VRla ~ IVE sin VR, + ZEU (sin VR a 


2 2 1 2 
+L cos VKt,) } + Fis) + sinVKlq + Lcos VR, 


where K = B,/Bp and %4 and the focusing function and the length of the 
quadrupole, and L is the length of the drift space between the quadrupole and 
the profile monitor. 


Particle motion in synchrotrons obeys Hamiltonian dynamics with 


, dx da OH 


Show that 


de? ,OH » OH OH OH 
ds 2oe((w Dn NSE) 20ga ((ea) — (t)(57))- 


xv 
For a linear Hamiltonian, we have 0H/Ox = Ka, where K(s) is the focus- 
ing function. Show that the rms emittance is conserved. What would your 
conclusion be if the Hamiltonian were nonlinear? 


15. Consider a beam of noninteracting particles in an accelerator with focusing function 
Ky(s), where the particle betatron coordinate obeys Hill’s equation 


y" + K,(s)y = 0. 


Let Y be the envelope radius of the beam with emittance €, i.e. Y(s) = \/A(s)e. 
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(a) 


(b) 


Show that the envelope equation of motion is 


2 
Y” + K,(s)Y - 5 =0. 
Show that the envelope equation can be derived from the envelope Hamiltonian?’ 
1 1 e 
Henw = zr + Venv; Venv = 5 KyY? T bys’ 


where (P, Y) are conjugate envelope phase-space coordinates with P = Y’, and 
Venv is the “potential energy”. In a smooth focusing approximation, Ky(s) = 
(27/L)?, where L is the wavelength of the betatron oscillations. Using the 
smooth approximation, we have (Ky) = (27Q,/C)? obtained from Floquet 
transformation to Hill’s equation, where C is the circumference, and Qy is the 
betatron tune. The corresponding average betatron wavelength is C/Q,, and 
the average betatron amplitude function is (84) = R/Qy, where R is the av- 
erage radius. The equivalent betatron amplitude function is 6, = L/2m7. The 
matched beam radius is given by dVeny/dY = 0, i.e. Yn = y Le/2r. Show that 
the solution of the betatron motion and the solution of the envelope equation 
are 


2 
QT: 
Y? =4/ A? 4 (=) Acos(2——= + x), 


where the parameters A and y are determined by the initial beam conditions. 
Thus the envelope of a mis-injected beam bunch will oscillate at twice the be- 
tatron oscillation frequency (the quadrupole mode). 


Let us make Floquet transformation to the envelope equation in part (a) with 


Y 1 [* ds 
R=, => | Tr, 
vpe v Jo B(s) 
where 6 is the betatron amplitude function, and v is the betatron tune. Show 


that the normalized envelope R satisfies the equation: 


v2 


RB = 0. 


a 2 
gp T” R- 


Using (R, P, = dR/d®@) as the conjugate phase space coordinates, we obtain the 


envelope Hamiltonian as H = iP? + Venv(R), where the envelope potential is 


1 v? 
Vov = y + JRZ’ 


Show that the exact solution of the envelope equation is 


R? = y1 +a? + acos(2v¢ + x), 


18See S.Y. Lee and A. Riabko, Phys. Rev. E51, 1609 (1995); ibid. Phys. Rev. E51, 3529 (1995). 
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where a is the envelope mismatch amplitude. Note: if the square of the rms 
beam width is plotted as a function of revolution turns, the resulting oscillation 
will be sinusoidal. The envelope Hamiltonian is, in fact, linear. 


16. The Courant-Snyder phase-space ellipse of a synchrotron is yy? + 2ayy’ + By? = e, 
where a, 8 and y are the Courant—Snyder parameters. If the injection optics is mis- 
matched with y1y?+2a1yy'+81y = €, find the emittance growth factor (note that the 
easiest way to estimate the emittance growth is to transform the injection ellipse into 
the normalized coordinates of the ring optics. The deviation of the injection ellipse 
from a circle in the normalized phase space corresponds to the emittance growth). 


(a) 


Transform the injection ellipse into the normalized coordinates of the ring lattice, 
and show that the injection ellipse becomes 


B owen 2, 301b — afi ip 
(5 e F e a 
ray Payt: 


vB vB 


Transform the ellipse to the upright orientation, and show that the major and 
minor axes of the ellipse are 


F, = (Fa EV XZ 1) a e (Xin sf oss 1)" 2 


where the mismatch factor Xmm is (see Exercise 2.2.14) 


(B02, + yo2 + 2a0z2"). 


1 
Xmm = 5 ("18 + Bry — 2ara) = 


2€rms 


Note that the rms quantities oy, Cx’ and oz, can be measured from the injected 
beam. What happens to the beam if the beam is injected into a perfect linear 
machine where there is no betatron tune spread? Show that the tune of the 
envelope oscillations is twice the betatron tune (see Exercise 2.2.15). 


In general, nonlinear betatron detuning arises from space-charge forces, non- 
linear magnetic fields, chromaticities, etc. Because the betatron tune depends 
on the betatron amplitude, the phase-space area of the mis-injected beam will 
decohere and grow. Show that the emittance growth factor is 


F= (Xa tal KB i). 


Let the betatron amplitude function at the injection point be 6, = 17.0 m and 
Qx = 2.02. The injection ellipse of a beam with emittance 57 mm-mrad is given 
by x?/a? + x’? /b? = 1, where a = 5.00 mm and b = 1.00 mrad. Find the final 
beam emittance after nonlinear decoherence. 


17. At an interaction point (IP) of a collider, or at a symmetry point in a storage ring, 
the lattice betatron functions are usually designed to an appropriate 67, value with 
symmetry condition: aj, = 0. The resulting betatron amplitude functions in the 


straight section become Br,- = 8% , + s*/G* , (see Exercise 2.2.8). The luminosity, £, 
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measuring the probability of particle encounters in a head on collision of two beams, 
is 


L=2fN,No J pi(&, zZ, S1)p2(£, z, 82) dx dz ds d(Bct), 
where sı = s + Sct and s2 = s — bct. 


(a) Assuming Gaussian bunch distribution with 


( ) 1 x z? s? 
x, z, 8) = ————— exp ¢ - — —- — - — 
pee (277)3/202.0205 R 202 202 a2 J’ 
where o, = VBréz, 02 = yV bz€z, Os are respectively the rms beam sizes in 2, Z, s 
directions, show that the luminosity, in a short bunch condition with o, < Bz, es 
is 
[Ni No 
Anoxo%’ 


where R is the reduction factor, and of = \/$*e, and of = ,/P*e, are rms 


beam size at the IP. 


£ = RA) 


(b) Because of finite bunch-length o,, show that the luminosity reduction factor for 
two identical Gaussian distributions is 
2 eS dt 
(1+ (7/Az))(1 + (¢?7A2)) 
where Agr, = p% =/0s is a measure of the betatron amplitude variation at the 
interaction point. In a short bunch approximation with A, >> 1 and A, > 1, 


we obtain R(A,, Az) ~ 1. Most colliders operate at a condition Ar, + 1. The 
luminosity reduction due to finite bunch-length is called the hour-glass effect. 


(c) For a round beam with A = A, = A,, show that (see Section 7.1.3. in Ref. [30]) 


VmA(1 + 0.2836A + 0.07703A2) 
(1 + 0.47047.A)3 ? 


R(Az, Az) = 


R(A) = VTAe®” erfc(A) © 


where the latter approximate identity is valid up to about A < 2.5. Asymptot- 
ically, we have R(A) > 1 for A —> oo. Plot R(A) as a function of A and show 
that the actual luminosity is 


NN. 
L= R(A)Lo = ON Jre” erfe(A) 
ATE | Os 
for a given os, where €} = €x = €z. Plot £ as a function of A. Does the 


luminosity decrease at A < 1? 


(d) For a flat beam with 6% > os, ie. As > 1, show that the reduction factor 
becomes 7 
QA. fen Az6 e4 dE Az ott A 
Joe y 2 
where Ko is the eee Bessel function. Calculate the reduction factor as a 
function of A, and show that the luminosity is (use 3.364.3 of Ref. [31]) 


FNN 1 A? 
An bacacb VR Ree KF 7 


ae 


L = R(A-)Lo = 
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18. Focusing of atomic beams:!9 There are now two types of polarized ion sources: 


the atomic-beam polarized ion source (ABS), and the optically pumped polarized 
ion source (OPPIS) producing mainly hydrogen and deuterium ions. The ABS has 
produced polarized H~ ions with about 75% polarization at a peak current of 150 pA 
with 100 ys duration and 5 Hz repetition rate. Similarly, OPPIS has been able to 
produce a polarized H7 ion source up to 400 A with 80% polarization at a normalized 
emittance near 1 7 mm-mrad. The principle of the ABS is to form atomic beams in a 
discharge tube called a dissociator. As the beam travels through the beam tube, the 
spin states of the atoms are selected in a separation magnet, which is a quadrupole 
or a sextupole.2° The non-uniform magnetic field preferentially selects one spin state 
(Stern-Gerlach effect). This exercise illustrates the focusing effect due to a sextupole 
field. Let fi = gp ae be the magnetic moment of the atomic beam, where g is the 


Landé g-factor, 4p = 5.788 x 10-°eV/T is the Bohr magneton, and J is the angular 
momentum of the atom. The magnetic energy of the atomic beam in the magnetic 


field B and the force acting on the hydrogen atom are 
W =-i-B. F = V(ñ- B)=+.V|Bl 


for two quantized spin 1/2 states of the hydrogen atom, i.e. the electron spin is 


quantized along the B direction, and Ha % Hp for the hydrogen-like atom. 


(a) Show that the sextupole field focuses the spin state of the atomic beam with 
lower magnetic dipole energy; in other words, it defocuses the spin state with 
higher magnetic dipole energy. The atoms not contained in the beam pipe will 
be pumped away. It is worth pointing out that there is no preferred direction 
of the spin projection inside the sextupole. The electron spin is quantized with 
respect to the magnetic field. The selected atoms, which have a preferential 
one-spin state, will pass through the transition region. Here the the magnetic 
field is slowly changed to align all atomic polarization into the uniform field 
ionizer region, where in the high-field regime the nuclear spin can be flipped by 
rf field, the polarized ions are formed by the bombardment of electron beams, 
and the polarized ions are drawn by the electric field to form a polarized ion 
beam. 


(b) When a quadrupole is used to replace the sextupole magnet, show that the 
effective force on the atom is a dipole field. 


(c) If the temperature of the dissociator is 60 K, what is the velocity spread of the 
atomic beam? Discuss the effect of velocity spread of the atomic beam. 


19. A paraxial focusing system (lithium lens): A strong paraxial focusing system 


can greatly increase the yield of the secondary beams. To this end, the lithium lens 
or a strong solenoid has been used. The Li lens was first used at Novosibirsk for 
focusing the ete~ beams. It became the essential tool for anti-proton collection at 
Fermilab.?! A cylindrical lithium rod carrying a uniform current pulse can create a 
large magnetic field. The magnetic flux density is 


Bo(r) = 2rrg’ 


pIr 


19See e.g., W. Haberli, Ann. Rev. Nucl. Sci., 17, 373 (1967). 


2H, Friedburg, and W. Paul, Naturwiss. 38, 159 (1951); H.G. Bennewitz and W. Paul, Z. Phys. 
139, 489 (1954). 
21B.F. Bayanov, et al., Nucl. Inst. Methods. 190, 9 (1981). 
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20. 


21. 


where J is the current, r is the distance from the center of the rod, ro is the radius of 
the Li conductor, and u © po = 4r x 10-7 Tm/A is the permeability. 


(a) Find the focusing function for the 8-GeV kinetic energy antiprotons if J = 500 
kA, ro = 10 mm, and the length is 15 cm. What is the focal length? 


(b) The total nuclear reaction cross-section between the antiprotons and the Li 
nucleus is given by the geometric cross-section, i.e. Opa = T(r? + RÈ), where 
Tp = 0.8 fm, Ra = 1.3 x A!/3 fm, and A is the atomic mass number. The atomic 
weight is 6.941 g, and the density is 0.5 g/cm, show that the nuclear reaction 
length is about 1 m. To minimize the beam loss, choose the length of the Li 
lens to be less than 10% of the nuclear reaction length. 


(c) Find the magnetic pressure P = B?/2j19 that acts to compress the Li cylinder 
in units of atmospheric pressure (1 atm = 1.013 x 10° N/m). 


Low energy synchrotrons often rely on the bending radius Ky = 1/p? for horizontal 
focusing and edge angles in dipoles for vertical focusing. Find the lattice property of 
the low energy synchrotron described by the following input data file (MAD). What 
is the effects of changing the edge angle and dipole length? Discuss the stability limit 
of the lattice. 


TITLE,"CIS BOOSTER (1/5 Cooler), (90degDIP)" 
! CIS =1/5 of Cooler circumference =86.82m / 5 =17.364m 
! It accelerates protons from 7 MeV to 200 MeV in 1-5 Hz. 


LCELL:=4.341 ! cell length 17.364m/4 
Li:= 2.0 ! dipole length 
L2:=LCELL-L1 ! straight section length 
RHO: =1.27324 


EANG:=12.*TWOPI/360 ! use rad. for edge angle 

ANG := TWOPI/4 

00 : DRIFT,L=L2 

BD : SBEND,L=L1, ANGLE=ANG, E1=EANG,E2=EANG, K2=0. 
SUP: LINE=(BD,00) ! a superperiod 
USE, SUP , SUPER=4 

PRINT ,#S/E 

TWISS , DELTAP=0.0, TAPE 

STOP 


The action angle coordinate transformation of Eq. (2.48) can also be carried out by 
using the generating function F3(y’, Y). Show that the generating function is 


By”? 


F3(y', $) = 2(tany — 2) 


and show that the new Hamiltonian is also Eq. (2.49). 
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III Effect of Linear Magnet Imperfections 


In the presence of magnetic field errors, Hill’s equations (2.22) are 


AB, 
Bp’ 


AB, 
2" + K,(s)z=— Bp’ (2.89) 


x” +K,(s)a = 


AB, + jAB, = Bo X (bn + jan) (a + 2)". 
n=0 


where AB, and AB, are the perturbing fields, Bọ is the main dipole field, bọ and 
bı are respectively the dipole and quadrupole field errors, by is the sextupole field 
error, etc. The a’s are skew magnetic field errors. This section addresses the linear 
betatron perturbation resulting from the dipole (bo) and quadrupole (b1) field errors, 
and illustrates possible beam manipulation by using the perturbing fields. 

Based on our study of the betatron motion in Sec. I, we will show that linear 
magnet imperfections have two major effects: (1) closed-orbit distortion due to dipole 
field error, and (2) betatron amplitude function perturbation due to quadrupole field 
error. The effect of linear betatron coupling due to the skew quadrupole term, a, 
and the solenoid will be discussed in Sec. VI. 


II.1 Closed-Orbit in the Presence of Dipole Field Error 


Up to now, we have assumed perfect dipole magnets with an ideal reference closed 
orbit that passes through the center of all quadrupoles. In reality, dipole field errors 
may arise from errors in dipole length or power supply, dipole roll giving rise to a 
horizontal dipole field, a closed orbit not centered in the quadrupoles, and feed-down 
from higher-order multipoles. 


A. The perturbed closed orbit and Green’s function 


First, we consider a single thin dipole field error at a location s = sọ with a kick- 
angle 6 = ABdt/Bp in an otherwise ideal accelerator, where AB is the dipole field 
error, dt is the dipole thickness (length), ABdt is the integrated dipole field error and 
Bp = po/e is the momentum rigidity of the beam. Let 


= Yo — { Yo 
y- ai y+ a 


be the phase-space closed-orbit state-vectors just before and just after the kick element 
located at sọ. The closed-orbit condition is 


E @ ~ Pa 5) (2.90) 
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where M is the one-turn transfer matrix of Eq. (2.34) for an ideal accelerator. The 
resulting closed orbit at sọ is 
BoO 6 


+ f — j 
COS TY, Yo = 5 aaa (sin tv — ag cos TV), 


aa 2sin TY 
where v is the betatron tune and ag, Gp are the values of the betatron amplitude 
functions at kick dipole location so. 

The closed orbit at other location s in the accelerator can be obtained from 
the propagation of betatron oscillations Eq. (2.30). Using the transfer matrix of 
Eq. (2.42), we obtain 


y(s)\ y \=Gls.s 
a. = M(s|s0) a , => Yeo(s) = G(s, 80)O(S0), (2.91) 
B(s)B(s0) o 


2 sin TY 


G(s, so) = 


where G(s, so) is the Green function of Hill’s equation. The presence of sin mv in 
the denominator of Green’s function shows that the closed orbit may not exist if the 
betatron tune is an integer. The orbit response arising from a dipole field error is 


given by the product of the Green function and the kick angle. The right plot of 
Fig. 2.12 shows the closed-orbit perturbation in the AGS booster due to a dipole 
field error of 6.82 mr. The left plot is a schematic drawing of the resulting closed 
orbit around an ideal orbit. Since the betatron tune of the AGS booster is 4.82, the 
closed-orbit perturbation is dominated by the n = 5 harmonic, showing 5 complete 
oscillations in Fig. 2.12. 


Figure 2.12: Left: schematic plot of 
the closed-orbit of the AGS booster 
resulting from a horizontal kicker 
with kick-angle 0 = 6.82 mr at the 
@ location marked by a straight line. 
4 Since the betatron tune of 4.82 is 
close to the integer 5, the closed orbit 
is dominated by the fifth error har- 
monic. Right: the closed orbit as a 
function of the longitudinal distance. 


Equation (2.91) shows that the closed orbit becomes infinite when the condition 
sin mv = 0 is encountered. The orbit kicks in every turn due to a dipole error co- 
herently add up, making the closed orbit unstable. The left plot of Fig. 2.13 shows 
schematically the evolution of a phase-space trajectory (y,y’) in the presence of a 
dipole error when the betatron tune is an integer. Since the angular kick Ay’ = 9, 
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where @ is the kick angle of the error dipole, is in the same direction in each revolu- 
tion, the closed orbit does not exist. The betatron tunes are chosen to avoid integers. 
In other words, if the betatron tune is near an integer, the closed orbit becomes very 
sensitive to dipole field error. 


Py Figure 2.13: Left, a schematic plot of the 
sls closed-orbit perturbation due to an error dipole 


P 
4 +t, kick when the betatron tune is an integer. Here 
(A r E] ‘ Ap, = byAy' = y0, where 0 is the dipole kick 
N P y 7 ; y angle and £, is the betatron amplitude function 
cS Z value at the dipole. Right, a schematic plot of 
iz the particle trajectory resulting from a dipole 
kick when the betatron tune is a half-integer; 


vy = integer Vy = half—integer here the angular kicks from two consecutive or- 
bital revolutions cancel each other. 


If the betatron tune is a half-integer, the angular kicks of two consecutive revolu- 
tions cancel each other (see right plot of Fig. 2.13). For the closed orbit, it is better 
to choose a betatron tune closer to a half-integer. However, we will show later that 
the quadrupole field error will produce betatron amplitude-function instability at a 
half integer tune. Thus the betatron tunes should also avoid half-integers. 


B. Distributed dipole field error 


In reality, dipole field errors are distributed around the accelerator. Since Hill’s 
equation with distributed dipole field errors A@(t) = (AB(t)/Bp)dt is linear, the 
closed orbit can be obtained by a linear superposition of dipole kicks, i.e. 


stC 
Yeo(s) = G(s,t) — dt = ee aT VB ge D nv + w(s) — y(t))dt 
vr/ Bis +27 7 
= 3sin = } ro? cos v(m + $ — g)dy, (2.92) 


where (s) = (1/v) fj dt/B(t), and (s) = v¢(s). It is easy to verify that Eq. (2.92) 
is the closed-orbit solution of the inhomogeneous Hill equation 


(2.93) 


where AB = AB, for horizontal motion and AB = FAB, for vertical motion (the 
upper sign for positive charge, and the lower sign for negative charge). 
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C. The integer stopband integrals 


Since square bracketed term in the integrand of Eq. (2.92) is a periodic function of 
27, it can be expressed in a Fourier series and obtain the closed orbit: 


oa => p, (2.94) 


> vfr cjko Ii cos([v]¢ + x) 2.9 
Yeo(S) = s x ; .96 
vols) = VPO 3 hel n I ee (2.96) 
where the Fourier amplitude fp is called the integer stopband integral with f_, = fj. 
The closed orbit has simple poles at integer harmonics. The simple pole structure 
in Eq. (2.96) indicates that the closed orbit is most sensitive to the error harmonics 
closest to the betatron tune. The resulting closed orbit is usually dominated by a few 


come 


harmonics near [v], an integer nearest the betatron tune. 


D. Statistical estimation of closed-orbit errors 


In practice, the perturbing field error AB/Bp, due mainly to random construction 
errors in the dipole magnets and misalignment errors in the quadrupoles, is not known 
a priori. During the design stage of an accelerator, a statistical argument is usually 
used to estimate the rms closed orbit, 


Yco,rms © NOs 2.97 
a ar sin a eG 


where Bav, N, and 6;ms are respectively the average $-function, the number of dipoles 
with field errors, and the rms angular kick angle. 

Now we consider the dipole field error generated by quadrupole misalignment. 
When quadrupole magnets are misaligned by a distance Ay, the effective angular 
kick and the resulting closed orbit error are 
Bie A 
oT Ay = = 
Bp f 

Bav Ta) 
corms % af < Wl Lae. a Lal N, A rms; 2.98 
= fae sin TV ii ( ) 
where B, = OB,/Ox is the quadrupole gradient, f is the focal length, Ng is the 
number of quadrupoles and fav is the average focal length. The coefficient in curly 


= 


brackets is called a sensitivity factor for quadrupole misalignment. For example, if 
the sensitivity factor is 20, an rms quadrupole misalignment of 0.1 mm will result in 
a rms closed-orbit distortion of 2mm. The sensitivity factor increases with the size 
of an accelerator. 
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E. Closed-orbit correction 


Closed-orbit correction is an important task in accelerator commissioning. If the 
closed orbit is large, the beam lifetime and dynamical aperture can be severely re- 
duced. First, any major sources of dipole error should be corrected. The remaining 
closed orbit can generally be corrected by either the stopband correction scheme, or 
harmonic correction scheme, or ?-minimization method. 

With a few dipole correctors, the stopband near k = [v] is 


fa = gy De Vie (2.99) 


where 6; is the angular kick of the ith corrector. Placing these correctors at high-@ 
locations with a phase advance between correctors of [v]; ~ 7/2, one can adjust the 
real and imaginary parts independently. 

The harmonic closed-orbit correction method uses distributed dipole correctors 
powered with a few harmonics nearest the betatron tune to minimize a set of stopband 
integrals fg. For example, if Ne dipole correctors are powered with 


(a, cos kod; + by sinkd;), (¢=1,---, Ne), 


i = 


1 

pi 
where ô; and ġ; are the betatron amplitude function and the betatron phase at 
the ith kicker location, the kth stopband can be corrected by adjusting the a; and 
bx coefficients. A few harmonics can be superimposed to eliminate all dangerous 
stopbands. 

Another orbit correction method is the .?-minimization procedure. Let Nm be 
the number of BPMs and N. the number of correctors. Let y;,-. and A; be the closed- 
orbit deviation and BPM resolution of the ith BPM.”? The aim is to minimize y? of 
closed orbit error by varying 01, 02,... of Ne correctors, where 

SR [iico]? 
2 400 
L=) ne 


i=l 


All orbit correction schemes minimize only error-harmonics nearest the betatron 
tune. Because the closed orbit is not sensitive to error-harmonics far from the betatron 
tune, these harmonics can hardly be changed by closed-orbit correction schemes. 

In many beam manipulation applications such as injection, extraction, manipula- 
tion with an internal target, etc., local closed-orbit bumps are often used. Possible 
schemes of local orbit bumps are the “four-bump method” discussed in Sec. II.3 and 
the “three-bump method” (see Exercise 2.3.4). 


22The BPM resolution depends on the stability of the machine and on the number of bits and 
the effective width of the pickup electrode (PUE). For example, the BPM resolution for the data 
acquisition system with a 12-bit ADC and a 40-mm effective width PUE is about 10 um. If an 8-bit 
ADC is used, the resolution is worsened by a factor of 16. The BPM resolution for proton storage 
rings is about 10 to 100 um. 
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F. Effects of dipole field error on orbit length 


The path length of a circulating particle in the Frenet-Serret coordinate system is 
c= 9 (14 a/p) +2 429 dow Cyt É Ads4---, (2.100) 


where Co is the orbit length of the unperturbed orbit, and higher order terms asso- 
ciated with betatron motion are neglected. Since a dipole field error gives rise to a 
closed-orbit distortion, the circumference of the closed orbit may be changed as well. 
We consider the closed-orbit change due to a single dipole kick at s = sọ with kick 
angle ĝo. Using Eq. (2.92), we find the change in circumference as 


oul aa (2.101) 
emcee VBa Bals 
Diso) = f EE as = VON f VO cos(rg = els) = vo) 


Here D(so) is the value of the dispersion function at sọ (see Sec. IV). The change in 
orbit length due to a dipole field error is equal to the dispersion function times the 
orbital kick angle. When dipole field errors are distributed in a ring, the change in 
the total path length becomes 


(s) 
Bo (2.102) 


ac = f j= 


In many cases, the dipole field errors are generated by power supply ripple, ground 
vibration, traffic and mechanical vibration, tidal action, etc., and thus the circumfer- 
ence is modulated at some modulation frequencies. The modulation frequency from 
ground vibration is typically less than 10 Hz. The power supply ripple can produce 
modulation frequency at some harmonics of 50 or 60 Hz, and the frequency generated 
by mechanical vibrations is usually of the order of kHz. Normally, particle motion 
in an accelerator can tolerate small-amplitude modulation provided that modulation 
frequencies do not induce betatron or synchrotron resonances. However, if a modu- 
lation frequency is equal to the betatron or synchrotron frequency, particle motion 
will be strongly perturbed. For example, an rf dipole field operating at a betatron 
sideband?’ can kick the beam out of the vacuum chamber; this is called rf knock-out. 
This method can be used to measure the betatron tune. 


23The FFT spectra of a transverse phase-space coordinate display rotational harmonics at integer 
multiples of the revolution frequency and the betatron lines next to the rotation harmonics. These 
betatron frequency lines are called the betatron sidebands. See Sec. HI.7 for details. 
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II.2 Extended Matrix Method for the Closed Orbit 


The inhomogeneous differential equation (2.89) for the closed orbit of the betatron 
oscillation can be solved by the extended 3x3 transfer matrix method. For example, 
the equation of motion for a dipole field error in a combined function magnet is 
w'+Kr= a, The betatron phase-space coordinates before and after the combined 
function quadrupole is given by the extended transfer matrix 


m cos YK? az sin vK? SEU — cos VK) x 
x) =| —-V/KsinVK¢€ cos VK? Bag sin VK z” | , (2-103) 
Íj, 0 0 1 1 

5 1 


where l = s — sı. In thin lens approximation, the transfer matrix of Eq. (2.103) 
becomes 


1 0 0 
M(sa|s:)=[-1/f 1 @ 
0 0 1 


where 0 = AB,4/Bp and f = 1/K{ are respectively the dipole kick angle and the focal 
length of the perturbing element. Dipole field error can also arise from quadrupole 
misalignment. Let Ay, be the quadrupole misalignment. The resulting extended 
transfer matrix in the thin-lens approximation is 


1 0 0 
Moauaa = —1/f 1 —Aya/ f 
0 0 1 


The 3x3 extended transfer matrix can be used to obtain the closed orbit of beta- 
tron motion. For example, the closed-orbit equation (2.90) is equivalent to 


1 0 0 My, My 0 Yo 
y}= {10 1 6 Mə Mə 0 y l|, (2.104) 
1 0 0 1 0 0 1 1 


where M’s are matrix elements of 2x2 one-turn transfer matrix for an ideal machine, 
and @ is the dipole kick angle. Similarly, the 3x3 extended transfer matrix can be 
used to analyze the sensitivity of the closed orbit to quadrupole misalignment by 
multiplying the extended matrices along the transport line.”4 


III.3 Application of Dipole Field Error 


Sometime, we create imperfections in an otherwise perfect accelerator for beam ma- 
nipulation. Examples are the local-orbit bump, one-turn kicker for fast extraction, rf 
knock-out, etc. 


248, Y. Lee, S. Tepikian, Proc. IEEE PAC Conf., p. 1639, (IEEE, Piscataway, N.J., 1991). 
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A. Orbit bumps 


To facilitate injection, extraction, or special-purpose beam manipulation,” the orbit 
of beams can be bumped to a desired transverse position at specified locations. In 
this example, we discuss the four-bump method facilitated by four thin dipoles with 
kick angles 6; (i = 1, 2,3,4). Using Eq. (2.92), we obtain 


Yeo(s) = 


LIY Vie cos(av — |Y — yil), 


2 sin Ty 


where 6; = (ABAs);/Bp and (ABAs); are the kick-angle and the integrated dipole 
field strength of the i-th kicker. The conditions that the closed orbit is zero outside 
these four dipoles are Yyeo(s4) = 0, ylo(s4) = 0, or 


V/B10, cos[ry — War] + V/B292 cos[rv — ys] + V830; cos|av — yas] + V/B104 cos ty = 0, 
v B10: sin[ry — ypa] + B22 sin[rv — ya] + V/B363 sin[rv— yass] + B14 sin ry = 0, 


where ji = Yj— ti is the phase advance from s; to sj. Expressing #3 and 04 in terms 
of 6; and 62, we obtain 


{ V B303 -(V/ B10 sin War + V Bob. sin W42)/ sin qh43, (2.105) 
V Bi04 = (o/ 8191 sin 31 + V B202 sin Y2) / sin dys. 


The orbit displacement inside the region of orbit bumps can be obtained by applying 
the transfer matrix to the initial coordinates. Using four bumps, we can adjust the 
orbit displacement and the orbit angle to facilitate ease of injection and extraction, 
to avoid unwanted collisions, and to avoid limiting-aperture in accelerator. 

The three-bump method (see Exercise 2.3.4) has also been used for local orbit 
bumps. Although the slope of the bumped particle orbit can not be controlled in 
the three-bump method, this method is usually used for the local orbit correction 
because of its simplicity. Occasionally, two bumps can be used at favorable phase- 
advance locations in accelerators. Figure 2.14 shows an example of a local orbit bump 
using three dipoles. Since the two outer bumps happen to be nearly 180° apart in 
the betatron phase advance, the middle bump dipole has negligible field strength. 


lI 


lI 


B. Fast kick for beam extraction 


To extract a beam bunch from accelerator, a fast kicker magnet is usually powered in 
about 10-100 ns rise and fall times in order to bump beam bunches into the extraction 


?5Qther examples are orbit bump at the aperture restricted area, internal target area, avoiding 
unwanted collisions in colliders, etc. For example, the counter-circulating et and e~ beams, or the 
p and p beams in a collider can be made to avoid crossing each other in a common vacuum chamber 
with electrostatic separators. 
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Figure 2.14: A simple orbit bump produced 
4 by three dipole kickers marked with symbol X 
4 in the AGS booster lattice. Since the first and 
4 third kickers are nearly 180° apart in the betatron 
phase advance, the local orbit bump is essentially 
accomplished with these outer two kickers. In this 
70 example, there are 3 focusing and 2 defocusing 
quadrupoles between two outer bump dipoles. 


channel, where a septum is located.”° With the transfer matrix of Eq. (2.42), the 
transverse displacement of the beam is 


Atteo(s) = { V/Be(Sx)Be(s) sin(Ads(s))} 6, (2.106) 


where k = f B,ds/Bp is the kicker strength (angle), By is the kicker dipole field, 
Gx(s_) is the betatron amplitude function evaluated at the kicker location, 3,(s) is 
the amplitude function at location s, and Ad¢,(s) is the phase advance from sp of the 
kicker to location s. The quantity in curly brackets in Eq. (2.106) is called the kicker 
lever arm. 


To achieve a minimum kicker angle, the septum is located about 90° phase advance 
from the kicker, and the values of the betatron amplitude function at the septum and 
kicker locations are also optimized to obtain the largest kicker lever arm. Similar 
constraints apply to the kicker in the transverse feedback system, the kicker array for 
stochastic cooling, etc. 


Figure 2.15 shows a schematic drawing of the cross-section of a Lambertson septum 
magnet. A beam is bumped from the center orbit ze to a bumped orbit xp. At the 
time of fast extraction, a kicker kicks the beam from the bumped orbit to the the 
extraction channel at xk, where the uniform dipole field bends the beam into the 
extraction channel. The iron in the Lambertson magnet is shaped to minimize the 
field leakage into the field-free region and the septum thickness, that is of the order 
of 4-10 mm depending on the required magnetic field strength. 


?6The kicker is an electric or magnetic device that provides an angular deflection to charged 
particle beam at a fast rise and fall times so that it can selectively deflect some beam bunches without 
affecting others. The electric kicker applies the traveling wave to a stripline type waveguide. The 
magnetic kicker employs ferrite material to minimize eddy-current effects. The rise and fall times 
of the kickers range from 10 ns to 100’s ns. The septum is a device with an aperture divided 
into a field-free region and a uniform-field region, where the former will not affect the circulating 
beams, and the latter can direct the beam into an extraction or injection channels. Depending on 
the application, one can choose among different types of septum, such as wire septum, current sheet 
septum, Lambertson septum, etc. 
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Figure 2.15: A schematic drawing of the central 
orbit £e, bumped orbit £p, and kicked orbit 2, ina 
Lambertson septum magnet. The blocks marked 
with X are conductor-coils, The ellipses marked 
beam ellipses with closed orbits £e, xj, and £k. 
The arrows indicated a possible magnetic field di- 
rection for directing the kicked beams downward 
or upward in the extraction channel. 


C. Effects of rf dipole field, rf knock-out 


In the presence of a localized rf dipole, Hill’s equation is 


2, oo 
4 + K(s)y = 0a Sin Wnt Dank — nC), (2.107) 
where 6, = AB¢/Bp and wm are respectively the kick angle and the angular frequency 
of the rf dipole, C is the circumference, and t = s/{c is the time coordinate. The 
periodic delta function reflects the fact that beam particles encounter the kicker field 
only once per revolution. 
With coordinate transformation: n = y//B, ¢ = +4 fj ds/8, Eq. (2.107) becomes 


pl co 
— +r? = 2 am 5 sin(n + Un), 
where Vm = Wm/wo is the modulation tune, is the value of the betatron amplitude 
function at the rf dipole location, wo is the orbital angular frequency, and we use 
d(s —nC) = rma (O — 2rn). The solution of the inhomogeneous Hill ’s equation is 
n = Acosvo + B sin vo + Heo, where A and B are the amplitude of betatron motion 
determined by the initial conditions, and the particular solution eo is the coherent 


time dependent closed orbit, 


Neo = 5 ml vy boba sin(n + %m)¢. (2.108) 


v? —(n+m)?] 


n=—co 


n=—oo 

The discrete nature of the localized kicker generates error harmonics n + Vm for 

all n € (—oo, 00). For example, if the betatron tune is 8.8, large betatron oscillations 

can be generated by an rf dipole at any of the following modulation tunes: Vm = 

0.2, 0.8, 1.2,1.8,.... The coherent betatron motion of the beam in the presence of an 
rf dipole at Vm ~ v (modulo 1) with initial condition y = y’ = 0 is 


y(s) = V dok Oa 5 1 


V2 — (n + vm)? [v sin(n S Vin) = (n + Vm) sin vo] 


n=— 00 


N $ a ns cos “Š bey (2.109) 
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where the last approximate identity is obtained by expanding the term in the sum 
with n + Vm ~ v, and retaining only the dominant term. Equation (2.109) indicates 
that the beam is driven coherently by the rf dipole, and the amplitude of betatron 
motion grows linearly with time.The coherent growth time of the betatron oscillation 
is inversely proportional to |Vm — v| (mod 1). Beyond the coherent time, the beam 
motion is out of phase with the external force and leads to damping. This process is 
related to the Landau damping to be discussed in Sec. VIII.4. 

Figure 2.16 shows the measured betatron coordinate (lower curve) at a beam 
position monitor (BPM) after applying rf knock-out kicks to the beam in the IUCF 
Cooler Ring, and the fractional part of the betatron tune (upper curve), that, in this 
experiment, is equal to the knockout tune. The rf dipole was on from 1024 to 1536 
revolutions starting from the triggering time. At revolution number 2048, the beam 
was imparted a transverse kick. Note the linear growth of the betatron amplitude 
during the rf dipole-on time. Had the rf dipole stayed on longer, the beam would 
have been driven out of the vacuum chamber, called the “rf knock out.” 


0.128 T T T T T T T T T 
[ : | Figure 2.16: The lower curve shows the 


measured vertical betatron oscillations at 
one BPM in the IUCF Cooler resulting 
from an rf dipole kicker at the betatron 
frequency. The rf dipole was turned on 
for 512 revolutions, and the beam was im- 
parted by a one-turn kicker after another 
512 revolutions. The betatron amplitude 
grew linearly during the rf knockout-on 
time. The upper curve shows the frac- 
tional part of the betatron tune obtained 
P g iai] by counting the phase advance in the 


1000 1600 2000 250 phase-space map using data of two BPMs. 
revolution number 


; Fractional vertical tune 
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The fractional betatron tune, shown in the upper trace, is measured by averaging 
the phase advance from the Poincaré map (see Sec. II.5), where data from two BPMs 
are used. This two-kick method can be used to provide a more accurate measurement 
of the dependence of the betatron tune on the betatron amplitude. The power supply 
ripple at the IUCF cooler ring gives rise to a betatron tune modulation of the order 
of 2 x 107° at 60 Hz and its harmonics. On the other hand, the dependence of the 
betatron tune on the betatron action is typically 1074 per 1m mm-mrad. To measure 
this small effect in the environment of the existing power supply ripple, the two-kick 
method was used to measure the instantaneous betatron tune change at the moment 
of the second kick.?’ 


27See M. Ellison et al., Phys. Rev. E 50, 4051 (1994). 
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The rf dipole can be adiabatically turned on to induce coherent betatron oscil- 
lations for betatron tune measurement without causing serious emittance dilution.?* 
Figure 2.17 shows the vertical beam profile measured at the AGS during the adia- 
batic turn-on/off of an rf dipole. When the rf dipole was on, the beam profile became 
larger because the beam was executing coherent betatron oscillations, and the profile 
was obtained from the integration of many coherent betatron oscillations. As the rf 


dipole is adiabatically turned off, the beam profile restored to its original shape. 


Figure 2.17: The beam profile measured from 
an ionization profile monitor (IPM) at the 
AGS during the adiabatic turn-on/off of an rf 
dipole. The beam profile appeared to be much 
larger during the time that the rf dipole was 
on because the profile was an integration of 
tin, many coherent synchrotron oscillations. After 
E the rf dipole was adiabatically turned off, the 
2.54cm beam profile restored back to its original shape 
— (Graph courtesy of M. Bai at BNL). 


The induced coherent betatron motion can be used to overcome the intrinsic spin 
resonances during polarized beam acceleration. Furthermore, the measurement of 
the coherent betatron tune shift as a function of the beam current can be used to 
measure the real and imaginary parts of the transverse impedance (see Sec. VIII). 
This method is usually referred to as the beam transfer function (BTF). 


D. Orbit response matrix and accelerator modeling 


Equation (2.92) shows that the beam closed orbit in a synchrotron is equal to the 
propagation of the dipole field error through Green’s function of Hill’s equation. If 
the closed-orbit response to a small dipole field perturbation can be accurately mea- 
sured, Green’s function of Hill’s equation can be modeled. The orbit response matrix 
(ORM) method measures the closed-orbit response induced by a known dipole field 
perturbation. The resulting response functions can be used to calibrate quadrupole 
strengths, BPM gains, quadrupole misalignment, quadrupole roll, dipole field inte- 
gral, sextupole field strength, etc. The ORM method has been successfully used to 
model many electron storage rings.?9 

We consider a set of small dipole perturbation given by 6;, j = 1,..., Np, where 
N, is the number of dipole kickers. The measured closed orbit y; at the ith beam 


28M. Bai et al., Phys. Rev. E56, 6002 (1997); Phys. Rev. Lett. 80, 4673 (1998); Ph.D. Thesis, 
Indiana University (1999); see also S.Y. Lee, PRSTAB 9, 074001 (2006). 

29See J. Safranek and M.J. Lee, Proc. Orbit Correction and Analysis in Circular Accelerators, 
AIP Conf. Proc. No. 315, 128 (1994); J. Safranek and M.J. Lee, Proc. 1994 European Part. Accel. 
Conf. 1027 (1997). J. Safranek, Proc. 1995 IEEE Part. Accel. Conf., 2817 (1995). 
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position monitors from a dipole perturbation is 
yi = Ri, 4;, j= 1,..., Nb p= eee cone (2.110) 


(N, can differs from Nm). The response matrix R is equal to the Green’s function 
G, of Eq. (2.91) and another term resulting from the orbit length change due to the 
dipole kick to be discussed in Sec. IV.3.C. 

Experimentally, we measure R;; (i = 1,---,Nm) vs the dipole kick at 6; (j = 
1,---,M,). The full set of the measured response matrix R can be employed to 
model the dipole and quadrupole field errors, the calibration of the BPM gain factor, 
sextupole misalignment, etc. The outcome of response matrix modeling depends on 
the BPM resolution, the number of BPMs and kickers, and the machine stability 
during the experimental measurement. 

The ORM method minimizes the difference between the measured and model 
matrices Rex, and Rode. Let 


— |Rmodel,ij = Rexp,ij 


W, (2.111) 


Oi 
be the difference between the closed-orbit data measured and those derived from a 
model, where o; is the rms error of ith measurements. Here the number of index 
k is M, x Nm, and the model response matrix can be calculated from MAD[23], 
SYNCH[24], or COMFORT[26] programs. The measured response matrix needs cal- 
ibration in the kicker angle and BPM gain, i.e. 
Raata,ij 
figi ’ 
where f; is the calibration factor of the jth kicker, and g; is the gain factor of the ith 


BPM. The ORM accelerator modeling is to minimize the error of the vector W by 
minimizing the y-square (x?) defined as 


Rexp,ij = 


2 1 2 


ene = 


X 


We consider sets of parameters w,,’s that are relevant to accelerator model and or- 

bit measurement. Some of these parameters are kicker angle calibration factor, the 

BPM gain factor, the dipole angle and dipole roll, the quadrupole strength and roll, 

sextupole strength, etc. The ORM modeling is to find a new set of wm-parameters 
such that 

|| W (wn) || = 0. (2.112) 

First, we begin with parameters wm and evaluate W(w,,). The idea is to find a 


new set of parameters Wm + Aw, that satisfies Eq. (2.112), i.e. 


dW, 
Wi(wm + AWm) & Wi(Wm) + ao fm =0. (2.113) 
Wm 
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To evaluate Awm, we invert matrix W = a 
(N,- Nm) x Np. Here, N, is the number of parameters. In our application to accel- 
erator physics, (N + Nm) > Np. The singular value decomposition (SVD) algorithm 
decomposes the matrix W into 


, which has the dimension of is 


dW, 


w= dwm 


= UAV", (2.114) 


where VT is a real orthonormal N, x Np matrix with VVT = VTV =1, Aisa 
diagonal N, x Np matrix with elements Ay, = VÀ > Ag = Vz- > 0, and 
U = AVA! isa (Nm No) x Np matrix with UTU = 1. Here \j,A2,--- are 
eigenvalues of the matrix WTW, and V is composed of orthonormal eigenvectors of 
WTW, i.e. WTW = VA?VT. The SVD-method sets all eigenvalues A; < Ae, (i >r) 
to A; = 0, (i > r), where A, is called the tolerance level and r is called the rank of 
the matrix W. Setting all A; = 0 (i > r) is equivalent setting Aw; = 0 for i > r. 
This means that these dynamical parameters have no relevance to the measured data. 
Once the SVD of matrix W is obtained, one finds Aw,, as 


Aum = — (VA7'U") W (Wm); 


where A~! is a diagonal matrix with Ay! = 1/V1,---,A;1 = 1//%, and 0 for 
all remaining diagonal elements with i > r. The iterative procedure continues until 
[Awm] or the change of x? are small. 

The response matrix modeling has been successfully implemented in many electron 
storage rings, where the BPM resolution is about 1~10 um. The method has been 
used to calibrate kicker angle, BPM gain, quadrupole strength and roll, sextupole mis- 
alignment, dipole and quadrupole power supplies, etc. The method is also applicable 
to proton synchrotrons, where the BPM resolution is usually of the order of 100 um. 

In accelerator modeling, the dimension of the matrix W, (Nm +N») x Np, can be 
large. The inversion of a very large matrix may become time consuming. It is advan- 
tageous to model accelerator parameters in sequences, e.g., (1) kicker angle calibration 
fi, (2) BPM gain gi, (3) quadrupole strength AK;, (4) dipole angle calibration, (5) 
dipole roll, etc. These steps are sometimes essential in attaining a reliable set of 
model parameters. 

For high-power synchrotrons, beam particles are injected, accelerated and ex- 
tracted in a short time duration. For example, the proton storage ring (PSR) at 
Los Alamos National Laboratory accumulates protons for 3000 turns and the beam 
bunch is extracted after accumulation for high-intensity short-pulse neutron produc- 
tion. The closed orbit data can be obtained by averaging betatron oscillations in a 


3°The SVD decomposition of am x n matrix W in Eq. (2.114) can also be carried out in such a way 
that U and V are respectively orthonormal real m x m and n x n matrices with UTU = UUT = 1 
and VTV = VVT = 1, and A is a m x n diagonal matrix. 
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Figure 2.18: Left, digitized betatron oscillation data of one BPM are used to derive betatron 
amplitude, phase and tune, and closed orbit offset. Right, top and bottom plots show the 
closed orbit data compared with Green’s function of Eq. (2.91) at a calibrated vertical 
steerer angle before and after ORM modeling. 


single turn injection. The betatron oscillations of each BPM can be used to obtain 
the betatron amplitude, phase and tune, and the closed orbit (see the left plot of 
Fig. 2.18). These information can be used in the ORM analysis for accelerator mod- 
eling.*! The right plots of Fig. 2.18 shows an example of typical fit in ORM modeling. 
The success of accelerator modeling depends critically on the orbit and tune stability, 
the number of BPMs and orbit steerers, proper set of experimental data for attaining 
relevant parameters. 


E. Model Independent Analysis 


Using turn-by-turn BPM data excited by resonant pinger discussed in Sec. III.3C, one 
can also carry out response matrix analysis for accelerator modeling, called Model In- 
dependent Analysis (MIA). This method has been successfully applied to SLC linac, 
PEP-II and Advanced Photon Source.*? For the application of MIA in a storage 
ring, one uses an rf dipole pinger to excite coherent betatron oscillation and measures 
the response function with turn-by-turn BPM digitizing system (See Sec. III, in Ap- 
pendix A, where we introduce the independent component analysis (ICA) for beam 
measurements). 


31X, Huang et al., Analysis of the Orbit Response Matrix Measurement for PSR, Technote: PSR- 
03-001 (2003). 

32J, Irwin, C.X. Wang, and Y.T. Yan, Phys. Rev. Lett. 82, 1684 (1999); C.X. Wang, Ph.D. 
Thesis, Stanford University (1999); J. Irwin and Y.T. Yan, Proceedings of EPAC 2000, p. 151 
(2000); C.X. Wang, Vadim Sajaev, and C.Y. Yao, Phys. Rev. ST Accel. Beams 6, 104001 (2003). 
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III.4 Quadrupole Field (Gradient) Errors 


The betatron amplitude function discussed in Sec. II depends on the distribution 
of quadrupole strengths. What happens to the betatron motion if some quadrupole 
strengths deviate from their ideal design values? We found in Sec. II.1 that the effect 
of dipole field error on the closed orbit would be minimized if the betatron tune was 
a half-integer. Why don’t we choose a half-integer betatron tune? 

This section addresses effects of quadrupole field error that can arise from vari- 
ation in the lengths of quadrupoles, errors in quadrupole power supply, horizontal 
closed-orbit deviation in sextupoles,®* etc. These errors correspond to the bı term in 
Eq. (2.19). 


A. Betatron tune shift 


Including the gradient error, Hill’s equation for the perturbed betatron motion about 


a closed orbit is 
dy 


T2 [Ko(s) + k(s)]y = 0, (2.115) 


where Ko(s) is the focusing function of the ideal machine discussed in Sec. II, and k(s) 
is a small perturbation. The perturbed focusing function K (s) = Ko(s)+k(s) satisfies 
a weaker superperiod condition K(s +C) = K(s), where C is the circumference. Let 
Mbo be the one-turn transfer matrix of the ideal machine, i.e. 


M,(s) = I'cos y + Jsin Sp, ae a w= a 


where o = 271 is the unperturbed betatron phase advance in one revolution, vo 
is the unperturbed betatron tune, and a(s), 3(s), and 7(s) are betatron amplitude 
functions of the unperturbed machine. 

The transfer matrix of an infinitesimal localized gradient perturbation with length 


ds, is 
1 0 
m(s1) = ee D) ' (2.116) 
The one-turn transfer matrix becomes M(s1) = Mo(si)m/(s1): 


Nisei ( cos ®o + a1 sin ®y — G1 k(s1)ds, sin ®o 5, sin Bo ) 


—q sin o — [cos Po + a sin Bo]k(s1)ds; cos ®o — a; sin Bo 
Substituting £ = teo + xg and z = zg into the sextupole field of Eq. (2.19), we obtain 
1 
AB, = 5 Balto + 2Geo%B + z? — zB), AB, = Bo(Xcoz8 + 828), 


where By = 0?B,/0x?. Thus an off-center horizontal orbit in a sextupole generates a dipole field 
4 Bo 22, and a quadrupole field gradient Bə£co. This process is called feed-down. 
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where a; = a(s1), $1 = 6(s1), and y = (si). The phase advance of the perturbed 
machine can be obtained from the trace of M, i.e. 


1 1 
cos ® — cos Bp = ~5B(si)k(s1)ds1 sin o, or A~ 5Plsi)k(s1)ds1, 


where A® = © — 9p, and the betatron tune shift is Av = +2(s1)k(sı)dsı. Here the 
betatron tune shift depends on the product of the gradient error and the betatron 
amplitude function at the error quadrupole; it is positive for a focusing quadrupole, 
and negative for a defocusing quadrupole. For a distributed gradient error, the tune 
shift is 


1 1 AB, (s 
Av = T f lodk(si)ds = Tf ley easy (2.117) 
The betatron tunes are particularly sensitive to gradient errors at high-@ locations. 


Thus the power supply for high-G quadrupoles should be properly regulated in high 
energy colliders, and high-brightness storage rings. 


B. Betatron amplitude function modulation (beta-beat) 


To evaluate the effect of the gradient error on the betatron amplitude function, we 
again consider an infinitesimal quadrupole kick at sı of Eq. (2.116). The one-turn 
transfer matrix at sz and the change of the off-diagonal matrix element are 

M(s2) = M(s2 + C|s1) m(s1) M(s1ı|s2), 

A[M(59)]i2 = —kıdsı bı b> sin[vo(d1 — ¢2)| sin[vo(27 + ¢2 — ¢1)], 
where 3, = 8(s1), G2 = B(s2) 91 = V(s1)/%, and $2 = W(S2)/vo are the values of the 
unperturbed betatron functions. Since Mi. = G2sin®, where J = G(s) and ® are 
the the perturbed betatron function and betatron phase advance, we find 


: 1 
(A b2) sin Po = AM2 — b2 cos P9A® = -34145112 cos[2v(7 — 1 + ¢2)], 


where AB, = bz — By and A® = © — p. Removing the subscript 2 and integrating 
over the distributed gradient errors, we obtain 


st+C 
nol ~ sind; f k(s1)B(s1) cos[2vo(T + ¢ — ¢1)] dsı 
o AN 
= S f k(¢1)8(¢1) cos[2v9(a + o — ¢ı)] doi, (2.118) 


where ¢ = (1/v) fọ ds/B. The factor sin 2mm% in the denominator of Eq. (2.118) 
implies that the betatron amplitude function diverges when v is a half-integer. We 
can also verify that AG/G satisfies (see Exercise 2.3.10) 


Si — +4? a = —2128?k(s). (2.119) 
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C. The half-integer stopband integrals 


In a manner similar to the closed-orbit analysis, we expand the gradient error function 
voß?k(s), which is a periodic function of s, in a Fourier series and obtain 


1 a= 
V9 32k( ES ero Jp = = $s k(s) e ipo ds. (2.120) 
AG(s) wW Jpc”? Jo cos(pod + Xo) 
E = badh Le 2.121 
Bs Dr A-O Co- m) oo 


where J, is the pth harmonic half-integer stopband integral. The tune shift of 
Eq. (2.117) is Av = Jo/2. The perturbation AS(s)/8(s) can usually be approxi- 
mated by one or two leading harmonics, where po is the integer nearest 2), and yo 
is the phase angle of J,o. The betatron amplitude function is most sensitive to error 
harmonics of 8?k(s) nearest 21). The amplitude function becomes infinite when 21 
approaches an integer; this is called a half-integer resonance. When the betatron tune 
is a half-integer, a quadrupole error can generate coherent additive phase-space kicks 
every revolution. The “closed orbit” of the betatron amplitude function will cease 
to exist, as shown in the left plot of Fig. 2.19. The betatron tune should avoid all 
half-integers. 


Figure 2.19: Left, schematic plot of a particle trajec- 
tory at a half-integer betatron tune resulting from an 
ca error quadrupole kick Apy = = ByAy’ = —Byy/f, where 
LINN, ret f is the focal length, y is the displacement from the 

; a \ ‘ (| = quadrupole center, and py is the betatron amplitude 
yt Y ) Y function at the quadrupole. The quadrupole kick is pro- 

A 4) portional to the displacement y. At a half-integer beta- 


z tron tune, y changes sign in each consecutive revolution 
vy=half—integer zero tune shift and the kick angles coherently add in each revolution to 

m—doublet produce unstable particle motion. Right: cancellation 
of two kicks by zero tune shift 7-doublets, that produce 
only local perturbation to betatron motion. 


The evolution of phase-space coordinates resulting from a quadrupole kick is [using 
Eq. (2.116)] Ay = 0 and Ay’ = —k(sı)y dsı = —y/f, where f = 1/(kids1) is the focal 
length of the error quadrupole, and y is the displacement from the center of the closed 
orbit. The change of the slope y’ is proportional to the displacement y. The left plot 
of Fig. 2.19 shows the behavior of a quadrupole kick at a half-integer tune, where 
the quadrupole kicks are coherently additive. This will lead to an ever increasing 
betatron amplitude. Thus the half-integer stopband gives rise to unstable betatron 
motion. When the betatron tune is an integer, quadrupole kicks will resemble the 
left plot in Fig. 2.13. Thus an integer betatron tune is also a half-integer resonance. 
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The right plot shows the effect of zero tune shift 7-doublets, which give rise only to 
local betatron perturbation. 

The stopband width is defined by dv, = |J,| such that |AG(s)/B(s)| 4. ~ 1 at 
weet tvp. This means that the betatron tune should differ from a half-integer 
by at least the stopband width. When the betatron tunes are inside the stopband, 


the beam size will increase by at least a factor of V2, and beam loss may occur. 


D. Example of one quadrupole error in FODO cell lattice 


We consider a simple accelerator lattice made of 18 FODO cells with half cell length 
10-m, and dipole length 8 m bending angle 10°. The betatron tunes are set at 
Vy, = 4.79302 and v, = 4.78298 by quadrupoles. Now, consider an 1% decrease in 
focusing quadrupole strength at the end of the 10th cell. The top 2 plots of Fig. 2.20 
show A@/3, a pure sinusoidal function oscillating at twice betatron tune agreeing 
with Eq. (2.118). The regular oscillation of A8/8 gives a beating of the betatron 
amplitude function, called beta-beat, dominated by the 9th and 10th harmonics. At 
the error quadrupole location, the kick in A8/8 is equal to —2v28kds. This particular 
property can be used to model the accelerator and discover mis-behaved quadrupoles. 


Figure 2.20: Perturbation of betatron amplitude 
functions vs @ (either ¢, = x Jo ds/B, or dz = 
+ Jo ds/Bz) resulting from 1% decrease in gradi- 
ent strength of the 10th focusing quadrupole. The 
betatron amplitude function perturbation is dom- 
inated by harmonics nearest [2v,,] and [2v,]. Since 
B,/Bz ~ 6.37 at the focusing quadrupole location, 
the resulting error Af;/8, is about 6.37A6./ Bz. 
A single kick at the error quadrupole location can 
be identified in the top 2 plots. The bottom plot 
shows the effect of quadrupole error on dispersion 
function shown as AD, //B; vs ¢ = r. A single 
kick at the error quadrupole location is visible to 
the dispersion closed orbit. 


| J 
0 2 ġ (rad) 4 6 


E. Statistical estimation of stopband integrals 


Again, in the design stage of an accelerator, if we do not know a priori the gradient 
error, the stopband integral can be estimated by statistical argument as 


1 — [AK 
a T AT fav ne i (=) rms 


where Bay, fay; Ng, and (AK/K)rms are respectively the average 8 value, the average 
focal length, the number of quadrupoles, and the rms relative gradient error. 
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F. Effect of a zero tune shift 7-doublet quadrupole pair 


A zero tune shift m-doublet (or the zero tune shift half-wave doublet) is composed of 
two quadrupoles separated by 180° in betatron phase advance with zero tune shift. 
Using the zero tune shift condition, we obtain 


BAK, AL, + BAKAL = 0, (2.122) 


where 1,2 are betatron amplitude functions at quadrupole pair locations, and Ak; AL; 
is the integrated field strength of the 7th quadrupole. The zero tune shift condition 
of Eq. (2.122) also produces a zero stopband integral at p = [2v], i.e. Jy = 0. Since 
the stopband integral Jj2,; of a zero tune shift 7-doublet is zero, the doublet has 
little effect on the global betatron perturbation shown in the right plot of Fig. 2.19, 
where the betatron perturbation due to the first quadrupole is canceled by the second 
quadrupole. Zero tune shift 7-doublets can be used to change the dispersion function 
and the transition energy (to be discussed in Sec. IV.8). We find that the zero tune 
shift 7-doublet produces a zero stopband width. On the other hand, a zero tune shift 
quarter-wave quadrupole pair produces a maximum contribution to the half-integer 


stopband. Employing such modules, we can correct half-integer betatron stopbands. 


III.5 Basic Beam Observation of Transverse Motion 


Measurements of beam properties are important in improving the performance of a 
synchrotron. In this section we discuss some basic beam diagnosis tools. Further 
detailed discussions can be found in the literature.*4 


Figure 2.21: A schematic drawing of 
electric beam position monitors. The 
split-can type BPM has the advantage 
of linear response; the strip-line type 
has a larger transfer function. 


split can strip line 


A. Beam position monitor (BPM) 


Transverse beam position monitors (BPMs) or pickup electrodes (PUEs) are usually 
composed of two or four conductor plates or various button-like geometries. Fig- 
ure 2.21 shows a sketch of some simple electric BPM geometries used mainly in 


34R. Littauer, AIP Conf. Proc. 105, 869 (1983); R. Shafer, IEEE Trans. Nucl. Sci. NS32, 
1933 (1985); J.L. Pellegrin, SLAC PUB-2522 (1980), and Proc. 11th Int. Conf. on High Energy 
Accelerators, p. 459 (1980); H. Koziol, CERN 89-05, p. 63 (1989); M. Serio, CERN 91-04, p. 136 
(1991); P. Strehl, CERN 87-10, p. 99 (1987); J. Boer, R. Jung, CERN 84-15, p. 385 (1984). 
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proton synchrotrons. The button BPMs are used mainly in electron storage rings, 
where the bunch length is small. As the beam passes by, the induced image electric 
charges on the plates can be transmitted into a low impedance circuit, or the induced 
voltage can be measured on a high impedance port such as the capacitance between 
the electrode and the surrounding vacuum chamber. 

The BPM can have an electrostatic, e.g. split electrodes and buttons, or a 
magneto-static, e.g. small secondary loop winding, configurations. An electrostatic 
monitor is equivalent to a current generator, where the image charge is detected by 
the shunt capacitance of the electrode to ground. Similarly, a magnetic loop monitor 
is equivalent to a voltage generator with a series inductor, which is the self-inductance 
of the loop. The voltage is proportional to the rate of variation of the magnetic flux 
associated with the beam current linked to the loop. 

In general, the beam position is 


Up=U wd 
— = 2.12 
T. = (2.123) 


where U, and U_ are either the current or the voltage signals from the right (up) and 
left (down) plates, A = U} — U_ is called the difference signal or the A-signal, © = 
U, + U_ is the sum signal, and w/2 is the effective width of the PUE. Depending on 
the geometry of the PUE, the relation Eq. (2.123) may require nonlinear calibration. 
Measurements of the normalized difference signal with proper calibration provide 
information about the beam transverse coordinates. If we digitize beam centroid 
positions turn by turn, we can measure the betatron motion. On the other hand, 
sampling the position data at a slower rate, we can obtain the closed-orbit information 
from the DC component. 


B. Measurements of betatron tune and phase-space ellipse 


If the betatron oscillations from the BPM systems can be digitized turn by turn, the 
betatron tune can be determined from the FFT of the transverse oscillations (see 
Appendix B). Figure 2.22 shows the data for the horizontal betatron oscillation of a 
beam after a transverse kick at the IUCF cooler ring. The top plot shows the digitized 
data at two BPM positions (xı and x2). The lower plot shows the FFT spectrum of 
the xı data. From the FFT spectrum, we find that the horizontal and vertical tunes 
of this experiment were v, = 3.758 and v, = 4.683 respectively. 

The phase-space trajectory can be optimally derived from the measured betatron 
coordinates at two locations with a phase advance of an odd multiple of 90°. With 
Eq. (2.39), we obtain x, and the invariant phase-space ellipse; 


7) SCY (cot qo, + az) 
vy T2 Ti, 
v Bi Be By 
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Figure 2.22: The measured betatron coordi- 
nates at two horizontal BPMs, after the beam 
is imparted a magnetic kick, vs the revolution 
Jf af N y ys Yy number. The solid line is drawn to guide the 
not alee E caer a aa eye. A total of 385 data points are used to ob- 
Revolutions tain the FFT spectrum showing the fractional 
r a part of the horizontal betatron tune. The frac- 
tional part of the horizontal betatron tune is 
Vx = 0.242+0.002. The observed vertical beta- 
tron tune at v, = 0.317 may result from linear 
0.3 0.4 o5 coupling or from a tilted horizontal kicker. 
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zi + ( Éi eso Pa X2 — cot P21 3 = 251J, (2.124) 
\ Be 


where W2 = W2 — Yı is the betatron phase advance between two BPMs, (3, and b2 
are the values of betatron amplitude function at two BPMs, and a; = —81/2 at the 
first BPM. The area enclosed by the (a2, 21) ellipse is 27/5182 | sinwW2|J, and J is 
the betatron action. Dots in the left plot of Fig. 2.23 shows the measured (2, 21) 
ellipse, where the solid line is obtained from Eq. (2.124) by fitting /31/62 and Yz 
parameters for the orientation, and J, for the size of the ellipse. If the betatron 
amplitude function (6, is independently measured, the action of the ellipse can be 
determined. 


Figure 2.23: Left, the phase-space ellipse 
(%,41) of Fig. 2.22. The solid line shows 


the ellipse of Eq. (2.124) with y 62/6) = 1.4, 
wo, = 80°, and 26,7 = 8 x 107° m?. If 61 
is independently measured, the action of the 
ui 1 betatron orbit can be obtained. Right, phase- 
| l — l Í ja space ellipse of single digitized BPM data in 
-2 0 2 -2 0 2 successive revolutions. Because the betatron 
Xı (mm) X1 n (mm) tune is nearly 3.75, the phase space is an up- 
right circle. 


2 
T 
(uu) T +U'Ty 


Two BPMs separated by about 90° in phase advance are useful for obtaining a 
nearly upright transverse phase-space ellipse. The turn by turn digitized data require 
a high bandwidth digitizer and a large memory transient recorder. However, if avail- 
able hardware is limited, the phase-space ellipse can be obtained by using digitized 
data of successive turns of a single BPM. The right plot of Fig. 2.23 shows 21,41 vs 
£1. Because the horizontal tune in this example is 3.758 (see Fig. 2.22), the phase- 
space ellipse of (2,141) is nearly a circle. The area enclosed is 27;| sin 27v,| J. 
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II.6 Application of Quadrupole Field Error 


By using the quadrupole field error, the optical properties of the lattice can be altered, 
measured, or manipulated. Examples of 6-function measurement and the betatron 
tune jump are described below. Other applications, such as 7-doublets for dispersion 
function manipulation, will be discussed in Sec. IV.8. 


A. $-function measurement 


Using Eq. (2.117), we can derive the betatron amplitude function by measuring the 
betatron tune as a function of the quadrupole strength. The average betatron ampli- 
tude function (6,,.) at a quadrupole becomes 


(Bx,z) SAn- TT 


where AK¢ is the change in the integrated quadrupole strength. Figure 2.24 shows 
an example of the measured fractional part of the betatron tune vs the strength of a 
quadrupole at the IUCF cooler ring. The “average” betatron amplitude function at 
the quadrupole can be derived from the slopes of the betatron tunes. In this example, 
the slope of the horizontal betatron tune is larger than that of the vertical, and thus 
the horizontal betatron function is larger than the vertical one. Since the fractional 
part of the horizontal tune increases with the defocusing quadrupole strength, the 
actual horizontal tune is below an integer. For the IUCF cooler ring, we have v, = 
4 —q, and v, = 5 — qz, where qy and q, are the fractional parts of betatron tunes. 


o 
bd 
N 


‘1 Figure 2.24: The horizontal and vertical tunes, 


n [e—a o J . 
% 0.30 z ~ Oo pee < determined by the FFT spectrum of the betatron 
Egga qz 2—9] oscillations, vs quadrupole field strength. The 
T E J slope of the betatron tune vs quadrupole field 
S 0.26 E =| can be used to determine the average betatron 
Doa Jo a) waid man ae the quadeipcle loii 
B a246 q e 4 amplitude function at the quadrupole location. 
S z aw ] Because the fractional parts of betatron tunes 
ry ics ee on “4 were qx = 4 — Vy and qz = 5 — vz, the fractional 
o.20bee tii stiitt..:.4 horizontal tune appeared to “increase” with the 
0 5000 10000 


GONBO DEE strength of the horizontal defocusing quadrupole. 


B. Tune jump 


The vector polarization of a polarized beam is defined as the percent of particles 
whose spins lie along a quantization axis, e.g. the polarization of a proton beam is 
P=(N,—N_)/(N, + N_), where Ny are the numbers of particles with their spin 
projection lying along and against the quantization axis. For polarized beams in a 
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planar accelerator, the quantization axis can be conveniently chosen to lie along the 
vertical direction that coincides with the vertical guide field. 

According to the Thomas-BMT equation, the polarization vector precesses about 
the vertical axis at Gy turns per revolution, where G = (g — 2)/2 is the anomalous g- 
factor and y is the Lorentz relativistic factor.” Thus Gy is called the spin tune. Since 
the spin tune increases with the beam energy, acceleration of a polarized beam may 
encounter spin depolarization resonances [27], where the “imperfection resonance” 
arises from the vertical closed-orbit error, and the “intrinsic resonance” is produced 
by the vertical betatron motion. The imperfection resonance can be corrected by 
vertical orbit correctors to achieve proper spin harmonic matching. The AGS had 96 
closed-orbit correctors for imperfection resonance harmonics. 

The intrinsic resonance in low/medium energy synchrotrons can be overcome by 
the tune jump method. When the Gy value reaches an intrinsic spin resonance, the 
betatron tune is suddenly changed to avoid the resonance. This betatron tune jump 
can be achieved by using a set of ferrite quadrupoles with a very fast rise time. The 
AGS had 10 fast ferrite quadrupoles to produce a tune jump of about 0.3 in about 
2.5 us. 

The amount of tune change is given by Eq. (2.117), where AB, is the quadrupole 
gradient of tune jump quadrupoles. Because of the integer and half-integer stopbands, 
the magnitude of tune jump is limited to about Av, ~ 0.3. With a large tune jump, 
beam dynamics issues such as non-adiabatic betatron amplitude function mismatch, 
linear betatron coupling, nonlinear resonances, non-adiabatic closed-orbit distortion, 
etc., should be carefully evaluated. Since the betatron tune of AGS is about 8.8, the 
important half-integer stopbands are located at p = 17 and 18. Placement of tune 
jump quadrupoles to minimize the stopband integral can reduce non-adiabatic pertur- 
bation to the betatron motion. Similarly, the non-adiabatic closed-orbit perturbation 
due to the misalignment of tune jump quadrupoles can also be analyzed.*” 


II.7 Beam Spectra 
A. Transverse spectra of a particle 


A circulating particle passes through the pickup electrode (PUE) at fixed time inter- 
vals To, where To = 27 R/c is the revolution period, R is the average radius, and 8c 


35G = 1.79284739 for protons, and 0.0011596522 for electrons. 

36At AGS, a 5% partial snake has recently been used to overcome all imperfection resonances. 
See, e.g., H. Huang et al., Phys. Rev. Lett. 73, 2982 (1994). 

37 An rf dipole has recently been used to overcome these intrinsic spin resonances. See, e.g., M. 
Bai et al., Phys. Rev. Lett. 80, 4673 (1998). A 20 G-m rf dipole was used to replace 10 ferrite 
quadrupoles with an integrated field strength of f Byds = 15 T. 
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is the speed. The current of the orbiting charged particle observed at the PUE® is 


I(t) = eX olt -nh)= T y einwot — A + ae X cos nwot, (2.125) 
—oo n=—oo n=1 


where e is the charge of the particle, 6(t) is the Dirac 6-function, j is the complex 
number, and wọ = 8c/R = 2r fo is the angular frequency. Note that the periodic 
occurrence of current pulses is equivalent to equally spaced Fourier harmonics. 

The top plot of Fig. 2.25 shows the periodic time domain current pulses. The 
middle plot shows the frequency spectra of the particles occurring at all “rotation 
harmonics.” Passing the signal into a spectrum analyzer for fast Fourier transform 
(FFT), we observe a series of power spectra at integral multiples of the revolution 
frequency n fo, shown in the bottom plot. The DC current is e/To, and the rf current is 
2e/Ty. Because the negative frequency components are added to their corresponding 
positive frequency components, the rf current is twice the DC current. 


Time domain 


Figure 2.25: A schematic drawing of cur- 
t/ To rent pulses in the time domain (upper plot), 
Frequency domain! 0 1234 in the frequency domain (middle plot), and 
observed in a spectrum analyzer (bottom 
w/o -1 0 12 3 4 plot). The rf current is twice the DC 
current because negative frequency compo- 
Observed spectra nents are added to their corresponding pos- 


w/ wo O 1234 itive frequency components. 


If we apply a transverse impulse (kick) to the beam bunch, the beam will be- 
gin betatron oscillations about the closed orbit. The BPM measures the transverse 
coordinates of the centroid of the beam charge distribution (dipole moment). 


dt) = I(t)y(t) = IE) [yo + gcos(wet)] , 
(d()) = HE), 


ey ~ j(n wot i(n— wi ey 
de = Fp Do (P0 4 eoo) = YT cos [fn + Qy)ur 


n=—oo n=— o0 


where yo is the offset due to the closed-orbit error or the BPM misalignment, ĝ is 
the amplitude of the betatron oscillation, and wg = Q,wo is the betatron angular 
frequency with betatron tune Q,. The DC component (d(t)) of the dipole moment 
can be obtained by applying a low-pass filter to the measured BPM signal. Employing 
a band-pass filter, the betatron oscillation can be measured, that can be expanded 
in Fourier harmonics. In the frequency domain, the BPM signals of the betatron 


38We assume that the bandwidth of PUEs is much larger than the revolution frequency. In fact, 
the bandwidth of PUEs is normally from 100’s MHz to a few GHz. 


II. EFFECT OF LINEAR MAGNET IMPERFECTIONS 105 


oscillation contain sidebands at the revolution frequency lines, i.e. f = (n + Q,) fo 
with integer n. Figure 2.26 shows a SPEAR3 spectrum around the rf frequency of 
476.312 MHz. The harmonic number is 372, and thus the upper betatron sideband 
corresponds to n = 367, and the lower betatron sideband corresponds to n = —377. 
The vertical betatron tune is 6.18. The betatron sidebands are classified into fast 
wave, backward wave, and slow wave to be discussed briefly in Sec. VIII. 


CF=476.312 MHz Figure 2.26: The spectrum around the rf fre- 
-20 quency of 476.312 MHz for the SPEAR3. The 
upper betatron sideband corresponds to n = 366, 
and the lower betatron sideband corresponds to 
-60 n = —378. The corresponding vertical betatron 
tune is about 6.18. The betatron sidebands are 
invisible during production runs. The sidebands 
-109 5 i a is Bie œ ĉêPPpear only when the vertical chromaticity is set 
f - CF (kHz) to 0. (Graph: courtesy of Xiaobiao Huang). 


B. Fourier spectra of a single beam with finite time span 


We note that a periodic -function current pulse in time gives rise to equally spaced 
Fourier spectra at all revolution harmonics. We ask what happens if the beam distri- 
bution has a finite time span with 


To/2 
=N,e ae (t= nT), I p(t — nTp)dt = 1, (2.126) 


—To/2 


n=— 00 


where the density distribution is normalized. There are many possible forms of beam 
distribution. We discuss two simple examples as follows. 


1. If the beam is confined by a barrier rf wave or a double rf system, the beam dis- 
tribution, approximated by the rectangular distribution, and its Fourier trans- 
form are 


p(t —nTo) = sx O(A = |t = nT): (2.127) 


RY ia i N inwA] < 
Iw) = =| Ite tdt = Hai — | 5 5(w — nwo). 


n=—oo 


where A = 3c; is the bunch width in time. If the beam is confined by 
a sinusoidal rf cavity, the distribution can be a cosine-like function, parabolic 
function, or other distributions. The Fourier spectrum form-factor of a parabolic 
distribution p(t) = 2/7? — #/nr? with 7 = 20; is Jo(wr) + Jo(wr), where J's 

are Bessel’s function. The form-factor of a triangular distribution function 


p(t) = [(1 — |t|/a)/a]@(a — |t|) with a = V6; is 2(1 — cos(wa))/(wa)?. 
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2. The beam distribution for electrons in storage rings is usually described by a 
Gaussian distribution due to the quantum fluctuation. The current pulse and 
its Fourier transform are 


p(t — nT) = F— Pe eae (2.128) 
t 
Np ewo —w?02/2 2 
Iw) = = |e t | 5 (w — nwo). (2.129) 
T 


Figure 2.27 shows the spectra form factor for Gaussian, rectangular and uniform 
elliptical beam distributions with an rms bunch length of 1 ns. In the frequency 
domain, the spectrum of the beam pulse is truncated by a form factor that depends 
on the time domain distribution function. In general, the Fourier spectrum of a 
beam with time width o; extends to about 1/o, e.g. a 6 dB roll-off frequency is 
fion o ~ 0.187/0; for a Gaussian beam. The frequency spectra of a long bunch, e.g. 
1 m bunch length (3.3 ns), will have coherent spectra limited by a few hundred MHz. 
Since all particles in the bunch are assumed to have an identical revolution frequency, 
the Fourier spectra of Eqs. (2.127) and (2.129) are d-function pulses bounded by the 
envelope factors. If there is a revolution frequency spread, the d-function pulses are 
replaced by pulses with finite frequency width. 


1.00" | T 

o=1 ns Jp(wt) Hoo?) Figure 2.27: The form factors for Fourier spec- 
oys A=V3 ns en soy, 4 tra of a beam with Gaussian, rectangular, ellip- 
7=2 ns exp[-02w?/2] 3 3 ; e EEA 
a=V6 ns tical uniform, and triangular distributions with 

0.50 F = ji n m 
en TEN rms bunch length o = 1 ns. The form factor 
oon: (wa)? 1 serves as the envelope of the revolution comb lines 
shown in Fig. 2.25. All distributions with same 
0.00 rms bunch length has the same 6dB roll-off fre- 
: > quency, frol—of = 0.187/0. The coherent signal 
see Te ang a ai an of arectangular bunch can extend beyond the roll- 


f (MHz) off frequency. 


C. Fourier spectra of many particles and Schottky noise 


We consider N charged particles evenly distributed in the ring. The beam current 
observed at a PUE is 


To New ,; 
)=e > a ô( tn) a = 5 efn N wo)t, (2.130) 
0 


n=—0o n=—0o 


Note that the first Fourier harmonic is located at Nwo, and the spacing of Fourier 
harmonics is also Nwy.°? If the number of particles is large, e.g. N > 10°, the 


39The analysis of equally spaced short bunches in the ring has identical Fourier spectra, i.e. if 
there are B bunches in the ring, the first coherent Fourier harmonic is Bw. 
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frequency spectrum is practically outside the bandwidth of PUEs, and the spectrum 
is simply invisible. This means that the beam appears to have no rf signal. The beam 
that fills the accelerator is called a “DC beam,” or a “coasting beam.” 

Similarly, the frequency spectra of the transverse dipole moment of N equally 
spaced particles give rise to a betatron sideband around the coherent orbital harmon- 
ics Nwo + wg. When N is a very large number, e.g. N > 10°, the coherent betatron 
frequency becomes too high to be visible to PUEs. 

It is important to realize that particles are not uniformly distributed in a circular 
accelerator. The longitudinal signal of N particles in a PUE is 


N fore) lo) N 
I(t) = eX 5 ô(t — ti — nT;) = 27e 5 X wer) 


i=1 n=—0o n=—oo i=1 
coo N 
x Nefo + 2e fo X. S cos(nwot + Agi (t)). (2.131) 
n=1 i=1 


The beam signal arising from random phase in charged particle distribution is called 
the Schottky noise. The power spectrum at each revolution harmonic from a low 
noise PUE is proportional to the number of particles. 

Similarly, the dipole moments of the ith particle and the beam are respectively 


d;(t) = ey; cos(wgit + xi) 5 d(t — nT; — toi) = = cos(wgit+xi) 5 efmi(t—toi) 


N a fore) 
d(t) = 5 = cos(wgit + Xi) 5 elrvi(t—tos) | 
i=1 `’ n=—oo 


Normally, the coherent betatron sidebands of a nearly uniform distribution are beyond 
the bandwidth of PUEs. However, the average power of the dipole moment can be 
measured. This is called the Schottky noise signal. If the particles are randomly 
distributed, the average power of the dipole moment is 


i aor 
f= rl, \@2(t) dt, (2.132) 
where 2T is the sampling time. For practical consideration, T is of the order of min- 
utes, this means that dipole moments of particles with frequencies within T~! ~ 107? 
Hz may interfere with one another. The resulting Schottky power can be contami- 
nated by particle-to-particle correlation. Measurements with varying sampling times 
can be used to minimize the effect of particle correlation. 

Since the phases wtp; and y; are random and uncorrelated, the Schottky power is 
proportional to the number of particles, i.e. 


N 
a 5 Yi at w= nlwo) + (wg). (2.133) 
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The power spectrum resembles the single-particle frequency spectra located at nwo + 
wg, ie. betatron sidebands around all rotation harmonics. The Schottky signal 
can be used to monitor betatron and synchrotron tunes, frequency and phase space 
distributions, etc. It is the essential tool used for stochastic beam cooling. 


III.8 Beam Injection and Extraction 
A. Beam injection and extraction 


Electrons generated from a thermionic gun or photocathode are accelerated by a high 
voltage gap to form a beam. The beam is captured in a linac or a microtron and 
accelerated to a higher energy for injection into other machines. Similarly, ions are 
produced from a source, e.g. a duoplasmatron, and extracted by a voltage gap to 
form a beam. The beam is accelerated by a DC accelerator or an RFQ for injection 
into a linac (DTL). The medium energy beam is then injected into various stage of 
synchrotrons. 


A1. The strip or charge-exchange injection scheme 


There are many schemes for beam injection into a synchrotron. The charge exchange 
injection involves H~ or H} ions, where a stripping foil with a thickness of a few 
pg /cm? to a few mg/cm? is used to strip electrons. The injection procedure is as 
follows. The closed orbit of the circulating beam is bumped onto the injection orbit 
of the H~ or Hf beam by a closed-orbit bump and a set of chicane magnets, as 
shown in Fig. 2.28a.^ Since the injection orbit coincides with the closed orbit of the 
circulating protons without violating Liouville’s theorem, the resulting phase-space 
area will be minimized. The injected beam can be painted in phase space by changing 
the closed orbit during the injection. The injection efficiency for this injection scheme 
is high, except that we must take into account the effect of emittance blow-up through 
multiple Coulomb scattering due to the stripping foil (see Exercise 2.3.12). 


Although the intensity of the H~ source is an order of magnitude lower than that 
of the Ht source, a higher capture efficiency and a simpler injection scenario more 
than compensate the loss in source intensity. Most modern booster synchrotrons and 
some cyclotrons employ a H~ source. However, since the last electron in H~ has only 
about 0.7 eV binding energy, it can easily be stripped by a strong magnetic field at 
high energy. 


40The chicane magnet may sometimes be replaced by punching a hole through the iron of a main 
dipole magnet provided that the saturation effect at high field is properly compensated. 
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Figure 2.28: Schematic drawings of (a) a chicane mag- 
net that merges the H~ and H* orbits onto the stripper, 
(b) the process of betatron phase-space painting. During 
the injection, the closed orbit is bumped near the septum 
(dashed ellipse) so that the injected beam marked (1) is 
captured within the dynamical aperture. Because of the 
betatron motion, the injected beam can avoid the sep- 

i tum in the succeeding revolutions marked (2) and (3). 
strip injection phase space painting As the bumped orbit collapses during the injection time, 
the phase space is painted for beam accumulation. 


chicane 
= stripper 


Ht 


A2. Betatron phase-space painting, cooling, radiation damping 


The injection of protons or heavy ions into a synchrotron needs careful phase-space 
manipulation. The procedure is to bump the closed orbit of the circulating beam near 
the injection septum. The stable phase-space ellipse is shown as the dashed line in 
Fig. 2.28b. If the betatron tune and the orbit bump amplitude are properly adjusted, 
the particle distribution in betatron phase space can be optimized. This procedure is 
called phase-space painting. The injection efficiency is usually lower. The efficiency 
may be enhanced by employing betatron resonances. 

Injection of the electron beam is similar to that of proton or ion beams except that 
the injected electrons damp to the center of the phase space because of the synchrotron 
radiation damping (see Chap. 4). At the time of injection pulse, the closed-orbit of 
circulating beams is bumped (kicked) close to a septum magnet so that the injection 
beam bunch is within the dynamical aperture of the synchrotron. At the completion 
of the injection procedure, the bump is removed, and the injected beamlet will damp 
and merge with the circulating beam bunch. The combination of phase-space painting 
and damping accumulation can be used to provide high-brightness electron beams in 
storage rings. 


A3. Other injection methods 


A method that has been successfully applied at the ISR is momentum phase-space 
stacking. This requires an understanding of the momentum closed orbit or the dis- 
persion function, and of rf phase displacement acceleration. The method will be 
discussed in Chap. 3. This method is also commonly used in low energy cooler rings 
for cooling, and stacking accumulation of proton or polarized proton beams. 


B. Beam extraction 


B1. Fast single turn extraction and box-car injection 


When a beam bunch is ready for extraction, orbit bump is usually excited. A fast 
kicker is fired to take the beam into the extraction channel of a septum magnet 
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(see Sec. II.3). The extracted beam can be delivered to experimental areas, or be 
transferred into a another synchrotrons, called the box-car injection scheme. 


B2. Slow extraction 


Slow (beam) extraction by peeling-off high intensity beams can provide a higher duty 
factor“! for many applications such as high reaction rate nuclear and particle physics 
experiments, medical treatment, etc. Slow extraction employs nonlinear magnets to 
drive a small fraction of the beam particles onto a betatron resonance. 

The slow extraction using the third order resonance will be discussed in Sec. VII.1. 
Similarly, beam particles can be slowly extracted by employing the half integer reso- 
nance (see Exercise 3.3.3). Large-amplitude particles moving along the separatrix are 
intercepted by a thin (wire) septum that takes the particles to another septum on the 
extraction channel. The efficiency depends on the thin-septum thickness, the value of 
the betatron amplitude function at the septum location, betatron phase advance be- 
tween the nonlinear magnet and the septum location, etc. More recently, efforts have 
been made to improve the uniformity of the extracted beam by stochastic excitation 
of the beam with noise; this is called stochastic slow extraction. 


II.9 Mechanisms of Emittance Dilution and Diffusion 
A. Emittance diffusion due to random scattering processes 


In actual accelerators, noise may arise from various sources such as power supply 
ripple, ground vibration, intrabeam scattering, residual gas scattering, etc. This 
can induce emittance dilution and beam lifetime degradation. Our understanding of 
betatron motion provides us with a tool to evaluate the effect of noise on emittance 
dilution. 

If the betatron angle y’ is instantaneously changed by an angular kick 0, the 
resulting change in the betatron action is 


AI = I(y,y' +8) — I(y, y") = O(ay + By’) + 50. (2.134) 


If the angular kicks are uncorrelated, and the beam is composed of particles with many 
different betatron phases, the increase in emittance due to the random scattering 
processes is obtained by averaging betatron oscillations and kick angles, i.e. 


Aes = 2(AT) = (367) x% (B1) (6). (2.135) 


Random angular kicks to the beam particles arise from dipole field errors, non- 
resonant and non-adiabatic ground vibration, injection and extraction kicker noises, 


“The duty factor is defined as the ratio of beam usage time to cycle time. 
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intrabeam Coulomb scattering, and multiple Coulomb scattering from gas molecules. 
Multiple scattering from gas molecules inside the vacuum chamber can cause beam 
emittance dilution, particularly at high $,-function locations. This effect can also be 
important in the strip-injection of the H~ and Hf ion sources from the stripping foil. 
The emittance growth rate can be obtained from the well-known multiple Coulomb 
scattering. Exercise 2.3.12 gives an example of estimating the emittance growth rate. 

Other effects are due to the angular kicks from synchrotron radiation, quantum 
fluctuation resulting from energy loss, diffusion processes caused by rf noise, etc.; 
these will be addressed in Chaps. 3 and 4. 


Al. Beam Lifetime 


The single beam lifetime is determined by nuclear scattering on residual gas in the 
beam pipe, multiple scattering on the residual gas, ion or electron trapping due to 
residual gas scattering, photo desorption, intrabeam Coulomb scattering, Touschek 
effect (to be discussed in Chap.4 II.7), lifetime effect due to nonlinear resonances (see 
Sec. VII), etc. In a collider, beam lifetime is further reduced by beam-beam effects, 
particle loss due to beam-beam collisions, beam aperture limitation, etc. 


B. Space charge effects 


The repulsive Coulomb mean-field field of a beam can generate defocusing force to 
reduce the effective external focusing. The space-charge effect is characterized by an 
incoherent Laslett tune shift parameter se = Av. (see Exercise 2.3.2). The tune 
shift parameter for low energy linacs at the ion source can be large, i.e. the betatron 
tune can be detuned to a value nearly 0 (see Sec. II.8). The incoherent space-charge 
tune shift for low energy synchrotron has a typical value of 0.2 — 0.6, which is about 
10% or less of the betatron tunes. Yet, almost all low energy synchrotrons suffer 
space-charge induced emittance growth. We try to illustrate possible mechanisms. 


B1. The coherent envelope oscillations due to space-charge force 


We consider the effect of coherent envelope oscillations, pioneered by Sacherer,*? with 
a simple KV model of 1D paraxial system (see Sec. II.8, where Hill’s and the envelope 
equations are 


Ke 
y+ (He) pS) v= Il s Fats) 
ra s (2.136) 
y” + k(s)y — = =0, lul > Ro(s) 


“See F.J. Sacherer, Transverse Space-Charge Effects in Circular Accelerators, Ph.D. Thesis, UC 
Berkeley [Report No. UCRL-18454, UC Berkeley, 1968}. 
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2 

R! + k(s)Ry — Ta = — =0. (2.137 
Here y stands for either the particle’s horizontal or vertical betatron coordinate, k(s 
is the focusing function, Kse is the space-charge perveance parameter, defined in 
Eq. (2.77), € = 4éms is the KV beam emittance, Rp = y 8(s)e is the KV beam 
envelope radius, and {(s) is the betatron amplitude function. For a KV beam, all 
particles are within the envelope radius. Making Floquet transformation with 


Ry 1 d 
a a a a a (2.138 
B(s)e B(s) v Jo Bs) 
we transform Hill’s and envelope equations into 
2 r 
9 W°B(s) Kec 
= 0 (y < Ry), (2.139) 
2 2 
= W] _ K = V B(s) Kse = 
RARS =O: (2.140) 


where v is the betatron tune, and the over-dots are derivative with respect to the 
independent variable (time-coordinate) œ. 

For synchrotrons, the space-charge terms in Hill’s and envelope equations can be 
considered as a small perturbation unless a resonance condition is encountered. We 
expand the envelope radius around the unperturbed closed orbit with R=1+r+A, 
where A is a ¢-independent constant shift in the equilibrium radius and r is the 
@-dependent term depending on the dynamics of the machine. We expand the space- 
charge factor: 


VB(8) Koo z 
% Ese (: + 3 qn cos(no + w) (2.141) 
in Fourier series, where 
1 vp(s) Kse 1 B(s) Kse 
1 s)Kse 
EscQn = T f ae cos(no T Xn)do. (2.143) 


The parameter éc is the Laslett (incoherent) linear space-charge tune shift param- 
eter and és@n and Xn are the Fourier amplitude and phase of the n-th harmonic. 
Substituting Eq. (2.141) into Eq. (2.140), we obtain A = €,./2v and 


F+ (41? — Av€,0)r ~ 2vése X dn cos(no + Xn). (2.144) 


n=1 
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The space-charge force plays two roles in the envelope equation. It decreases the 
envelope tune from Veny = 2V tO Veny = 2V — és, and it generates a perturbation 
term, where the Fourier harmonic in the intrinsic betatron amplitude function serves 
as a harmonic perturbation to the envelope equation. The envelope radius, or the 
perturbed betatron amplitude function, is resonantly excited by the harmonic n ~ Veny 
with ove 

rae a — WE cos(nd + Xn). (2.145) 
Figure 2.29 shows the space-charge perturbed vertical betatron amplitude function 
(solid line), the original betatron amplitude function (dashed line), and the normalized 
envelope radius R (dotted line), obtained from a PIC simulation calculation for the 
Proton Storage Ring (PSR) at Los Alamos National Laboratory.*? The PSR is a fixed 
energy synchrotron with 90.26 m circumference, v, = 3.19 and v, = 2.19. It serves 


as a compressor to compress 1.16 ms (3214 turns in PSR) of proton pulse from the 
800 MeV Linac into a high intensity proton pulse of about 180 ns. Since the vertical 
betatron tune of the PSR is about 2.19, the dominant perturbing harmonic in the 
envelope equation is 4. The reduced envelope radius R shown in Fig. 2.29 clearly 
shows 4 oscillations in one circumference. 


Figure 2.29: The square root of the per- 
turbed vertical betatron amplitude function 
(solid line), for a beam with high intensity 
(4.37 x 10! particles) in the PSR at LANL, 
is compared with the square root of the in- 
trinsic betatron amplitude function (dashed 
line). The ratio of these two betatron am- 
plitude function, shown as dotted line, is 
; «== the reduced envelope radius R defined in 
Eiri il,ii,tii,.,,[..,,,1,.4 Eq. (2.138). Note that the average of R is 
9 B9 =o so ou slightly larger than 1. 


Substituting Eq. (2.141) into Hill’s equation (2.139), we obtain 


x 2VEse z 
+v’ -— om (: + 5 qn cos(no + w) =Q; (2.146) 

n=1 
The particle tune is vp © v — &se. Rightfully, Ese is called the linear space-charge tune 
shift parameter. One speculates that a large envelope oscillation shown in Eq. (2.145) 
may cause a large particle oscillation at n = 2(v — éc) for the Mathieu instability. 


However, after a closer inspection by substituting R = 1+ A + r into Eq. (2.146), 


435, Cousineau, Ph.D. thesis, Indiana University, 2002. 
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we find that the resonance strength is actually zero, i.e. the envelope oscillation of 
a beam can not affect particle motion inside the envelope. If particle motion inside 
the beam core is not affected by the envelope oscillation, what is the mechanism for 
emittance dilution? 


C. Emittance evolution measurements and modeling 


Measurement and modeling of the emittance evolution at the Fermilab Booster pro- 
vided a very interesting revelation of the essential emittance growth mechanism. Fer- 
milab Booster is a rapid cycling accelerator at 15 Hz from 400 MeV to 8 GeV (see 
Fig. 2.3). It can deliver 100 kW beam power. An Ionization Profile Monitor (IPM) 
can be used to measure the beam profile by averaging 50 bunches turn-by turn! The 
profile monitor is located at the center of a long straight section, where 6, > br. 
The emittances can be derived from the profile data and accelerator modeling (See 
Sec. IH, in Appendix A). 

Space-charge effects play an important role. Figure 2.30 shows the normalized 
vertical rms emittance in the first 4000 revolutions for intensity varying from 8.4 x 10!" 
(2-turn injection) to 7.5 x 10!” particles per pulse. Note that the vertical emittance 
grew rapidly and beam loss occurred in the first few hundreds of revolutions. On the 
other hand, the horizontal normalized emittance was found to be nearly independent 
of the beam intensity. The question is how the space charge affects the emittance 
growth for the high intensity beams in the Fermilab Booster? 


fg 

6l 
_ Figure 2.30: The normalized vertical 
g 5f rms emittance from 70-revolution to 
: 4! 4000-revolution for all data sets with 
E 2-turn injection to 18-turn injection. 
a^ 3f Grass Note the RED curve is for 12-turn in- 


HM jection which marks the border of two 
kinds of emittance growth behavior. 


4 
Revolution x1000 


Fermilab Booster is a rapid cycling synchrotron (RCS) with a ramp rate of 15 
Hz. Possible emittance growth mechanisms include (1) horizontal betatron motion 
excitation due to localized energy gain in 15 rf cavities distributed in half of the ring, 
(2) injection closed orbit error, (3) half-integer stopband discussed in the previous 
Section, (4) the Montague resonance at 2v, — 2v, = 0 driven by the space charge 
potential, (5) effects of skew quadrupoles, and (6) effects of higher order multipoles 
such as the sextupole or octupoles. We set up to model the turn-by-turn emittance 
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data including all effects listed above. Our results showed that the sum and difference 
resonances induced by random skew-quadrupoles were the main sources of emittance 
growth at the Fermilab Booster.“ Our data analysis indicated that the effect of 
the envelope instability and the half-integer stopband was negligible. Efforts in us- 
ing trim-quadrupole families to correct stopband integrals were not able to reduce 
beam emittance growth. However, it is possible that different machine operational 
conditions can have different space-charge emittance-growth mechanisms. Detailed 
experiments and modeling are essential in providing further insight on this important 
topic. 

A type of RCS is the fixed-field-alternating-gradient (FFA) accelerator invented in 
the 1960s. With fixed field accelerator magnets, the beam ramp rate and the beam 
power can be increased. The scaling FFA accelerators maintain constant betatron 
tunes without crossing linear betatron resonances. On the other hand, the non- 
scaling FFA accelerators that can reduce the aperture of accelerator magnets allow 
betatron tunes to run through many integers as the energy is increased. Intrinsic 
systematic resonances induced by the space charge force can become very important 
(see Sec. VII.4). 


Exercise 2.3 


1. Particle motion in the presence of magnetic field errors is (Sect. II.2) 


AB 
A K = 
y + K(s)y Bp 
where y stands for either x or z, and AB = —AB, for z motion and AB = AB, 


for x motion. Define a new coordinate n = y/vØ with ¢ = (1/v) Jj ds/ as the 
independent variable, the equation of motion becomes 


$ AB 
itn = A a 


where the overdot is the derivative with respect to the independent variable ¢. 


(a) For the dipole field error, where AB/Bp is only a function of the independent 
variable s, show that Eq. (2.92) is a solution of the above equation. Show 
that the Green function G(@, ¢1) = [cosv(m — |o — ¢1|)]/2v sin 7v satisfies the 
following equation: 


2, 
(sa +7) aeaio- 6) 


4X, Huang, S.Y. Lee, K.Y. Ng, and Y. Su, PRST Accelerators and Beams, 9, 014202 (2006); 
For a Gaussian beam distribution, the space charge potential of Exercise 5.2.1 can be used in space 
charge force calculation. 

45F.T. Cole, “O Camelot! A MURA memoir’, in Proc. of Cyclotron Conference 2001 
(http://www.jacow.org/); see also Mills F. E., Early FFA Development, ibid., p. 195 (2001). 
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Use the Green function to verify the solution given by Eq. (2.92). Use Eq. (2.94) 


for the Fourier expansion of the dipole field error §°/2AB /Bp show that the 
closed orbit arising from the dipole error is 


k=—oo 


where fp are integer stopband integrals. Using a single stopband approximation. 
and limiting the closed-orbit deviation to less than 20% of the rms beam size, 
show that the integer stopband width Ti} is given by Ty, © 5v|fpjl//enms: 
where [v] is the integer nearest the betatron tune. 

For the quadrupole field error, AB/Bp = —k(s)y, where k(s) is the error gradi- 
ent function, the Floquet-transformed equation becomes t) + v?n = —v?6?k(s)n. 
Using the harmonic expansion of Eq. (2.120), we find 


+v = —v © Jet) n. 


The dynamics of particle motion is dominated by harmonics p ~ 2v, and thus 
we can approximate the equation as 


ih + (v? + 2vgp cos(p$ + xp))n = 0, 
where gp = |Jp|, and xp is the phase of Jp. Use Mathieu instability condition to 
find the half integer stopband width. 
The above equation can be derived from the Hamiltonian: 


1. 


Leg i 
H = z’ + 5 p’ + Vg cos(po + Xp) } n”. 


Let n = \/2J/v cos, where J and w are action and angle variables, show that 
the Hamiltonian at v ~ p/2 becomes 


1 
avd + 379 cos(2y) — pọ — Xp). 
p 


Now, use the generating function Fy = (q — 52 — Xp), show that the new 
Hamiltonian becomes 


1 
H =I + 51% cos 2W, 


where J = J is the new action, V = w — co — 3Xp is the new angle variable, 
and 6 = v — $ is the resonance proximity parameter. Show that the equation of 
motion for the action is 


[= gpl + 25gp cos 2W T. 


Show that the action for a particle sitting on resonance, i.e. 6 = 0, becomes 


I = ae? + be 99? = ger" 4. be 279 


where n is the revolution number, i.e. the action the particle will exponentially 
increase with the revolution number. 


EXERCISE 2.3 117 


2. Effect of space charge force on beam emittance growth is very complicated as shown 
in Fig. 2.30 in Chapter 2, Sec. III.9. This homework is intended to derive a space- 
charge tune-shift parameter used to characterize high intensity beams. From Exercise 
1.3, we find that a particle at a distance r < a from a uniformly distributed paraxial 
beam bunch experiences a space-charge defocusing force 


where y is the relativistic Lorentz factor, a is the beam radius, ro is the classical 
radius of the particle, 7 = xê + z2. and N is the number of particles per unit length. 
For a longitudinal Gaussian bunch distribution, N = Ng/v2ros, where Np is the 
number of particles per bunch and øs is the bunch length. 


(a) 


Using Eq. (2.76) for a round beam, show that the space-charge force is equivalent 
to a defocusing quadrupole with strength 


2Nro Kee 
K(s) = apes =- 


where Kse = 2Nro/ (B73) is the normalized space-charge perveance parameter 
used frequently in the transport of space-charge-dominated beams in linacs, and 
8 and y are Lorentz’s relativistic factors. 


The rms beam radius is a? = Bye, where by is the betatron amplitude function 
and € = 4érms is the KV-type emittance. Show that the betatron (Laslett) tune 
shift of the particle r < a induced by the space-charge force is given by* 


2r RK gc Fe Negro 
AVsc = = z? 
Are 2re€, BY 


where Fg = aR 
£ 


is the bunching factor and €, = Bye is the normalized beam 
emittance. 


3. Using n = y/y/ by and py = dn/dọ with ¢ = (1/vy) Jo ds/By as conjugate phase-space 
coordinates, and @ as time variable, show that Eq. (2.93) can be derived from the 
Hamiltonian 


1 
H = 5(p, + ¥°n?) + AH(n), 


n 
S72 3/2 1 1 = 
AH = —v f B” gln )di’, — g(n) Bp 


46This formula, derived based on the uniform round beam distribution. is called the Laslett 
space-charge tune shift. For a KV type round beam, the tune shift is independent of the particle’s 
transverse coordinate r. For other beam distribution functions, a smaller betatron-amplitude particle 
may have a larger tune shift. Since the space-charge tune shift depends on the particle’s betatron 
amplitude, the Laslett space-charge tune shift is also known as the incoherent space-charge tune 
spread. The small amplitude space-charge tune shift parameter is usually used as one of the design 
criteria in high power beam accelerators. Typical space charge tune-shift parameter is 0.25 to 0.5. 
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(a) Letting n = y2J/v cosw and dy/d¢ = v, show that the Hamiltonian becomes 
H =vJ + (AH(J,0))y + [AH — (AH(J, ))u], 


where 
2 


v 2r n 3/2 
(AHA = -E [| S oar] av. 
T Jo 0 
Show that the betatron tune is shifted by the perturbation Av = 0(AH),,/0J. 


(b) We consider a cylindrical Gaussian bunch distribution 


p(z, 8,2) = Naplr)p(s), 


1 2 2 2 1 2/942 

a —(x?+27)/202 = —s?/202 

r e s) = e ; 
alr) 2no2 i p(s) V 2005 


where Ng is the number of particles in a bunch, p(r) and p(s) are respectively 
the transverse and longitudinal Gaussian distributions with rms width o, and 
os. Assuming os > op, show that the Lorentz force for a particle at distance r 
from the center of the bunch is 


2Npro —r? /202 
g(7,8) = Ber (1 =g" 7) p(s), 
where ro = e?/4reome is the classical radius of the particle. Replacing r 


by \/28J/v cosy, evaluate the space-charge tune shift as a function of the 
amplitude r. 


The closed orbit can be locally corrected by using steering dipoles. A commonly used 
algorithm is based on the “three-bumps” method, where three steering dipoles are 
used to adjust local-orbit distortion. Let 01,02, and 03 be the three bump angles. 
Show that these angles must be related by 


By sin 31 By sin ei 
pA) hy A Ea 
A 1N Bo sin 39’ 3 AN Bs sin Yaa 


where ĝ; is the 6-function at the ith steering magnet, ~j; = Yj — Yi is the phase 
advance from the ith to the jth steering dipoles, and the orbit distortion is localized 
between the first and third steering magnets. Obviously, a local orbit bump can be 
attained by two steering dipoles 0, and 03 if and only if 73, = na, where the phase 
advance is an integer multiple of m. 


The AGS is composed of 12 superperiods with 5 nearly identical FODO cells per 
superperiod, i.e. it can be considered as a lattice made of 60 FODO cells with 
betatron tunes v; = 8.8 and vr = 8.6. The circumference is 807.12 m. 


(a) Estimate the closed orbit sensitivity factor of Eq. (2.98). 
(b) Estimate the the rms half-integer stopband width of Eq. (2.121) for the AGS. 


(c) During the polarized beam acceleration at AGS, a set of 10 ferrite quadrupoles 
located at high-3, locations are powered to change the vertical tune by Av, = 
—0.25 in about 2.5 us. This means that each quadrupole changes the betatron 
tune by —0.025. 
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i. What is the effect of these tune jump quadrupoles on the horizontal tune? 
ii. What are the stopband integrals due to these tune jump quadrupoles? 
iii. What are the favorable configurations for these quadrupoles from the beam 
dynamics point of view? 
iv. Are there advantages to installing 12 quadrupoles? What are they? 


6. In the H` or Hy strip injection process, the closed orbit is bumped onto the stripper 
location during the injection pulse. The injection beam and the circulating beam 
merge at the same phase-space point. We assume that the values of the betatron 
amplitude functions are 6, = 3, = 10 m, the emittances are €y = €, = 2.57 mm- 
mrad for the injection beam, and €s = €; = 407 mm-mrad for the circulating beam. 
Where should the stripper be located with respect to the center of the circulating 
beam? What is the minimum width of the stripper? Sketch a possible injection 
system scenario including local orbit bumps. 


7. Multi-turn injection of heavy ion beams requires intricate phase-space painting tech- 
niques. The injection beam arrives through the center of a septum while the cir- 
culating beam closed orbit is bumped near the septum position. During the beam 
accumulation process, the orbit bump is reduced to avoid beam loss through the sep- 
tum. We assume that the 95% emittances are 50 7 mm-mrad for the stored beam 
and 2.5  mm-mrad for the injection beam, the betatron amplitude functions are 
By, = Bz = 10 m, and the thickness of the wire septum is 1 mm. How far from the 
closed orbit of the circulating beam should the septum be located? What effect, if 
any, does the betatron tune have on the beam-accumulation efficiency? 


8. At extraction, the 95% emittance of the beam is adiabatically damped to 5 7 mm- 
mrad at Bp = 10 Tm. The extraction septum is located 40 mm from the center 
of the closed orbit of the circulating beam. At the septum location, the betatron 
functions are 8, = 10 m, 6, = 8 m. The septum (current sheet) thickness is 7 mm. A 
ferrite one-turn kicker is located upstream with 6, = 10 m and 8, = 8 m. The phase 
advance between the septum and the kicker is 60°. Discuss a scenario for efficient 
single-bunch extraction. What is the kicker angle required for single-turn extraction? 
Assuming that the maximum magnetic flux density for a kicker is 0.1 T, what is the 
minimum length of the kicker? What advantage, if any, does an orbit bump provide? 


9. Particle motion in the presence of closed-orbit error is £x = Zeo + xg, where Teo is the 
closed orbit and æg is the betatron displacement. 


(a) Show that an off-center horizontal closed orbit in quadrupoles gives rise to ver- 
tical dipole field error, and a vertical one to horizontal dipole field error. 

(b) The magnetic field of a nonlinear sextupole is 

Bə 

2 


AB,+jAB, = 2 2? 4 Diaz), 


(x 


where By = PB 08" | o cae Show that a horizontal closed-orbit error in 


a normal sextupole produces quadrupole field error. Show that the effective 
quadrupole gradient is 0B, /02|.¢ = Leo B2- 


10. In the presence of gradient error, the betatron amplitude functions and the betatron 
tunes are modified. This exercise provides an alternative derivation of Eq. (2.119).47 


47See also H. Zgngier, LAL report 77-35, 1977; B.W. Montague, CERN 87-03, 75-90 (1987). 
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We define the betatron amplitude deviation functions A and B as 


A = 2180 = 2of1 g-e 
VBb VBb: 


where ĝo and 81 are respectively the unperturbed and the perturbed betatron am- 
plitude functions associated with the gradient functions Ko and K1, and ap and ay 
are related to the derivatives of the betatron amplitude functions. Thus {9 and 61 
satisfy the Floquet equation: 


Bo = —2ao, a9 = Kobo- 0, dyo/ds = 1/80, 
BL =-20,, af =KiBi-y, dd /ds = 1/1, 


where wo and yw, are the unperturbed and the perturbed betatron phase functions. 


(a) Show that 
dB 1 1 dA 1 1 
=-A i = +B H Hv AK, 
roAa pa a 
where AK = Kı — Ko. 


(b) In a region with no gradient error, show that A? + B? = constant, ie. the 
phase-space trajectory of A vs B is a circle. 


(c) Show that the change of A at a quadrupole with gradient error is 


= J Vi AK ds ~ (Bo)g 


in thin-lens approximation, where g = + f AK ds is the integrated gradient 
strength of the error quadrupole, and (6o) is the averaged value of betatron 
function in the quadrupole. 


(d) In thin-lens approximation, show that the change of A in a sextupole is 


AA ® Bogert; 
where ger = (B2As/Bp)xco is the effective quadrupole strength, (B2As/Bp) is 


the integrated sextupole strength, and Teo is the closed-orbit deviation from the 
center of the sextupole. 


(e) If we define the average betatron phase function as 


= aA yee = 1 fete ry 1 
ọ = — / ( | ) ds, with p= — (5 + x) ds, 
2p so Bo bı 4r So Bo By 


show that the function B satisfies 


Show that this equation reduces to Eq. (2.119) in the limit of small gradient 
error. 
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11. Show that the half-integer stopband integral J, is approximately zero at p = [2v| 
for two quadrupole kickers separated by 180° in betatron phase advance with zero 
betatron tune shift. Such a zero tune shift m-doublet can be used to change yp with 
minimum effects on betatron motion (see Sec. IV.8.A.3). 


12. Multiple scattering from gas molecules inside the vacuum chamber can cause beam 
emittance dilution, particularly at high-G locations. This effect can also be important 
in the strip-injection process. This exercise estimates the emittance dilution rate 
based on the multiple scattering formula (see the particle properties data) for the 
rms scattering angle 

# = 208 w 2 (Bae) a 
Bep Xo 
where p, Gc and z are momentum, velocity, and charge number of the beam particles, 
Xo is the radiation length, and x is the target thickness. The radiation length is 


E 716.4A aa 
ae Z(Z +1) In(287/VZ) [g/cm ] 


where Z and A are the atomic charge and the mass number of the medium. 


(a) Using the ideal gas law, PV = nRT, where P is the pressure, V is the volume, 
n is the number of moles, T is the temperature, and R = 8.314 [J (°K mol)~+], 
show that the equivalent target thickness in [g/cm?/s] at room temperature is 


x = 1.641 x 10-°8P,[ntorr]A, [g/cm?/s], 


where 6c is the velocity of the beam, P, is the equivalent partial pressure of a 
gas at room temperature T = 293°K, and Ag is the gram molecular weight of a 
gas. Show that the emittance growth rate is 


1 _lde_ ~ 7481) m] z ? P, [nTorr]A E 
= a i oe e [r mm mrad] (z a] Yor [even] [h Hj; 


where (81) is the average transverse betatron amplitude function in the accel- 
erator, Xog is the radiation length of the gas, y is the Lorentz relativistic factor, 
% is the charge of the projectile, and p is the momentum of the beam. Because 
the emittance growth is proportional to the betatron function, better vacuum 
at high-G, location is useful in minimizing the multiple scattering effects. 


(b) During the H- strip-injection process, the H~ passes through a thin foil of 
thickness tfil [ug/cm?]. Show that the emittance growth per passage is 


Bio  tonlug/cm?] 
B?(pce[MeV])? Xo[g/cm?] 


where 2| foi] is the betatron amplitude function at the stripper location, p is 
the momentum of the injected beam, 8c is the velocity of the beam, and Xo is 
the radiation length. Estimate the emittance growth rate per passage through 
carbon foil with H~ beams at an injection energy of 7 MeV if 8) foii = 2 m and 
tioii = 4 [ug /cm?].*8 


Ae = 117.8 


[7 mm mrad], 


481f the stripping foil is too thin, the efficiency of charge exchange is small, and the proton yield is 
little. If the foil is too thick, the beam emittance will increase because of multiple Coulomb scattering. 
A compromise between various processes is needed in the design of accelerator components. 
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IV Off-Momentum Orbit 


In Sec. II, we discussed the closed orbit in the presence of dipole field errors and 
quadrupole misalignment for a reference particle with momentum po. Using closed- 
orbit correctors, we can achieve an optimized closed orbit that essentially passes 
through the center of all accelerator components, particularly quadrupoles and sex- 
tupoles. This closed orbit is called the “golden orbit,” and a particle with momentum 
po is called a synchronous particle.*® 

However, a beam is made of particles with momenta distributed around the syn- 
chronous momentum po. What happens to particles with momenta different from po? 
Here we study the effect of off-momentum on the closed orbit. Its effect on betatron 
motion will be addressed in Sec V. 

For a particle with momentum p, the momentum deviation is Ap = p— po and the 
fractional momentum deviation is 6 = Ap/po. The fractional momentum deviation 
ô = Ap/p is typically small, e.g. |6| < 1074 for SSC, < 5-107? for RHIC, < 3-107? for 
anti-proton accumulators, < 1074 for the IUCF Cooler Ring, and < 2-107? for typical 
electron storage rings. Since ô is small, we can study the motion of off-momentum 
particles perturbatively. In Sec. IV.1, we will find that the off-momentum closed orbit 
is proportional to 6 in the first-order approximation, and the dispersion function is 
defined as the derivative of the off-momentum closed orbit with respect to 6. We 
will discuss the properties of the dispersion function; in particular, the integral repre- 
sentation, the dispersion action, and the H-function will be introduced in Sec. IV.2. 
The momentum compaction factor and transition energy are discussed in Sec. IV.3, 
where we introduce the phase focusing principle of synchrotron motion. In Sec. IV.4, 
we examine the method of dispersion suppression in a beam line. In Sec. IV.5 we 
discuss the achromat transport system, and in Sec. IV.6 we introduce the standard 
transport notation. In Sec. IV.7 we describe methods of dispersion measurements and 
correction, and in Sec. IV.8 methods of transition energy manipulation. Minimum 
(H) lattices are discussed in Sec. IV.9 and Sec. II in Chapter 4. 


IV.1 Dispersion Function 


Expanding Eq. (2.22) to first order in x, we obtain 


ee 1-6 K(s) co 6 
sal ten)?" aay on 


49The revolution frequency of a synchronous particle is defined as the revolution frequency of 
the beam. The frequency of the radio-frequency (rf) cavities has to be an integer multiple of the 
revolution frequency of the beam, i.e. a synchronous particle synchronizes with the rf electric field. 
The name “synchrotron” for circular accelerators is derived from the synchronism between the 
orbiting particles and the rf field. 
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where K(s) = B,/Bp is the quadrupole gradient function with Bı = 0B,/0x evalu- 
ated at the closed orbit. Solutions of Eq. (2.147) for 6 = 0 were discussed in Sec. I. 
For an off-momentum particle with 6 4 0, the solution of the linearized inhomoge- 
neous equation (2.147) can be expressed as a linear superposition of the particular 
solution and the solution of the homogeneous equation: x = xg(s) + D(s)d,°° where 
xg(s) and D(s) satisfy the equations 


oh + (Kals) + AKz) xp = 0, (2.148) 
D" + (K,(s) + AK,)D = : +O(ô), (2.149) 
1 - 2 
Ae AK, = [4+ Ko] 6 + 0(8°). 


In this section, we will neglect the chromatic perturbation term AK,,(s). The solution 
of the inhomogeneous equation is called the dispersion function, where D(s)ô is the 
off-momentum closed orbit. Aside from the chromatic perturbation AK, the solution 
of the homogeneous equation xg is the betatron motion around the off-momentum 
closed orbit. To the lowest order in 6, the dispersion function obeys the inhomoge- 
neous equation 

D" + K,(s)D =1/p. (2.150) 


If K,,(s) and p(s) are periodic functions of s with period L, we can impose the periodic 
closed-orbit condition on the dispersion function! 


D(s+L)=D(s), D'(s+L) = D's). (2.151) 


Since Ką(s) and p(s) are usually piecewise constant for accelerator components, 
the inhomogeneous equation can easily be solved by the matrix method. The solution 
of a linear inhomogeneous dispersion equation is a of the particular solution and the 
solution of the homogeneous equation: 


Gs = M(s9|s1) Ea + (a) l (2.152) 


where the 2 x 2 matrix M (s2|s1) is the transfer matrix for the homogeneous equation, 
and d and d’ are the particular solution. Let d be shorthand notation for the two- 
component dispersion vector with transpose vector (d)' = (d, d'). The transfer matrix 


*°Including the dipole field error, the displacement a is £ = a¢o(s) + %g(s) + D(s)d, where ao is 
the closed-orbit error discussed in Sec. III. A beam is composed of particles with different momenta. 
The normalized Gaussian distribution function of the beam is p(d) = Jen exp{—6?/20?}, where 
os is the rms fractional off-momentum width. 

51The closed-orbit condition for the dispersion function is strictly required only for one complete 
revolution D(s) = D(s + C) and D'(s) = D'(s + C), where C is the circumference. The local 
closed-orbit condition of Eq. (2.151) for repetitive cells is not a necessary condition. However, this 
local periodic closed-orbit condition facilitates accelerator lattice design. 
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in Eq. (2.152) can be expressed by the 3 x 3 matrix 


D(s2) ; D(s1) 
D' (s2) Z= Gu à D' (sı) . (2.153) 
1 1 
with 
n for drift space and quadrupole 
1 (1 — cos /K;s 
FN Kz i j - ) for dipole with K, > 0, 
—— sin /K;s 
WE: ri 


Gs + cosh \/|K,|s) 


— sinh J\Kals for dipole with K+ < 0. 


P 


The transfer matrix for a pure sector dipole, where K, = 1/p° with p the bending 
radius 0 the bend angle and ¢ = p0 the length of the dipole, is 


cos 6 psin@ p(1—cos@) 1 £ 360 
M = | —(1/p)sinf cosé sin 0 oss 0 1 0 |. (2.154) 
0 0 1 00 1 


A. Dispersion function of a FODO cell in thin-lens approximation 


A FODO cell with dipole, as shown in Fig. 2.4, is represented by 
1 1 
C= {5QF B QD B zF} 


where QF and QD are focusing and defocusing quadrupoles, and B represents bending 
dipole(s). Using thin-lens approximation, we obtain 


1 0 0\/1 Ly 4L0\/1 0 0\/1 L 4L, 1 00 
=f cl ug 1 
M=|-5 1 0}/0 1 Æ > 10j({0 1 Æ -5 1 0 

0 0 1/\0 0 1 0 0 1J/\0 0 1 0 01 


where L; is the half cell length, 0 is the bending angle of a half cell, and f is the focal 
length of the quadrupoles. The closed-orbit condition of Eq. (2.151) becomes 


L2 
D -5% 2L + 3) 97,01 + tt) D 
/ — 2 / 
D = 2A i 5 1 Li 20(1 — T _ E) D Fi (2.155) 


af? 
0 
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The Dp and Dh in Eq. (2.155) are values of the dispersion function and its derivative 
at the focusing quadrupole location. Using the Courant-Snyder parametrization for 
the 2x2 matrix, we obtain 


© L , _ 2L,(1+sin(6/2)) Li0(1 + 5 sin(®/2)) pi =0 
mee OF a sin ® i sin? (®/2) > 
where ® is the phase advance per cell. The dispersion function at other locations in 
the accelerator can be obtained by the matrix propagation method, Eq. (2.153). The 
dispersion function at the defocusing quadrupole location is 

= alte: sma) p= 

sin’ (®/2) 7 

The middle plot of Fig. 2.5 shows the dispersion function of the AGS lattice, which can 
be approximated by a lattice made of 60 FODO cells. Some characteristic properties 
of the dispersion function of FODO cells are listed as follows: 


a, =0; D= 


e The dispersion function at the focusing quadrupole is larger than that at the 
defocusing quadrupole by a factor (2+sin(®/2))/(2—sin(®/2)), which is about 
2at ® ~ 90°. 

e The dispersion function is proportional to L10, proportional to the product of 
the cell length and the bending angle of a FODO cell. For given Ly, 6, and 
®, the dispersion function of a FODO cell is nearly independent of the dipole 
length ¢ = p0. When the phase advance is small, ® < 5, the dispersion function 
is D ~ HL ~ He, 

sin“ (®/2) g2? 

e Missing dipole FODO (MD-FODO) cells are commonly used in accelerator de- 
sign for its drift spaces for injection, extraction, and rf cavities. The dispersion 
function at the center of the focusing quadrupole of the MD-FODO cell is equal 
to that of the regular FODO cell at the same phase advance and total bending 
angle per cell in thin lens approximation. 


B. Dispersion function in terms of transfer matrix 


In general, the transfer matrix of a periodic cell can be expressed as 
Mi Mi Mis 
M= | Ma Moa. Mə |, (2.156) 
0 0 1 


where M1, Mi2, Mo: and Mog are given by Eq. (2.34). Using the closed-orbit condition 
of Eq. (2.151), we obtain 


n= My3(1 = M22) + My2Mo3 M,3(1 — cos ® + asin ®) + M38 sin ® 


2- Mi, = Mo 2(1 — COs ®) 
— Mi3Ma, + (1 — Mi1)Mo3 _ —Mizysin ® + Mo3(1 — cos ® — asin ®) 


D' ee eee 
2— My, — Mo 2(1 — cos ®) , 
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where ® is the horizontal betatron phase advance of the periodic cell, a, 6 and 
y = (1+a7)/f are the Courant-Snyder parameters for the horizontal betatron motion 
at a periodic-cell location s, and D and D’ are the value of the dispersion function 
and its derivative at the same location. Solving Mq3 and M23 as functions of D and 
D’, the 3x3 transfer matrix is 
cos ®+a sin ® B sin ® (1—cos 6—asin ®) D—GD' sin ® 
M= —ysin ® cos@-asin® yDsin®+(1—cos@®+asin®)D! | (2.157) 
0 0 1 

This representation of the transfer matrix is sometimes useful in studying the general 
properties of repetitive accelerator sections. 


C. Effect of dipole or quadrupole field error on dispersion function 


In the presence of dipole and quadrupole field error, perturbation to the dispersion 
function AD(s) = D(s) — Do(s) obeys 

(AD)" + [Ko(s) + (s)JAD(s) = $ 2 =] — k(s)Do(s), (2.158) 

0 

where Do(s) is the unperturbed dispersion function, Ko(s) and po(s) are the unper- 
turbed dipole and focusing functions, and k(s) is the quadrupole field error. The inho- 
mogeneous equation can be solved by employing Floquet transformation by neglecting 
the higher order term k(s)AD(s). The bottom plot of Fig. 2.20 shows AD(s)/V/3, 
induced by the gradient error of a single focusing quadrupole with 1% increase in 
strength. Outside the quadruple kick location, we find a pure sinusoidal betatron 
oscillation. Quadrupoles in dispersive locations can be used to produce a local dis- 
persion bump resembling that of closed orbit bump in Sec. II.3. 

It appears that the factor ; = > in Equation (2.158) can be large if length of all 
dipoles in a lattice is shortened or lengthened, e.g. p can be a factor of 2 larger or 
smaller than fo in if the dipole length is shortened or lengthened by a factor 2. Can 
the change of dipole length causes a large perturbation to the dispersion function? 
We have previously stated that the dispersion function of a FODO cell is essentially a 
function of L40, nearly independent of the dipole length. Here Lı and 0 are the length 
and bending angle in each half cell. This paradox is resolved by the fact that 4+ — a 
has small stopband integrals at harmonics near the betatron tune vr. On the other 
hand, if as — + has a large stopband near [v,], the perturbation to the dispersion 


Po 
function will be substantial. 


IV.2 H-Function, Action, and Integral Representation 
The dispersion -function is defined as 


H(D, D) = yD? + 2a, DD' + B,D” = zD + (B,D! + as D)’]. (2.159) 


T 
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Since the dispersion function satisfies the homogeneous betatron equation of motion in 
regions with no dipole (1/p = 0), the H-function is invariant. In regions with dipoles, 
the H-function is not invariant. For a FODO cell, the dispersion H-function at the 
defocusing quadrupole is larger than that at the focusing quadrupole, ie. Hp < Hp, 
where 

_ 1,6? sin ®(1 + § sin a) H, = 1,0 sin &(1 — $sin a (2.160) 


7 2(1 + sin $) sin* $ 2(1 — sin Ê) sinf Ê 


and the dispersion H-function is proportional to the inverse cubic power of the phase 
advance. 
Now we define the normalized dispersion phase-space coordinates as 


1 
Xa = D = 2Ja COs Pa, 
y b: 


Pi = B D' + EP = —/2Iysin ða, 


where the dispersion action is Ją = 4H(D, D'). In a straight section, Ja is invariant 
and ®q, aside from a constant, is identical to the betatron phase advance. In a region 
with dipoles, Ją is not constant. The change of the dispersion function across a 
thin dipole is AD = 0 and AD’ = 6, ie. AXa = 0, AP, = VB; AD! = V8.8, 
where @ is the bending angle of the dipole. The change in dispersion action is AJg = 
(6,,D'+a,D)0. For FODO-cell lattice shown in Sec. IV.1.A the normalized dispersion 
coordinate Xq is nearly constant, i.e. D ~ W/8:, and P} is small. Figure 2.31 shows 
the normalized dispersion phase-space coordinates in one superperiod of AGS lattice 
(see Fig. 2.5) that is approximately made of 5 FODO cells. 


(2.161) 


pg 0.47 ppt 


L~~ aox al ] Figure 2.31: Left: Normalized dis- 
ar Xa Aaa | persion phase-space coordinates Xa 
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phase-space (see also Fig. 2.38). 


In contrast, the normalized dispersion phase-space coordinates for a double-bend 
achromat (DBA) lattice (see Sec. IV.5.A) shows different behavior. Figure 2.32 shows 
the normalized dispersion coordinates for the IUCF Cooler Ring, which is composed 
of 3 achromat straight-sections for electron cooling, rf cavities, etc., and 3 dispersive- 
sections for injection, momentum stacking, etc. The achromat sections are described 
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by a single point at origin: Xa = Pa = 0. Inside dipoles, the normalized dispersion 
coordinates increase in magnitude. In dispersion matching sections, the normalized 
dispersion coordinates are located on invariant circles, that are nearly half-circles as 
shown in Fig. 2.32, i.e. the dispersion phase advance ®, is nearly m in the dispersion 
matching section. Since the dispersion phase-advance is equal to the horizontal be- 
tatron phase-advance in a straight section, the horizontal betatron phase-advance is 
also nearly 7. 


aaa REARS RAE AA a 

HIUCF Cooler (DBA) ~ Figure 2.32: Left: Normalized disper- 
E Qx=3.869 Q7=4.833 ] sion phase-space coordinates Xq and 
a an Ly + Pa of the IUCF Cooler lattice are plot- 
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The lattice function and the dispersion phase-space coordinates of the IUCF 
Cooler Ring differ substantially from the low emittance DBA lattice to be shown 
in Figs. 2.41. For an ion storage ring, the minimization of (H) plays no important 
role in beam dynamics. Instead, a minimum £, inside dipole will provide a criterion 
for the magnet gap g. Since the power required in the operation of a storage ring 
is proportional to g?, it is preferable to design a machine with a minimum £, inside 
dipoles, and the corresponding 6, will be large in dipole. The resulting dispersion 
phase-space coordinates in dipoles are much larger than those of minimum emittance 
DBA lattices shown in Fig. 2.41. 

The dispersion function can also be derived from the dipole field error resulting 
from the momentum deviation. The angular kick due to the of-momentum deviation 


is 0 = oe tds, where p is the bending radius and ds is the differential length of the 
dipole. The corresponding dipole field error is A = oe 5, Substituting the “dipole 
field error” in Eq. (2.92), we obtain the dispersion function of Eq. (2.101). The 


integral representation of the normalized dispersion functions is 


Xa(s) = D ai cos( a(t) — Ye (8) — rva)dt 
See . 
° Vi (2.162) 
Ha mail nel) — vals) — mHe)at 


IV.3 Momentum Compaction Factor 


Since the synchronization of particle motion in a synchrotron depends critically on 
the total path length, it is important to evaluate the effect of the off-momentum 
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closed orbit on path length. Since the change in path length due to betatron motion 
is proportional to the square of the betatron amplitude [see Eq. (2.100)], the effect 
is small. The orbit deviation from a reference orbit of an off-momentum particle is 
linearly proportional to the product of the fractional off-momentum parameter 6 and 
the dispersion function D(s). The total path length will depend on the of-momentum 
parameter. The path difference and the “momentum compaction factor” are 


AC = $ PO as 5 Ge 5 — = 7 f POs (2.163) 


where (D); and 6; are the average dispersion function and the bending angle of the ith 
dipole, and the last approximate identity uses thin-lens approximation. Since D(s) 
is normally positive, the total path length for a higher momentum particle is longer. 
For example, the momentum compaction factor for a FODO lattice is 

(D, + D,)0@ 8? 1 


w w 
~ © 


g 2L ——sin?(@/2) © v2 


where Lı and @ are the length and the bending angle of one half-cell, ® is the phase 
advance of a FODO cell, and v, is the betatron tune (see Exercise 2.4.2). 


A. Transition energy and the phase-slip factor 


The importance of the momentum compaction factor will be fully realized when 
we discuss synchrotron motion in Chap. 3. In the meantime, we discuss the phase 
stability of synchrotron motion discovered by McMillan and Veksler [21]. 

Particles with different momenta travel along different paths in an accelerator. 
Since the revolution period is T = 1/f = C/v, where C is the circumference, and v is 
the speed of the circulating particle, the fractional difference of the revolution periods 
between the off-momentum and on-momentum particles and the “phase-slip-factor” 
are 


A AT Ac A 1\ Ap 
f- See (« :) P —n6, (2.164) 
fo To C v Y J- Po 
i ü 4 
Soo 2.165 
Á yo y F ( ) 


where To = 1/ fo is the revolution period of a synchronous particle, 6 = Ap/po is the 
fractional momentum deviation, yp = y/1/ae is called the transition-y, and y me? 
or simply 7, is the transition energy. For FODO cell lattices, Yp © Ve. 

Below the transition energy, with y < 7, and 7 < 0, a higher momentum particle 
will have a revolution period shorter than that of the synchronous particle. Because 
a high energy particle travels faster, its speed compensates its longer path length in 
the accelerator, so that a higher energy particle will arrive at a fixed location earlier 


130 CHAPTER 2. TRANSVERSE MOTION 


than a synchronous particle. Above the transition energy, with y > Yp, the converse 
is true. Without a longitudinal electric field, the time slippage between a higher or 
lower energy particle and a synchronous particle is To76 per revolution. 

At y = Yp the revolution period is independent of the particle momentum. All 
particles at different momenta travel rigidly around the accelerator with equal revo- 
lution frequencies. This is the isochronous condition, which is the operating principle 
of AVF isochronous cyclotrons. 


B. Phase stability of the bunched beam acceleration 


Let V(t) = Vosin(hwot + @) be the gap voltage of the rf cavity (see Fig. 2.33), where 
Vo is the amplitude, ¢ is an arbitrary phase angle, h is an integer called the harmonic 
number, wo = 27fo is the angular revolution frequency, and fo is the revolution 
frequency of a synchronous particle. A synchronous particle is defined as an ideal 
particle that arrives at the rf cavity at a constant phase angle ¢ = ¢,, where ¢, is the 
synchronous phase angle. The acceleration voltage at the rf gap and the acceleration 
rate for a synchronous particle are respectively given by 


Vi =Vosinds, Eo = foeVosin ds, (2.166) 


where e is the charge, Ep is the energy of the synchronous particle, and the overdot 
indicates the derivative with respect to time t. 


Figure 2.33: Schematic drawing of an rf wave, and 
Acceleration Lower Energy the rf phase angles for a synchronous, a higher, and 
< „Synchronous Energyy a lower energy particles (Graph courtesy of D. Li, 
_ Higher Energy LBNL). For a stable synchrotron motion, the phase 
focusing principle requires 0 < s < 7/2 for n < 0, 
and 7/2 < @s < mt for n > 0. Below the transition 
energy, with 0 < s < 7/2, a higher energy particle 
arrives at the rf gap earlier and receives less energy 
from the cavity. Thus the energy of the particle 
n<0 n0 will becomes smaller than that of the synchronous 

Deceleration particle. On the other hand, a lower energy par- 
ticle arrives later and gains more energy from the 
cavity. This process gives rise to the phase stability 
of synchrotron motion. 
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A non-synchronous particle arriving at the rf cavity gap has a phase angle @ with 
respect to the rf field. The phase @ varies with time, and the acceleration rate is 
È= feVosin ¢, where f is the revolution frequency. Combining with Eq. (2.166), we 
find the rate of change of the energy deviation is (see also Chap. 3, Sec. I) 


£ (=) = E — sin ds), (2.167) 


Wo 27 
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where AE = E — Ep is the energy difference between the non-synchronous and 
the synchronous particles. Similarly, the equation of motion for the rf phase angle 
b = —hé, where 0 is the actual angular position of the particle in a synchrotron, is 


d AT Ap nhw AE 
—(=—d) =the = he — hno = a, 2.168 
dt (@ Q ) LAW Wo To nWo Po B2Eo w ( ) 

Equations (2.167) and (2.168) form the basic synchrotron equation of motion for 
conjugate phase-space coordinates ¢ and AE/wọ. This is the equation of motion 
for a biased physical pendulum system, called synchrotron motion. The differential 
equation for the small amplitude phase oscillation is 


P (b - 9s)  nhwgeVo, . _ 1608 OshwgeVo _ i l 
dt2 _ 2r B2Eo (sin @ sın Ps) a 2782 Ep (o ds) = Wayn( = Ês); 


7 | heVo|n cos @s| 0<@<7/2 if y< yr orn <0, 
Wsyn = Wo 276E T/2 <L ST ify>yorn> 0. (2.160) 


where Wsyn is the small-amplitude angular synchrotron frequency. The phase stability 
condition is ņcos s < 0. Below the transition energy, with 0 < ¢, < 7/2, a higher 
energy particle arrives at the rf gap earlier and receives less energy from the rf cavity 
(see Fig. 2.33). Thus the energy of the particle will gradually becomes smaller than 
that of the synchronous particle. On the other hand, a lower energy particle arrives 
later and gains more energy from the cavity. This process gives rise to the phase 
stability of synchrotron motion. Similarly, the synchronous phase angle should be 
1/2 < bs Sm at > Yr 

Particles are accelerated through the transition energy in many medium energy 
synchrotrons such as the AGS, the Fermilab booster and main injector, the CERN 
PS, and the KEK PS. The synchronous angle has to be shifted from @, to 7— @, across 
the transition energy within 10 to 100 ys. Fortunately, synchrotron motion around 
the transition energy region is very slow, i.e. Wsyn —> 0 at y ~ Yp. A sudden change 
in the synchronous phase angle of the rf wave will not cause much beam dilution. 

However, when the beam is accelerated through the transition energy, beam loss 
and serious beam phase-space dilution can result from space-charge-induced mis- 
match, nonlinear synchrotron motion, microwave instability due to wakefields, etc. 
An accelerator lattice with a negative momentum compaction factor, where the tran- 
sition yp is an imaginary number, offers an attractive solution to these problems. 
Such a lattice is called an imaginary y, lattice. Particle motion in an imaginary Yp 
lattice is always below transition energy, thus the transition energy problems can be 
eliminated. Attaining an imaginary 7, lattice requires a negative horizontal disper- 
sion in most dipoles, ie. 57,(D);@; < 0. Methods of achieving a negative compaction 
lattice will be addressed in Sec. IV.8. 
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C: Effect of the dispersion function on orbit response matrix (ORM) 


A dipole-kick 0; at position s; changes the closed orbit by G(s, s;)6; and the circum- 
ference by AC = D(s;)6;. The response matrix of the ORM experiment depends on 
the method of measurement: 


1. Constant momentum: The change of the revolution period is AT = AC/{c = 
D(s;)0;/8c at a constant velocity. Similarly the rf frequency must be adjusted 
according to Af/f = —AT’/T in order to maintain a constant momentum, The 
beam motion at this new rf frequency is on-momentum, i.e. ô = 0 and the 
closed orbit is 


Leo(Si) = G(si, 5;)0; (2.170) 


or the response matrix is Rij = G(s;,5;) of Eq. (2.110). Sometimes, the rf 
cavity is turned off during the ORM measurement in proton accelerators. The 
beam, at a constant injection momentum, is “on-momentum” and the response 
matrix is Ri; = G(s;, s;).° 

2. Constant path length: Some ORM experiments carry out at a constant rf fre- 
quency, i.e. the path length is constant. To maintain a constant pathlength, the 
beam has to orbit at an equivalent off-momentum “6d” = +a to compensate 

path length change by the dipole bump. Thus the corresponding closed orbit is 


Leo(Si) = G(si, ;)0; + D(s:)ô = Ta sj) + — 6;, (2.171) 


where a, is the momentum compaction factor, D(s) is the dispersion function, 
and R is the mean radius of the accelerator. The response matrix becomes 


D(s;)D(s 
Rij = G(si, sj) + agen 


IV.4 Dispersion Suppression and Dispersion Matching 


Since bending dipoles are needed for beam transport in arc sections, the dispersion 
function can not be zero there. If the arc is composed of modular cells, such as FODO 
cells, etc., the dispersion function is usually constrained by the periodicity condition, 
Eq. (2.151), which simplifies lattice design. In many applications, the dispersion 
function should be properly matched in straight sections for optimal accelerator op- 
eration.” If the betatron and synchrotron motions are independent of each other, 


52J, Kolski, Ph.D. Thesis (Indiana University, 2010) for ORM at PSR; Z. Liu, Ph.D. Thesis 
(Indiana University, 2011) for ORM at SNS. 

°3The curved transport line is usually called the arc, and the straight section that connects arcs 
is usually called the insertion, needed for injection, extraction, rf cavities, internal targets, insertion 
devices, and interaction regions for colliders. 
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the rms horizontal beam size is 02(s) = 82(8)ér2ms + D?(s) ((Ap/po)?), where €x rms 
is the rms emittance. Thus the beam size of a collider at the interaction point can be 
minimized by designing a zero dispersion straight section. A zero dispersion function 
in the rf cavity region can be important to minimize the effect of synchro-betatron 
coupling resonances. We discuss here the general strategy for dispersion suppression. 


First-order achromat theorem 


The first-order achromat theorem states that a lattice of n repetitive cells is achro- 
matic to first order if and only if M” = J or each cell is achromatic.°! Here M is the 
2 x 2 transfer matrix of each cell, and J is a 2 x 2 unit matrix. Let the 3x3 transfer 


matrix of a basic cell be 
Md = d 
n=(4 a eg (2.172) 


where M is the 2 x 2 transfer matrix for betatron motion, and d is the dispersion 
vector. The transfer matrix of n cells is 


no (M® (M™14M™24-41)d\ /M" ō 
we, i =() 1): (2.173) 


where © = (M"—J)(M-—1J)~!d. Thus the achromat condition © = 0 can be attained 
if and only if M” = I or d = 0. An achromat section matches any zero dispersion 


function modules. A unit matrix achromat works like a transparent transport section 
for any dispersion functions. 


Dispersion suppression 


Applying the first-order achromat theorem, a strategy for dispersion function sup- 
pression can be derived. We consider a curved (dipole) achromatic section such that 
M” = I. We note that one half of this achromatic section can generally be expressed 


l PGDE em 


Using the closed-orbit condition, Eq. (2.151), the dispersion function of the repetitive 
half achromat is D = d/2, D' = d'/2. If the dipole bending strength of the adjoining 
—I section is halved, the transfer matrix and the dispersion function will be matched 
to zero value in the straight section, i.e. 


E L7 d/2 L7 0 
Rin= (7 o — d'/2 =( : at) 0 


54See K. Brown and R Servranckx, p. 121 in Ref. [16]. 
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Thus the zero dispersion section is matched to the arc by the dispersion suppression 
section. 

When edge focusing is included, a small modification in the quadrupole strengths is 
needed for dispersion suppression. This is usually called the missing dipole dispersion 
suppressor (see Exercise 2.4.3c). The reduced bending strength scheme for dispersion 
suppression is usually expensive because of the wasted space in the cells. A possible 
variant uses —I sections with full bending angles for dispersion suppression by varying 
the quadrupole strengths in the —J sections. With use of computer programs such 
as MAD and SYNCH, the fitting procedure is straightforward. 


Is the dispersion function unique? 


A trivial corollary of the first-order achromat theorem is that a dispersion function 
of arbitrary value can be transported through a unit achromat transfer matrix, i.e. a 
3 x 3 unit matrix. 

Now we consider the case of an accelerator or transport line with many repetitive 
modules, which however do not form a unit transfer matrix. Is the dispersion func- 
tion obtained unique? This question is easily answered by the closed-orbit condition 
Eq. (2.151) for the entire ring. The transport matrix of n identical modules is 


n nm = -17 
Pef (M ve I) "i (2.175) 


where M is the transfer matrix of the basic module with dispersion vector d. Using 
the closed-orbit condition, Eq. (2.151), we easily find that the dispersion function of 
the transport channel is uniquely determined by the basic module unless the transport 
matrix is a unit matrix, i.e. M” = I. In the case of unit transport, any arbitrary 
value of dispersion function can be matched in the unit achromat. Since the machine 
tune can not be an integer because of the integer stopbands, the dispersion function 
of an accelerator lattice is uniquely determined. 


IV.5 Achromat Transport Systems 


If the dispersion function is not zero in a transport line, the beam closed orbit depends 
on particle momentum. However, it is possible to design a transport system such that 
the beam positions do not depend on beam momentum at both ends of the transport 
line. Such a beam transport system is called an achromat. The achromat theorem of 
Sec. IV.4 offers an example of an achromat. 


A. The double-bend achromat 


A double-bend achromat (DBA) or Chasman-Green lattice is a basic lattice cell fre- 
quently used in the design of low emittance synchrotron radiation storage rings. A 
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DBA cell consists of two dipoles and a dispersion-matching section such that the 
dispersion function outside the DBA cell is zero. It is represented schematically by 


[00] B {O QF O} B [O0], 


where [OO] is the zero dispersion straight section and {O QF O} is the dispersion 
matching section. The top plot of Fig. 2.34 shows a basic DBA cell. 


00 0 0 00 Figure 2.34: Schematic plots of DBA 
cells. Upper plot: standard DBA cell, 

DBA where O and OO can contain doublets 

L Ly or triplets for optical match. Lower plot: 


Triplet DBA triplet DBA, where the quadrupole triplet 
is arranged to attain betatron and disper- 


sion function match of the entire module. 


We consider a simple DBA cell with a single quadrupole in the middle. In thin-lens 
approximation, the dispersion matching condition is 


De 1 0 0\ /1 L oO) /1 L 10/2\ fo 
o ļ=|-/2A) 1 oļfo 1 olfļo1ı 9 o |, (2.176) 
1 0 0 1/\0 0 1/ \o 0 1 1 


where f is the focal length of the quadrupole, 0 and L are the bending angle and 
length of the dipole, and L; is the distance from the end of the dipole to the center of 
the quadrupole. The zero dispersion value at the entrance to the dipole is matched to 
a symmetric condition D! = 0 at the center of the focusing quadrupole. The required 
focal length and the resulting dispersion function become 


1 1 1 
f= 5 (n T 51) > De= (n + 51) 0. (2.177) 


Note that the focal length needed in the dispersion function matching condition is 
independent of the dipole bending angle in thin-lens approximation, and it can easily 
be obtained from the geometric argument. The dispersion function at the symmetry 
point is proportional to the product of the effective length of the DBA cell and the 
bending angle. 

Although this simple example shows that a single focusing quadrupole can attain 
dispersion matching, the betatron function depends on the magnet arrangement in 
the [OO] section, and possible other quadrupoles in the dispersion matching section. 
The dispersion matching condition of Eq. (2.177) renders a horizontal betatron phase 
advance ®, larger than 7 in the dispersion matching section (from the beginning of 
the dipole to the other end of the other dipole). The stability condition of betatron 
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motion (see Sec. II.6) indicates that betatron function matching section [OO] can not 
be made of a simple defocusing quadrupole. A quadrupole doublet, or a triplet, is 
usually used in the [OO] section. Such DBA lattice modules have been widely applied 
in the design of electron storage rings. 

A simple DBA cell is the triplet DBA (lower plot of Fig. 2.34), where a quadrupole 
triplet is located symmetrically inside two dipoles. This compact lattice was used for 
the SOR ring in Tokyo. Some properties of the triplet DBA storage ring can be found 
in Exercise 4.3.6. 


B. Other achromat modules 


The beam transport system in a synchrotron or a storage ring requires proper dis- 
persion function matching. The design strategy is to use achromatic subsystems. An 
example of achromatic subsystem is the unit matrix module (see Sec. IV.4 on the first 
order achromat theorem). A unit matrix module can be made of FODO or other basic 
cells such that the total phase advance of the entire module is equal to an integer 
multiple of 27. Achromatic modules can be optically matched with straight sections 
to form an accelerator lattice. 

The achromatic transport modules are also important in the transport beamlines 
(see Exercises 2.4.12 to 2.4.15). The achromatic transport system find applications in 
high energy and nuclear physics experiments, medical radiation treatment, and other 
beam delivering systems. 


IV.6 Transport Notation 


In many applications, the particle coordinates in an accelerator can be characterized 
by a state vector W, where the transpose is 


Wr =(Wi, We, Ws, Wa, Ws, We)=(2, 2’, z, 2, Bcdt, ô), 


where 8c is the speed of the particle, ScAt is the path length difference with respect 
to the reference orbit, and 6 = Ap/po is the fractional momentum deviation of a 
particle. The transport of the state vector in linear approximation is 


6 
Wi(s2) = X` Rij(sols1) Wi(s1), (j =1,---, 6). (2.178) 


j=l 


Note that the 2x2 diagonal matrices for the indices 1,2, and 3,4 are respectively the 
horizontal and vertical M matrices. The R13, Ros R14, Ros elements describe the linear 
betatron coupling. The Rig, Ros elements are the dispersion vector d of Eq. (2.172). 
Without synchrotron motion, we have Rs; = Res = 1. All other elements of the R 
matrix are zero. 
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In general, the nonlinear dependence of the state vector can be expanded as 


6 6 6 
Wise) = So RigWj(s1) + XO S Ti W5(s1)We(s1) 


j=l j=l k=l 
6 6 6 
+ SSO Se Uia Wj(s1) Wilsr)Wilsi) +. (2.179) 
g=] k=l aA, 


For example, particle transport through a thin quadrupole is 


Axr = > z zô PA 
fA +9) a ae i 
Ò 26? 
Ae a ne E +e, 
Fae! J fof 
and we obtain 
1 1 1 1 1 
Ra =-=, Tas =+7, Unes =-=, Ras =+7, Tasse =-=, Uases = +7- 
E f rae f f 
Similarly, particle transport through a thin sextupole gives 
S ; S 
A es ees 2 42 Az! = ny 
t= saya h EETA 
S S 
Tou = T7 T233 = p Tus = S, 
where S = —Bl/Bp is the integrated sextupole strength. Here we used the con- 


vention that S > 0 corresponds to a focusing sextupole. Tracing the transport in 
one complete revolution, we get the momentum compaction factor as a, = Rsg. The 
program TRANSPORT” has often been used to calculate the transport coefficients 
in transport lines. 


IV.7 Experimental Measurements of Dispersion Function 


Digitized BPM turn by turn data can be used to measure the betatron motion. On the 
other hand, if the BPM signals are sampled at a longer time scale, the fast betatron 
oscillations are averaged to zero. The DC output provides the closed orbit of the 
beam. The dispersion function can be measured from the derivative of the closed 
orbit with respect to the off-momentum of the beam, i.e. 


Ato dTio 


“apm 1 a’ 


(2.180) 


138 CHAPTER 2. TRANSVERSE MOTION 


om | = 
5-2 ap 
< -46 ge io 4 
a #3 a 4 Figure 2.35: The upper plot shows the closed or- 
- E ET ee bit at a BPM vs the rf frequency for the IUCF 
fyt (MHz) Cooler Ring. The slope of this measurement is 
Be l l Ar mą used to obtain the “measured” dispersion func- 
T a ri i f H tion. The lower plot compares the measured dis- 
a 2pA TA LA = persion function (rectangles) with that obtained 
ae Nee et! DEN A ka H from the MAD program (solid line). 
0 20 40 60 80 
s (m) 


where Zeo is the closed orbit, fo is the revolution frequency, y is the phase-slip factor, 
and the momentum of the beam is varied by changing the rf frequency. 

The upper plot of Fig. 2.35 shows the closed orbit at a BPM location vs the rf 
frequency at the IUCF Cooler Ring. Using Eq. (2.180), we can deduce the dispersion 
function at the BPM location. In the lower plot of Fig. 2.35 the “measured” dispersion 
functions of the IUCF Cooler Ring is compared with that obtained from the MAD 
program [23].°° The accuracy of the dispersion function measurement depends on 
the precision of the BPM system, and also on the effects of power supply ripple. 
To improve the accuracy of the dispersion function measurement, we can induce 
frequency modulation to the rf frequency shift. The resulting closed orbit will have the 
characteristic modulation frequency. Fitting the resulting closed orbit with the known 
modulation frequency, we can determine the dispersion function more accurately. 


IV.8 Transition Energy Manipulation 


Medium energy accelerators often encounter problems during transition energy cross- 
ing, such as longitudinal microwave instability and nonlinear synchrotron motion. 
These problems can be avoided by an accelerator having a negative momentum com- 
paction factor. The revolution period deviation AT for an off-momentum particle 
Ap = p — po is given by Eq. (2.164). The accelerator becomes isochronous at the 
transition energy (y = Yr). 

There are many unfavorable effects on the particle motion near the transition 
energy. For example, the momentum spread of a bunch around transition can become 
so large that it exceeds the available momentum aperture, causing beam loss (see 
Chap. 3, Sec. IV). Since the frequency spread of the beam Aw = —nw(Ap/po) 
vanishes at the transition energy, there is little or no Landau damping of microwave 


55K.L. Brown, D.C. Carey, Ch. Iselin and F. Rothacker, CERN 80-04 (1980); D.C. Carey, FNAL 
Report TM-1046 (1981); D.C. Carey et al., SLAC-R-530, Fermilab-Pub-98-310 (1998). 

56The IUCF Cooler Ring lattice belongs generally to the class of double-bend achromats (see 
Exercise 2.4.12). A high dispersion straight section is used for momentum-stacking injection and 
zero dispersion straight sections are used for rf and electron cooling. 
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instability near transition (see Chap. 3, Sec. VII). As a result, the bunch area may 
grow because of collective instabilities. Furthermore, particles with different momenta 
may cross transition at different times, which leads to unstable longitudinal motion 
resulting in serious beam loss. 

To avoid all the above unfavorable effects, it is appealing to eliminate transition 
crossing. The yp jump schemes have been used successfully to ease beam dynam- 
ics problems associated with the transition energy crossing; in these schemes some 
quadrupoles are pulsed so that the transition energy is lowered or raised in order to 
enhance the acceleration rate at the transition energy crossing. This has become a 
routine operation at the CERN Proton Synchrotron (PS). 

Alternatively, one can design an accelerator lattice such that the momentum com- 
paction factor a, is negative, and thus the beam never encounters transition energy. 
This is called the “negative momentum compaction” or the “imaginary y,” lattice. 
All modern medium energy synchrotrons can be designed this way to avoid transition 
energy. We discuss below the methods of a, manipulation, the transition energy jump 
scheme, and the design principle of the imaginary 7,, lattices. 


A. 7, jump schemes 


In many existing low to medium energy synchrotrons, particle acceleration through 
the transition energy is unavoidable. Finding a suitable 7, jump scheme can provide 
beam acceleration through transition energy without much emittance dilution and 
beam loss. Here we examine the strategy of yp jump schemes pioneered by the 
CERN PS group.” 

In the presence of dipole field error, the closed orbit is given by Eq. (2.92). 
Substituting the dipole field error resulting from the off-momentum of a particle 
AB,/Bp = z0 into Eq. (2.92), we obtain the horizontal off-momentum closed orbit 
Leo = D(s)d. Thus the dispersion function is 


c 
Gals, § 
D(so) = i ear ~ S Gelsi, So), (2.181) 
0 i 
where 6; is the dipole angular kick in thin-lens approximation, p(s) is the bending 
radius of dipoles, and the Green’s function G(s, so) is given in Eq. (2.91). 

A.1 The effect of quadrupole field errors on the closed orbit 


Consider N quadrupoles for the y, jump. We would like to evaluate the change of 
orbit length for off/momentum particles due to the y, jump quadrupoles. From Hill’s 


51W. Hardt, Proc. 9th Int. Conf. on High Energy Accelerators (USAEC, Washington, DC, 1974). 
See also T. Risselada, Proc. CERN Accelerator School, CERN-91-04, p. 161, 1991. 
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equation, the angular kick resulting from the ith 7, jump quadrupole is 
0; = —K; AE + D76) 5 (2.182) 


where K; = —B,¢/Bp is the strength of the ith y, jump quadrupole, assumed positive 
for a focusing quadrupole, and D} is the perturbed dispersion function at s = s;. Thus 
the change of the orbit length for the off-momentum particle is 


AC & 5 D;0; % — (x: KD:n) ô, (2.183) 


where D; is the unperturbed dispersion function, and we neglect higher-order terms 
in 6. Equation (2.183) indicates that quadrupoles at nonzero dispersion locations can 
be used to adjust the momentum compaction factor. 

If N y,—jump quadrupoles are used to change the momentum compaction factor, 
we obtain 


N 
CoAae = — X KD} D;. (2.184) 
i=l 


The change in momentum compaction (called y, jump) depends on the unperturbed 
and perturbed dispersion functions at kick-quadrupole locations. An important con- 
straint is that the betatron tunes should be maintained constant during the y, jump 
in order to avoid nonlinear betatron resonances, i.e. 


N N 
1 1 
A g= "T phe ; A 2S SS sK; = 2.1 
Qs =F > Bo 0, AQ iF DBs K; = 0 (2.185) 
Thus we usually employ zero tune shift quadrupole pairs for the y, jump. 


A.2 The perturbed dispersion function 


The change in the closed orbit resulting from the quadrupole kicks can be obtained 
by substituting Eq. (2.182) into Eq. (2.181) to obtain the closed orbit solution: 


[D*(s) — D(s)]6 = — 2, G(s, si) K; Dž 6, 


D; = D; +X FD}, (2.186) 


where Fj; = —G,(s;,5;);. The perturbed dispersion function at these quadrupole 
locations and the resulting change in momentum compaction become 


Dt =(1-F)7D=(14+ F+ PF? + F*+...)D. 


N 
1 7 F 
Aa. = “6; 2 K;(1 +E +F ++ «Jy Dj Di. 


IV. OFF-MOMENTUM ORBIT 141 


A.3 7, jump using zero tune shift 7-doublets 


When zero tune shift pairs of quadrupoles separated by m in the betatron phase 
advance are used to produce a 7, jump, the matrix F satisfies 


F°=0 for n>2. (2.187) 


This result can be easily proved by using the zero tune shift condition: Br Kk + 
Be k+1Kk+1 = 0 and the m phase advance condition: 


COS(TVr — |Yr — Yil) = — cos(mv, — [Yr — Wl), 


cos(ave — |i — Yel) = — cos(rve — [bi — Verl). 


Using the a-doublets, the perturbed dispersion function and the change in the mo- 
mentum compaction factor become 


D? = (1 + F); Dj, or AD; = D? = D; = —G,(s;, 8;)K;Dj;, 
1 ; 
Aa, = a XO KD? +X KiKjGa(si, 8;)DiDj. 
i ij 


The change in the dispersion function is linear in K. The change in the momentum 
compaction factor contains a linear and a quadratic term in K. If the y, jump 
quadrupole pairs are located in the arc, where the unperturbed dispersion function is 
dominated by the zeroth harmonic in the Fourier decomposition, the term linear in 
K; vanishes because of the zero tune shift condition.”® The resulting change in the 
momentum compaction factor is a quadratic function of K;. 

Since the stopband integral of Eq. (2.120) at p = [2v,] due to the tune jump 
quadrupole pair is zero because of the zero tune shift condition, the 7-doublet does 
not produce a large perturbation in the betatron amplitude function. 

Thus if all quadrupoles used for y, jump are located in FODO cells, the amount 
of tune jump is second order in the quadrupole strength. On the other hand, yp jump 
using quadrupoles in straight sections can be made linear in quadrupole strength. 


B. Flexible momentum compaction (FMC) lattices 


Alternatively, a lattice having a very small or even negative momentum compaction 
factor can also be designed. Vladimirskij and Tarasov? introduced reverse bends in 
an accelerator lattice and succeeded in getting a negative orbit-length increase with 
momentum, thus making a negative momentum compaction factor. Another method 


58This statement can be expressed mathematically as follows. If the zeroth harmonic term domi- 
nates, we have D? x fj, and thus >, K:D? « 37, KiB; = 0 because of the zero tune shift condition. 

5°V.V. Vladimirski and E.K. Tarasov, Theoretical Problems of the Ring Accelerators (USSR 
Academy of Sciences, Moscow, 1955). 
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of designing an FMC lattice is called the harmonic approach.® In this method a sys- 
tematic closed-orbit stopband is created near the betatron tune to induce dispersion- 
wave oscillations resulting in a high 7, or an imaginary yp. However, the resulting 
lattice is less tunable and the dispersion functions can be large. Thus the dynamical 
aperture may be reduced accordingly. 


In 1972, Teng proposed an innovative scheme using negative dispersion at dipole 

locations, where the dispersion function can be matched by a straight section with 
a phase advance of m to yield little or no contribution to positive orbit-length incre- 
ment.°' This concept is the basis for flexible momentum compaction (FMC) lattices, 
which require negative dispersion functions at some sections of dipoles. 
Trbojevic et al. re-introduced a modular approach for the FMC lattice with a pre- 
scribed dispersion function. The dispersion phase-space maps are carefully matched 
to attain a lattice with a pre-assigned y, value. The module forms the basic building 
blocks for a ring with a negative momentum compaction factor or an imaginary Yp- 
The module can be made very compact without much unwanted empty space and, 
at the same time, the maximum value of the dispersion function can be optimized to 
less than that of the FODO lattice. 


For attaining proper dispersion function matching, the normalized dispersion co- 
ordinates X4 and Py of Eq. (2.161) are handy, i.e. 


1 i 
X=—=D= V2Jacos~a, P=VB,D'+ 7 D = -/2Jasin Wa. 


In the thin-element approximation, Eq. (2.150) indicates that AD = 0 and AD! = 0 
in passing through a thin dipole with bending angle 0. Therefore, in normalized Py-Xq 
space, the normalized dispersion vector changes by AP = \/3,0 and AX = 0. Outside 
the dipole (p = 00), the dispersion function satisfies the homogeneous equation, and 
the dispersion action Jy is invariant, i.e. P4 and Xa lie on a circle P? + X? = 2Jq. 
The phase angle wq of the normalized coordinates is equal to the betatron phase 
advance. This dispersion phase-space plot can be helpful in the design of lattices and 
beam-transfer lines. It has also been used to lower the dispersion excursion during a 
fast y jump at RHIC.® 


S&R, Gupta and J.I.M. Botman, IEEE Trans. Nucl. Sci. NS-32, 2308 (1985); T. Collins, Beta 
Theory, Technical Memo, Fermilab (1988); G. Guignard, Proc. 1989 IEEE PAC, p. 915 (1989); 
E.D. Courant, A.A. Garren, and U. Wienands, Proc. 1991 IEEE PAC, p. 2829 (1991). 

SIL.C. Teng, Part. Accel. 4, 81 (1972). 

62D, Trbojevic, D. Finley, R. Gerig, and S. Holmes, Proc. 1990 EPAC, p. 1536 (1990); K.Y. Ng, 
D. Trbojevic, and S.Y. Lee, Proc. 1991 PAC, p. 159 (1991); S.Y. Lee, K.Y. Ng, and D. Trbojevic, 
Phys. Rev. E48, 3040 (1993). 

6D, Trbojevic, S. Peges, and S. Tepikian, Proc. 1993 IEEE Part. Accel. Conf. p. 168 (1993). 


IV. OFF-MOMENTUM ORBIT 143 


Dispersion Matching š : 
FODO-CELL Section Rope CELL Figure 2.36: A schematic 


are Bap B ort Qp2 B ap _B_Q@/2 drawing of a basic module 
made of two FODO cells and 
an optical matching section. 


B.1 The basic module and design strategy 


A basic FMC module has two parts: (1) the FODO or DOFO cell, where the negative 
dispersion function in dipoles provides a negative momentum compaction factor, and 
(2) a matching section that matches the optical functions. We also assume reflection 
symmetry for all Courant-Snyder functions at symmetric points of the module. Al- 
though not strictly necessary, reflection symmetry considerably simplifies the analysis 
and optical matching procedure. For example, we consider a basic module composed 
of two FODO cells and a dispersion matching section shown schematically in Fig. 2.36: 


1 1 
M, {50F BQDB sar} My {Qr, O1 Qp; O2} Me + reflection symmetry , 


where Mab, are marker locations, Q’s are quadrupoles, O’s are drift spaces, and B’s 
stand for dipoles. The horizontal betatron transfer matrix of the FODO cell from the 
marker M, to the marker M; is [see Eq. (2.157) and Exercise 2.4.3] 


cos ® rsin Dpy(1—cos ®) 
Movo = | — ze Sin® cos ® ZE sin & ' (2.188) 
0 0 1 

where, for simplicity, we have chosen ®, = ®, = ® for the betatron phase advance 
of the FODO cell, Gp and Dp are respectively the betatron amplitude and dispersion 
functions at the center of the focusing quadrupole for the regular FODO cell, and a 
symmetry condition 6p = 0 and Dp = 0 is assumed to simplify our transfer matrix 
in Eq. (2.188). 

The procedure of optical function matching is (1) choose the desired value Da 
of the dispersion function at the marker M,; the dispersion function is propagated 
through FODO cell to obtained a dispersion vector at the marker M;; (2) the optical 
functions are matched in the matching section. Figure 2.37 shows an example of the 
betatron amplitude functions for a matched FMC basic module with an added dipole 
in dispersion matching section in order to increase the packing factor. The J-PARC 
Main Ring in Japan, the PS2 design in CERN and the the Jlab EIC ring design 
employ various variations of the negative momentum compaction designs. 


°4The packing factor and magnitude of the yr are optimized in the design process, see J-PARC 
design report, JAERI-Tech-2003-44/KEK-Report-2002-13; Y. Papaphilippou, et al., PACO9, 3805 
(2009), and https: //yannis.web.cern.ch/yannis/talks/PS2opticsLIS.pdf; S.A. Bogacz, in Proceedings 
of IPAC2017, 3350 (2017). Here, the packing factor is defined as the fraction of the circumference 
of an accelerator that is occupied by dipole magnets. 
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o lio Figure 2.37: The lattice function of an 

gT 4 FMC basic module. In this example, a 
E dipole is added in the middle of disper- 
= sE 5 sion matching section in order to increase 


the machine packing factor. Although the 
dipole in the matching section will con- 
tribute a positive value to the momentum 
compaction. The overall compaction fac- 
tor can still be adjusted by a properly cho- 
sen Da. 
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The dispersion function inside dipoles in FODO cells of an FMC module is mostly 
negative, and the resulting momentum compaction factor can become negative. Ad- 
justing the initial dispersion function value D,, the momentum compaction factor 
of the accelerator can be varied. Figure 2.38 shows an example of dispersion func- 
tion matching for an FMC module by plotting the normalized dispersion phase-space 
coordinates Xa vs Py. A negative-momentum-compaction module requires Xq < 0 
in dipoles as demonstrated in the left plot of Fig. 2.38. The right plot shows a 
similar plot in thin-lens approximation. Although they look slightly different, the 
thin-element approximation can provide essential insight in the preliminary design 
where dispersion matching is required. Since there is no dipole in this example shown 
in Fig. 2.36, the dispersion phase-space coordinates are located on a circle as shown 
in Fig. 2.38, where the normalized dispersion phase-space coordinates Xa = D/V/B, 
vs Py = (ax/VBr)D + VB:D' are shown. If the lattice has a reflection symmetry at 
the marker M., the matched dispersion phase-space coordinate is Py = 0. 


ert 
MatcHing Section 


J 


anassa f 


] Figure 2.38: Left: An example of dis- 
] persion matching for a basic FMC mod- 


ule. The normalized dispersion phase- 
space coordinates for periodic FODO 
cells are marked “FODO CELLS.” Right: 


] The FMC cell in thin-lens approxima- 


algr ; i Ga : 
-0.5 A cas + -| tion. Each dipole is divided into 3 seg- 
a ita i i ] ments. Each dipole segment changes only 
Oo OE OO OR, AO 100s 00 Oe aon Loe coordinate P. There is no dipole in 
(a,/ve.)D+ve,D" the matching section, thus the normalized 


B.2 Dispersion matching 


phase-space torus is an arc of a circle. 


The dispersion function at the beginning of the FODO cell is prescribed to have 
a negative value of Da with D} = 0. As we shall see, the choice of D, essentially 
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determines the dispersion excursion and the y, value of the module. Using the transfer 
matrix in Eq. (2.188), we find the dispersion function at marker M, to be 
Dy — D 
Dp = Dp — (Dp — Da) cos®, Di = A sin © , (2.189) 
b 

where p, is the betatron amplitude function at marker M», with 6, = pr. Now we 
assume that there is no dipole in the matching section, and the dispersion action is 
invariant in this region, i.e. 


D: 
Bp 


Jiem 1 = l i + Bpel = Jar|l — 2(1 — ¢) cos & + (1 — ¢)’] , 


where ¢ = D,/ Dy is the ratio of the desired dispersion at marker M, to the dispersion 
function of the regular FODO cell, Ja, Ja, are dispersion actions at markers Mp 
and Me, and Jy is the dispersion action of the regular FODO cell at the focusing 
quadrupole location, given in thin-lens approximation by 


Jar = z | ot (2.190) 


B3. Other similar FMC modules 


The above analysis can be applied to a basic FMC module composed of two DOFO 
cells and a dispersion matching section. Because the dispersion value at the defocusing 
quadrupole location is smaller than that at the focusing quadrupole location, a slightly 
smaller |¢| can be used to minimize the magnitude of the dispersion function in the 
module. 

To design a lattice with a higher packing factor, defined as the ratio of the total 
dipole length to the circumference, one may use a DOFODO in place of the FODO 
cell, i.e. three FODO cells instead of two are placed inside a basic module. The 
betatron transfer matrix in the DOFODO cell becomes 


vig coe \/ brbn sin 2 30 D,-Ds FE cos 36 


Mais =) = 3 [Bp Dy 3 ; (2.191) 
> TE sin 2 5® B. cos 5 26 VE sin 2 58 
0 0 1 


where ® is the phase advance of a FODO cell, and 6,, Bp; Dp, Dp are the betatron 
amplitudes and dispersion values at the focusing and defocusing quadrupoles of the 
FODO cell. A similar analysis with a different number of FODO cells can be easily 
done. In general, the result will be a larger total dispersion value. 
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C. Reverse Bend and nsFFA accelerators 


Consider a simple triplet cell made of combined function magnets, shown in the top 
plot of Fig. 2.39. The bottom plot shows the maximum dispersion function and the 
compaction vs the relative distribution of the bending angle for 0p + @r = 18°. When 
(0p — Or)/(@p + Or) = 0, both magnets have equal bending angle; if it is +1, one of 
the magnet is a pure quadrupole. When |(0p — 6r)/(@p + Or)| > 1, one of the magnet 
is reverse bend. In particular, if the reverse bend is a focusing quadrupole, where the 
value of the dispersion function is maximum, the compaction factor can become 0. 
The non-scaling-Fixed-Field-Alternating-gradient (nsFFA) accelerator employs this 
property to achieve small enough phase slip factor for particles within a range of 
beams momentum rigidity using a fixed-frequency rf system. Similar concept works 
for the simple FODO cells.®° 


o 
o 
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Figure 2.39: Top: An example of a triplet 


on a 
= Eo © basic cell made of combined function mag- 
£ l J 0% nets (cell length 5 m, combined function 

aT wae magnets 1.5 m, at a total bending angle 
2 tf My =0.175 “0p + Or = 18°). Bottom: Dispersion 
0.8 3 oo2z § function (solid line) and the compaction 

[ uy=0.235 g factor (dashed line) vs the relative angu- 
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[ M1.p=70-48 mo7P Ly p=0.75 m -002  paction factor (dashed line) for fiz = 0.175 
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is shown for comparison. 


(6p-6p)/(6p+8p) 


IV.9 Minimum (H) Modules 


In electron storage rings, the natural (horizontal) emittance of the beam is deter- 
mined by the average of the H-function in the dipoles (see Chap. 4). A double-bend 
module (Fig. 2.34), also called Chasman-Green lattice, is made of two dipoles located 
reflection-symmetrically with respect to the center of the basic module: 


Triplet 
or 
Doublet 


Ma B {dispersion matching section} M. + {reflection symmetry}. 


A quadrupole triplet or doublet matching section on the outside of the dipole B 
is the betatron amplitude matching section. If the achromat condition is imposed, 
the module is called a double-bend achromat (DBA). The zero dispersion region is 


65See e.g. J.S. Berg, Nucl. Instrum. Methods, A596, 276 (2008). 
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usually used for insertion devices such as the undulator, the wiggler, and rf cavities. 
The dispersion matching section on the right side of the dipole can be made of a 
single quadrupole, a doublet, or a triplet. In this section, the strategy of minimizing 
(H) inside dipoles will be discussed. To simplify our discussion, we will consider a 
single dipole lattice unit where the dispersion and betatron amplitude functions can 
be independently controlled. 

The evolution of the H-function in a sector dipole is (see Exercise 2.4.11) 


H = Ho + 2(aoDo + bo Do) sin d — 2(yoDo + a0DG)p(1 — cos ¢) 
+o sin? $ + yop?(1 — cos $)? — 2agpsin (1 — cos ġ), (2.192) 


where Ho = yoD?2 + 2ao DoD) + BoDP; ao, Bo, Yo, Do and Dj are the Courant-Snyder 
parameters and dispersion functions at s = 0; and ¢ = s/p is the coordinate of the 
bending angle inside the dipole. The average H-function in the dipole becomes 


(H) = Ho H (aoDo H BoD)? E(0) — +(wDo + ao D4) p8F (6) 


+B Alo) - BO) + + 20C (0), (2.193) 
_ 2(1 — cos 0) _ 6(0 — sin @) _ 60 — 3sin 20 
E(0) = — F(0) = — A(0) = 8 
6 — 8 cos 0 + 2 cos 26 300 — 40 sin 0 + 5sin 20 
(0) = SB os Pos 7 (a) = MO nh ont 


where 0 is the bend angle of the dipole. In the small-angle limit, A > 1, B > 1,C > 
1,E > 1, and F > 1. With the normalized scaling parameters dọ = 2o, dy = 


Do, By = Po ño = yL, Ao = ao, where L = p0 is the length of the dipole, the 


average H-function becomes 
(H) = po? {ue + 2ãododo + bod? + (&oE = PF dy 


+(8E — SF dy + Peg — “Op + ke}. 


A. Minimum (H)-function with achromat condition 


In the special case with the achromat condition dọ = 0 and dj = 0, the average 
H-function and its minimum value are 


Bo ão Yo 
= p6? < —A B+ =C Tn 6°, 2.194 
(H) =p 3 7 50 (H) mina = we (2.194) 
where we use the condition Bo%o = (1+ 4%) to obtain Bo = = vs, a = VDR, and 


G = V16AC — 15B?. The G-function decreases slowly with the dipole bending angle 
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0 shown in Fig. 2.40. The evolution of the betatron amplitude function in the dipole 
can be obtained from Eq. (2.36). In the small-angle approximation, the minimum 
betatron amplitude and its location are respectively 6 


* 


min, A 7 min, A —_ 


3 * 3 
ToL and s 3L 


Figure 2.40: The minimum (H) factors G = 
V16AC — 15B? for the DBA (lower curve) and 
G = V16AC — 15B? for the ME (upper curve) 
lattices are plotted as a function of the bending 
angle 0. The ME lattice data are for minimum 
(H) without the achromat constraint. Note that 
(H) is slightly smaller in a long dipole because of 
the 1/p? focusing effect of the sector dipole. 


(16AC—15B?)!/? 
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It is difficult to design a lattice that can reach the theoretical minimum emittance. 
The typical emittance attained is about 2-4 times of the minimum emittance. The 
low-emittance DBA-lattice at the advanced photon source (APS) in Argonne National 
Laboratory is shown in Fig. 2.41, where the left-plot shows the optical functions with 
minimum #3, inside dipoles in order to minimize (H). The middle and right plots show 
the normalized dispersion coordinates (Pj, Xa). The dispersion matching quadrupole 
at the center is split into two in order to leave space for a sextupole. Since the lattice 
is designed to minimize (H) inside dipole, the normalized dispersion coordinates are 
small to be compared with those shown in Fig. 2.32. The entire achromat section of 
the DBA lattice is located at the origin Xa = Pa = 0. In the dispersion matching 
straight section, the normalized dispersion phase-space coordinates are located on a 
circle with the center at the origin. Many third generation high-brilliance light sources 
employ low emittance DBA-lattice for their storage ring. The details of emittance 
minimization procedure will be addressed in Chapter 4, Sec. III. 
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Figure 2.41: Left: The low emittance lattice functions for a superperiod of APS. The APS 
lattice has 40 superperiods so that the circumference is 1104 m. The tunes of this lattice 
are Q, = 35.219, Q, = 14.298. The momentum compaction factor is a, = 2.28 x 1074 
in agreement with that of Eq. (2.197). Middle and Right: The normalized dispersion 
coordinates for the low emittance APS lattice is shown in one superperiod. 
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B. Minimum (H) without achromat constraint 


Without the achromat constraint, minimization of the H-function can be rae 
Ber the following steps. The minimum of (H) is obtained by solving 2 or) a = 0 


and a g- = 0 to obtain domin = ZF and do min = — 4E. The resulting (H) becomes 


(H) = Zoo (må — ãoB + e) ; 

where A = 4A—3E?, B = 3B-2EF,C = $C- Fe. Using the relation Boo = 1+ã, 
we obtain (H) min = wag. where G = V/16AC — 15B? (see Fig. 2.40). Thus the 
minimum (H) without achromatic constraint is a factor of 3 smaller than that with 
the achromat condition. A lattice designed with the constraint of minimum (H) 
is called a theoretical minimum ay (TME) es Lng betatron amplitude 
function at the minimum (H) is By = aC, ão = win “5 B, w= ae A.The waist 
of the optimal betatron amplitude fiction for the minimi "0 is located at the 
middle of the dipole, i.e. s* = L/2. The corresponding minimum betatron amplitude 
function at the waist location is 6*;,, = L/V60 in small-angle approximation with 
0&1. 

Even though the minimum (H) is one third of that with the achromat condition, 


4 px 


the required minimum betatron amplitude function is žin = 38hin,a- The corre- 


sponding maximum betatron amplitude function will be reduced accordingly. We 
have discussed the minimum (H) only in sector dipoles. In actual machine design, 
combined-function magnets with defocusing field may be used (see Chap. 4, Sec.III), 
where we will find that (H)min is actually larger than for a separate function lattice. 
C. Compaction factor in double-bend (DB) lattices 
The dispersion function inside a sector dipole is 
D(s) = p(1 — cos) + Do cos ¢ + oDi sind, (2.195) 
D 
D!(s) = sing — —sing + D) cos ġ, (2.196) 
p 


where p is the bending radius of the dipole, ¢ = s/p is the bend angle, and Do and 
Dg are respectively the values of the dispersion function and its derivative at s = 0. 
For a matched double-bend module, the momentum compaction is 


D 8/1 D D} 
a= 7- 0 — sinb 4 z sind + Do (1 cos6)| ~ ~ T G 7 >t) abe 
where Lm is the length of one half of the double-bend module, 0 = L/p, and L is 
the length of the dipole. The momentum compaction factor depends on the initial 
dispersion function at the entrance of the dipole. 
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In small-angle approximation, the condition for negative momentum compaction 
is 6do + 3d, < —1, where dọ = Do/LO, and dh = Db/0. The dispersion function in 
the rest of the module can be matched by quadrupole settings. 

The momentum compaction in small dipole angle approximation for the isomag- 
netic DBA module with Dp = 0 and Dj = 0 and for the TME condition are 

2 2 

Qe, DBA © pe and Qc, TME © r (2.197) 
where R is the average radius of the storage ring and 0 are the bending radius and 
the bending angle of each dipole. The momentum compaction factor of a DBA 
lattice is independent of the betatron tune. Finally, a reverse-bend dipole placed 
at the high dispersion straight section can also be used to adjust the momentum 
compaction factor of a DBA lattice. Such a lattice can provide a small-emittance 
negative momentum compaction lattice for synchrotron radiation sources. 


Exercise 2.4 


1. The dispersion function in a dipole satisfies the equation D” + K,D = 1/p. Let Do 
and Dg be the dispersion function and its derivative at s = 0. 


D(s) Do 
D'(s) | =m | D], 
1 1 


where M is the transfer matrix. 


(a) Show that the transfer matrix for K, = K > 0, and K < 0 are respectively 


cosy Ks Jin VKs ox (1 — cos VKs) 
M = —vVK sin YKs cos /Ks zm sin VEs 
0 0 1 
cosh y |K]|s ga sinh VIKIs grj! + cosh /[K|s) 
M = | \/|K|sinh./|K|s cosh y| K]|s zm sink |K]s 
0 0 1 


(b) Show that the transfer matrix of a sector magnet is given by Eq. (2.154). 
(c) For a rectangular magnet, show that the horizontal transfer matrix is (see Ex- 
ercise 2.2.3) 


1 psin@ p(1-— cosð) 
Mrectangular dipole = 0 1 2 tan(@/2) 7 
0 0 I 


where p and 0 are the bending radius and the bending angle. 
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(d) In thin-lens (small-angle) approximation, show that the transfer matrices M for 


quadrupoles and dipoles become 


1 00 1 £ 60/2 
Mauaa = —1/f 1 0 ï Maipole = 0 1 0 ; 
0 O 1 0 0 1 


where f is the focal length, and £ and @ are the length and bending angle of the 
dipole. 


2. The bending arc of an accelerator lattice is usually composed of FODO cells. Each 
FODO cell is [QF BQDB 5 QF], where QF and QD are the focusing and defocusing 
quadrupoles with focal length fı and — f2 respectively, and B is a dipole with bending 
angle 0. Let L be the half cell length. 


(a) 


Using thin-lens approximation, show that the dispersion function and the beta- 
tron amplitude functions are 


Lo 1 Lo 1 


14+-T), D,=— 1——T), 
Fr sin?(®, 7a)! ee sin2(, 7a) 1.) 
ieoi 1+T- È in 
=F = on(6,/) 1-7, "=~ sn(®,/) FT 
where é r i 
EE N. g o 2 z = 2 4 
Ss = sin z Hsin >> Ey I (E + 8S4 + s.) ; 


and ®, and ®, are the horizontal and vertical betatron phase advance per cell. 


Simplify your result in part (a) with ®, = ®, = © and calculate the dispersion 
actions Ja(QF), Ja(QD) as a function of the phase advance per cell ©. Plot 
Ja(QF)/Ja(QD) as a function of ®. 


Use the data in the table below to estimate the dispersion function of AGS, 
RHIC and SSC lattices in thin-lens approximation. Estimate the momentum 
beam size vs the betatron beam size in the arc. 


AGS | RHIC | Tevatron | SSC LHC 
Leen (m) 13.45 | 29.6 59.5 180 97.96 
® (deg) 52.5 | 90 75 90 90 
Energy (GeV) | 25 250 1000 20000 | 8000 
€y (Tum) 30 30 30 10 15 
(Ap/po)rms .005 | 0.003 | 0.001 0.0001 | 0.0001 
A collider lattice is usually made of arcs and insertions. The arc section is 


composed of regular FODO cells with bends, and the straight insertion section 
is composed of quadrupoles without dipoles. The dispersion suppressor matches 
the dispersion function in the arc to a zero dispersion value in the straight 
section. Show that the momentum compaction factor of such a lattice is 


Í 
Qe S =, 
° Vell + Ls/La) 


where 2Tvarc is the total accumulated phase advance in the arcs, and Ls and La 
are the length of the straight section and the arc. 
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3. Show that the 3x3 transfer matrix of a repetitive cell is generally given by Eq. (2.157). 
Show that the transfer matrix of repetitive FODO cell is 


cos ® B,sin® 2D, sin?(®/2) 
M=j|-7,sin@ cos® YpD, sin & ; 
0 0 1 


where the symmetry conditions a, = 0 and dD. = 0 are used, ® is the phase advance 
per cell, 8, and yp are the Courant-Snyder parameters, and D, is the dispersion 
function at the center of the quadrupole. 


(a) Show that 


-1 0 2D, 1 0 0 
Mv =| 0 -1 0 |, Mise =| 0 1 0 
0 0 1 0 0 1 


(b) Show that two FODO cells, each with 90° phase advance, match a zero dispersion 
region to a final dispersion of D = 2D, and D’ = 0. 


(c) To match the dispersion function from a regular FODO cell in the arc to a 
zero value at the straight section, we need a dispersion suppressor. Adjoining 
the regular arc, the dispersion suppressor is composed of two reduced bending 
FODO cells, with bending angle 02 and 6, for each dipole.® Show that the 
conditions for zero dispersion after the dispersion suppressor are 

0i 1 

= = —__ d 0,4+602.=90, 

6  2(1— cos)’ an ee 
where @ is the bending angle of each dipole in the regular cell, and ® is the 
phase advance of the FODO cell. At ® = 7/2, these two FODO cells form the 
—I unit. The theorem of dispersion suppression of Section IV.4 is verified. 


(d) This exercise shows the effect of dispersion mismatch. Assuming that the accel- 
erator lattice is made of n FODO cells, where (n — 1) FODO cells are [SQF B 


QD B IQF ] with dipoles, and the bending magnets in the last FODO cell are 
replaced by drift spaces, show that the dispersion function at the entrance of 
the first FODO cell with a dipole is 


1 — cos n® + cos ® — cos(n — 1)® 


Dı = D 
' 2(1 — cosn®) a 
sin ® — sinn® + sin(n — 1)® 
p= Ee aD 
2(1 — cosn®) ee 


where D, is the dispersion function of the regular FODO cell at the center of 
the focusing quadrupole and ® is the phase advance per cell. The resulting 
mismatched dispersion function can be very large at n® ~ 0 (mod 27), which 
is related to the integer stopband. 


66A reduced bending cell can be represented by the following matrix with € = 01/8: 


cos ® Brsn® £,Dpr(1—cos®) 
— yr sin Ë cos ® 1 7rDr sin ® 
0 0 1 
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4. Using thin-lens approximation, show that the momentum compaction factor a, of an 
accelerator made of N FODO cells is 


2 
1 fm 2r 1 

Qe = - sz — Ads = e xs, 
© QR] p 2N sin $ v2 


where R is the average radius of the accelerator, ® is the phase advance per cell, and 
Vv, is the horizontal betatron tune. 


5. Consider a weak-focusing synchrotron (Exercise 2.2.5) with a constant focusing index 
0 <n < 1. Show that the lattice and dispersion functions are b, = p/V/1—n, 
Bz = p/n, D = p/(1 — n), and the transition energy is yp = /1—n. 


6. With the Floquet transformation, Eq. (2.150) can be transformed to 


2X raia 283/2 
do? p’ 


where X = D/\/B, and ¢ = Jo ds/vß. Show that the solution of the above equation 
is 


3/2 pe a 27 93/2 p 
i = 5 ape’, ak = =f e etde, 


k=—oo 


un 


v?/B(s) eo ; 
k la 
Oe a or z — k2’ 


where R = C/2r is the mean radius. In most accelerator design, the ag harmonic 
dominates, the dispersion function D(s) is approximately aọy/ (s). If p ~ constant 


along the circumference, we have aj = = Cik ds & A. Since v = § ds/27B ~ 
R/(6), we find ac ~ 1/v?. 


7. Show that the integral representation of the dispersion function in Eq. (2.101) satisfies 
Eq. (2.149). Substituting the betatron coordinate into Eq. (2.163), show that the 
path-length change due to the betatron motion is 


s+C 
AL = Í Zis 
s P 


[sin 2v Xa — (1 — cos 2rvg)Pa] Xg + [(1 — cos 2rvr)Xa + sin 2rvr Pa] P8 


where Xg = z/VBr and Pg = (arx + brx')/VBr are normalized betatron coordi- 
nates, and X4, Py are the normalized dispersion function phase-space coordinates of 
Eq. (2.162). Since the time average of the betatron motion is zero, (Xg) = (Ps) = 0, 
the path length depends on the betatron amplitude quadratically. 
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8. Show that orbit length change due to dipole field error is the product of the dipole 
kick angle and the dispersion function at the kicker location, i.e. AC = J; D(s;)0;, 
where D(s;) is the dispersion function at the dipole error location, and 6; is the dipole 
field error. 


9. The equation of motion for the vertical coordinate is 


K AB, AB 1 
(5), 7 Z = (ay + biz + aye + Qbowz +--+), 


n Draenei 2,3 Z 
i ET Bp(1 +8)’ Bp p 


where 6 = (p— po)/po is the fractional off-momentum deviation, K,(s) is the focusing 
function, Bp is the momentum-rigidity of the on-momentum particle. Here ag arises 
essentially from the dipole roll, bı is the gradient error, a, is the skew quadrupole 
field, and by is the sextupole field. Substituting £ = £eo + Drô + xg, we obtain 


K.(s) = 1 | | | | 
L Gane + a1 (%eo + 0g + Dzô) + 2b2(xg + Dzd)z], 


n 
z + 


where the effective focusing function is K.(s) = K.(s) + b1/p + 2b2£c0. 


(a) Expand the vertical coordinate in z = zo + Dz6 + zg and show that 


~ 2b 
2B + K.(s)zg = ee 


2b 
= —~ "p28 
p 
D! + K,(s)Dz = hz(s) 
~ 2b 
hz(s) = +Kz(s)Zco 4 ie ee D,z(s). 
P P 
Here, both the closed orbit and the betatron coordinates are expanded in power 
series of the fractional off-momentum variable. Note that the horizontal and 
vertical closed orbit, betatron functions, and dispersion functions are all coupled. 


(b) When coupling is small and the horizontal betatron tune is sufficiently far away 
from an integer, the vertical dispersion function is given by the solution of 
the dispersion function equation in (a). Show that the normalized dispersion 
functions are 


j s+C 

ao Z soe f A /3.(t)hz(s) cos (Tz + p(s) = wz(t))dt, 
Bis —1 s+C 
Seb. 4 VBD, = san = 1 B.(t)hz(s) sin(rvz + Wz(s) — Yz(t))dt, 


where vz, Bz, &z = —81/2, Wz are the vertical betatron tune, the vertical beta- 
tron functions, and the vertical betatron phase function respectively. 

(c) Carry out Floquet transformation by changing the independent variable from s 
to ọ = + Jo. ads, and define the Fourier harmonics fẹ of the perturbation as 


2a 
tr Zz V Bzhz(s)e—*?ds, 


~ on Jo 
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10. 


11. 


12. 


where k is an integer, show that 


Diew PALT fe Rale l x yale L = 


k=—oco 


where the second identity approximate the vertical dispersion function by a 
simple pole at n = [v>], the integer nearest the vertical betatron tune, and én 
is the phase of fn. Estimate relative importance of various terms in h,(s) for a 
realistic accelerator. 


In a straight section of an accelerator, M3 = 0 and M23 = 0. The values of the 
dispersion function at two locations in the beam line are related by 


D = Mı Dı + Mı2D}, Ds = Mə, Dı + MD}. 
Show that H = yD? + 2aDD! + BD’? is invariant in the straight section. 


In general, the dispersion function transfer matrix is given by Eq. (2.156). Show that 
the evolution of the H-function is 


H = Ho + 2(a0Do + BoDo)[M23Mi1r — Mi3Ma1] 


+2(y0Do + a0D)[Mi3M22 — M23 M12] + Bo[Mi3Mo1 — M23 M11}? 
+ 0[Mi3Mo2 — M23 M12}? — 2a0[ M13 M21 — M23 M11] [M13 M22 — M23 M12] 


where Ho = yD? +2ao DoDo + Bo DR; Mij is a matrix element of the transfer matrix; 
and ao, Go, and yo are Courant-Snyder parameters at the initial location. 


(a) Using the M;i; of Eq. (2.154), show that H in a sector dipole is given by 
Eq. (2.192). 


(b) Find H in a rectangular dipole (use the result of Exercise 2.4.1). 


Double-Bend Achromat: Consider an achromatic bending system with two sector 
magnets and a focusing quadrupole midway between two dipoles, i.e. 


Bip,@] Off] Qr[K,la] Of] Bip, 6). 


Here K and lą represent the focusing strength function and the length of the 
quadrupole. Show that the dispersion matching condition is 


0 1 Kl 
ptan=+l= ot VE, 


2 JK 2 


and that, in thin-lens approximation, the matching condition reduces to Eq. (2.177). 

The aa ae pa condition for DBA cell with rectangular dipoles is 

t V Kla 
2 


. This basic achromat is also called a Chasman-Green 


psin £ cos 5 G4 y= 


lattice veil The double-bend achromat (DBA) is commonly used in the design of low 
emittance storage rings, where quadrupole configurations are arranged to minimize 
(H) in the dipole. Other achromat modules are 
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(a) the triple-bend achromat (TBA) 
Blp,4.) Ol] QrlK, la] Ol] Ble,@] Olle] Qr[K,la] Ol] Ble, 40] 
which has been used in many synchrotron radiation light sources such as the 


ALS (Berkeley), TLS (Taiwan), KLS (Korea), and BESSY (Berlin), and 
(b) the reverse-bend DBA 


Blp,@] Oli] Qr[K, la] Ol] Bl-p,—-@] Olle] Qr[K,%q] Ol] Blo, 6] 


where the reverse bend angle 6, < 0 can be used to adjust the desired momen- 
tum compaction factor. 


13. Achromatic translating system: Show that the transport line with two sector 
dipoles B[p, 6] Olh] QF[K, la] Ol] QF[K, la] Olli] B[—p,—@] is achromatic if the 
following condition is satisfied: 


ans” a l cos VK lq + Fe sin VK lq 


2 ~ lv K sin Vlg — 2008 VKlq, 


Show that, in thin-lens approximation, fg = [€c(41 + €B)|/[é. + 21 + £B], where fy is 
the focal length of the quadrupole and £g is the length of the dipole. Two quadrupoles 
are needed to provide dispersion matching. 


14. Show the three sector dipole system B[p,0] O[l| B[p, 0] OR] B[p, 6] is achromatic if 
the following condition is satisfied: 


l 2cos@+1 
p snd ` 


15. A set of four rectangular dipoles with zero net bending angle 
Bip, 0] Ol] Bl-p, —4] O[l2] B[-p, —4] O[lı] B[p, 6 


has many applications. It can be used as a beam translation (chicane) unit to facilitate 
injection, extraction, internal target operation, etc. It can also be used as one unit 
of the wiggler magnet for modifying electron beam characteristics or for producing 
synchrotron radiation. 


(a) Show that the rectangular magnet beam translation unit is achromatic to all 
orders, and show that the Rse element of the transport matrix, in small angle 
approximation, is 


2 
Rss = 20° (4 + 379) 


(Pw 8) (—Pw:—20) (Pw: 8) 


0 Ly 2Ly Yala. Als, 
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(b) A simplified compact geometry with lı = la = 0 (shown in the figure above) is 
often used as a unit of the wiggler magnet in electron storage rings. Assuming 
that Do = Dj = 0, show that the dispersion function created by the wiggler 
magnet, including he edge focusing effect, is 


—(1 — cos @) O0<s<L 
D(: ( i 3 E w 
es (1 — cos ġ) — (1 — cos 0) cos o 

Pw —|sin@ + 2tan 6(1—cos@)]sing, Ly < s < 2Lw 


where ¢ = s/pw and ¢ = (s — Lw)/pw, and 


— sin ¢, O0<s<L 
D's) = — sin — 2 tan 6(1 — cos 8), s = Lw4 
(s) = sind + (1 — cos 0) sin ġ 
—[sinð + 2tan 0(1 — cos0)] cos, Lw < s< 2Lw. 
Show that 


Since D’ = 0 at the symmetry point, the wiggler is an achromat. In small 
bending-angle approximation, show that the dispersion function becomes 


D(s) = —s*/2pw, 0< s< Lw 
` —(2L2, — (2Lw — 8)?)/2pw, Lw <s < 2Lw, 
ma S =p 0<s<Lly 

D= C aK. Lg <8 < EN 


16. An accelerator with circumference 240 m is made of 24 FODO cells. The betatron 
tunes of the synchrotron are v, = 4.9 and v; = 4.8 respectively. 


(a) What are the maximum values of the betatron amplitude function and dispersion 
function? If one of the 48 dipoles has an error of lestimate the maximum closed 
orbit deviation from the designed orbit in mm. 


(b) If one of the 24 focusing quadrupoles has lanswer the flowing questions using 
thin lens and small angle approximation. Estimate the maximum change in 
AD, in meters, and estimate the maximum change of Af,,/8, and AG, /B,z. 
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V Chromatic Aberration 


A particle with momentum p executes betatron oscillations around an off-momentum 
closed orbit 2o(s)+D(s)6, where zeo is the closed orbit for the on-momentum particle, 
D is the dispersion function, and 6 = (p—po)/po is the fractional momentum deviation 
from the on-momentum po. Equation (2.148) is Hill’s equation of the horizontal 
betatron motion. A higher energy particle with 6 > 0 has a larger momentum rigidity 
and thus a weaker effective focusing strength; a lower energy particle with ô < 0 has a 
smaller momentum rigidity and a stronger effective focusing strength. This is reflected 
in the gradient error AK, in Eq. (2.148). Similar gradient error exists in the vertical 
betatron motion. The resulting gradient errors AK, and AK, are® 


AK, = -4 + K(s) 6+ O(5°) ~ —K,6, 
p (2.198) 


AK, = —K(s)6 + O(6") ~ —K,6, 


N 


where K = B,/Bp and Bı = OB,/dx. The chromatic gradient error is essentially 
equal to the product of the momentum deviation 6 and the main focusing functions 
—K, and —K,. The dependence of the focusing strength on the momentum of a circu- 
lating particle is called “chromatic aberration,” which is proportional to the designed 
focusing functions K, and K,, and thus it is called “systematic” error. Systematic 
perturbations can alter the designed betatron amplitude functions and reduce the 
dynamical aperture for off-momentum particles. The effects of chromatic aberration 
include chromaticity, “beta-beat” associated with the half-integer stopbands, etc. 
This section studies the effects of systematic chromatic aberration and its correc- 
tion. In Sec. V.1 we define chromaticity and discuss its measurement and correction; 
in Sec. V.2 we examine the nonlinear perturbation due to chromatic sextupoles; in 
Sec. V.3 we study systematic half-integer stopbands and their effects on higher-order 
chromaticity; and in Sec. V.4 we outline basic machine design strategy. 


6TIncluding the effect of off-momentum orbits, the chromatic gradient error should include the 
effects of dispersion functions, fringe fields, etc. Some of these terms are included below: 


2 D/1 iN y 
AK, +K+2 ( K) (5) 2 EDI (6-5? +++) 4055, 
p? p \p? p Bap ( ) 
K 1\' 7 2 
AK, = |-K + p+ ($) p T p| (g es ere 
p p Bxp 


where K = B,/Bp is the gradient function of quadrupoles. Note that the higher-order gradient 
error depends on the betatron amplitude and dispersion functions. We neglect all chromatic effects 
arising from the dispersion function and fringe fields of magnets. For details see, e.g., K. Steffen, 
High Energy Beam Optics (Wiley, New York, 1965); S. Guiducci, Proc. CERN Accelerator School, 
CERN 91-04, p. 53, 1991. 
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V.1 Chromaticity Measurement and Correction 


The gradient error can induce betatron tune shift and betatron amplitude function 
perturbation. The chromatic gradient error of Eq. (2.198) gives rise to betatron tune 


shifts: 
1 —1 z 
Av, = 7 f BAK, x (Z fakas) ô; 
4T 4T 


Av, = T f bands ~ (Z foras) ò. 
4r 4T 


The chromaticity, C, or Cz, is defined as the derivative of the betatron tunes vs 
fractional momentum deviation, and the “natural chromaticity” arises solely from 
lattice quadrupoles: 


(2.199) 


d(Ay, —1 
Cy = 5 u) Cy nat x T f aKyds (2.200) 


where the subscript y stands for either x or z. Because the focusing function is weaker 
for higher energy particles, the betatron tune decreases with particle momentum, and 
the natural chromaticity is negative. 

The magnitude of the natural chromaticity Cy nat depends on the lattice design. 
The natural chromaticity of a FODO lattice is (see Exercise 2.5.3) 


CFODO y l N Ga Pas = a Vy Vy, (2.201) 
y 


y nat AT 
where N is the number of cells, f is the focal length, ©, is the phase advance per cell, 
and vy = N®,/27 is the betatron tune of the machine. The “specific chromaticity,” 
defined as y = C/vy, is nearly equal to —1 for FODO lattices. The specific natural 
chromaticity of a high luminosity collider or a low-emittance electron storage ring can 
be as large as —4. 

A beam is composed of particles with different momenta. The momentum spread 
of the beam is typically of the order of øg ~ 1075 — 107? depending on the applications 
and types of accelerator. Because of the chromaticity, the momentum spread gives 
rise to tune spread in the beam. If the chromaticity and the momentum spread of 
the beam become large enough that the betatron tunes overlap low-order nonlinear 
resonances, particle loss may imminently occur. Furthermore, the growth rate of 


transverse head-tail instabilities depends on the sign of the chromaticity (see Sec. VIII 
and Ref. [5]). 
A. Chromaticity measurement 


Machine chromaticities can be derived from measurements of betatron tunes vs beam 
momentum. Since beam momentum is related to rf frequency, the chromaticity can 
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be obtained from measurements of betatron tune vs rf frequency, i.e. 


dv, dv. 
>a = —nwy—, (2.202) 


L 7 dwr l 


where ņ is the phase-slip factor, and wrt is the angular frequency of the rf system (see 
Exercise 2.5.8). 

Figure 2.42 shows the “measured specific” chromaticities of the AGS.® Note that 
the vertical chromaticity becomes positive above about 22 GeV. Since the data obey 
Elé + €,) & = tan $ (shown as the dashed line), where ® œ~ 53.8° is the phase 


advance of an AGS FODO cell, we have 6, ~ p, at these sextupole locations. 


1 z C,/v E 
of ee ] Figure 2.42: The measured chromaticities divided 


] by the betatron tunes vs the beam momentum for 
SE EE ole RR A the AGS. Deviation of the chromaticity from that of 
] FODO lattice arises from sextupoles. At high en- 
{ ergy, saturation of dipole magnets produces defocus- 
| ing sextupole field. The solid curved line is obtained 
] by modeling the sextupole field in the dipoles, as dis- 
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B. Chromatic correction 


The natural chromaticity of a high-luminosity collider with low-6* insertions is usually 
large. For example, the natural chromaticity for the Superconducting Super Collider 
(SSC) was expected to be about Cy nat ~ —250, which can lead to a natural tune 
spread of about Av ~ 0.1 for a beam with an rms spread of 6 = +2 x 1074. Similarly, 
the natural chromaticity for the RHIC injection lattice is about Cy nat ~ —50, and 
the resulting tune spread will be Av ~ 0.5 with a beam momentum spread of 6 = 
+5 x 107°. A circulating beam with such a large tune spread can encounter many 


nonlinear resonances, chromatic correction is needed to ensure good performance of a 
storage ring. This requires a magnet whose focusing function increases linearly with 
momentum in order to compensate the loss of focusing in quadrupoles. 

First we examine the possibility of using sextupole magnets for chromaticity cor- 
rection. The magnetic flux density of a sextupole magnet is 


= 55, 2’), = = rz, (2.203) 


68E. Bleser, AGS Tech Note No. 288 (1987); E. Auerbach, E. Bleser, R. Thern, AGS Tech Note 
No. 276 (1987). 
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where B> = 0°B,/0x?|,_,. Substituting the transverse displacement of an off- 
momentum particle, x = xg(s) + D(s)d, where xg is the betatron displacement and 
D(s)6 is the off-momentum closed orbit, into Eq. (2.203), we obtain 


oo = —[S(s)D(s)d]xg — MS) (a3 — z3) — ao 
Pp (2.204) 
7 = —[S(s)D(s)d]zg — S(s)xpze, 


where S(s) = —B2/Bp is the effective sextupole strength. Note that the first term of 
Eq. (2.204) depends linearly on the transverse betatron displacement. The effective 
quadrupole focusing functions AK, = S(s)D(s)d and AK, = —S(s)D(s)d depend 
linearly on the off-momentum deviation, sextupoles can be used for chromaticity 
correction. The second term of Eq. (2.204) can produce nonlinear perturbation in 
betatron motion, called geometric aberration, to be discussed in Sec. VII. Placement 
of sextupoles is important in minimizing nonlinear resonance strengths. 

Including the contribution of sextupoles, the chromaticity becomes 


C= T f ialKals) — S(s)D(s)]ds, 
Cx T feik) + 5(s)D(s)|ds. 


Chromatic sextupoles located at nonzero dispersion function locations can be used 
to correct chromaticity. Generally, two families of sextupoles are needed to correct 
horizontal and vertical chromaticities. 

For example, we consider a lattice of N repetitive FODO cells, where sextupoles 
are located near the focusing and defocusing quadrupoles. Let Sp = —Bo(F)ls./Bp 
and Sp = —Bo(D)fsa/Bp be the integrated sextupole strengths at QF and QD re- 
spectively, where 4s, (sa, and Bo(F), By(D) are the length and the sextupole field 
strength at QF and QD. The sextupole strength needed to obtain zero chromaticity 
is (see Exercise 2.5.3) 


Sn = 1 sin Ê 1 sin Ê 
"2770 (1+ Esin £)’ 2/76 (1 — 4sin $)’ 


D= 
where f is the focal length, ® the phase advance per cell, and 0 the bending angle 
per half-cell. 

For colliders or low-emittance storage rings, chromatic sextupoles are also arranged 
in families, located in the arcs, which consist mainly of FODO cells or DBA/TBA 
type cells. Since the low-8* values in these lattices give rise to a large chromaticity, 
strong sextupoles are needed to correct it. If the intrinsic systematic half-integer 


stopband widths are large, the simple chromatic correction scheme using two families 
of sextupoles may not be sufficient to correct the higher-order chromatic effects. 
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| Figure 2.43: Variation of the betatron tune 
-| vs Ap/p after chromatic correction with two 
| and four families of sextupoles in RHIC. 
— The chromatic gradient error can create a 
-= large betatron amplitude function modula- 
] tion (betabeat), which in turn produces large 
second-order chromaticity. 


it~ 4-family sextupole 
Snel peidar im ging A opel 
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Ap/p 


Figure 2.43 shows an example of chromatic correction with two and four families 
of sextupoles in RHIC. Note that the second-order chromaticity Avr = ~ Cc?) oe 
can cause substantial tune spread in a beam with a large momentum spread. In 
Sec. V.3, we will show that the chromatic gradient error can also create a large 
betatron amplitude function modulation (betabeat), which in turn induces a large 
second-order chromaticity. The second-order chromaticity and the betabeat can be 
simultaneously corrected by a proper chromatic stopband correction. Rules for their 
placement are as follows. 


e In order to minimize sextupole strength, the chromatic sextupoles should be 
located near quadrupoles, where +D; and 6,D, are maximum. 


e A large ratio of 8,/3, for the focusing sextupole and a large ratio of 3./(, 
for the defocusing sextupole are needed for optimal independent chromaticity 
control. 


e The families of sextupoles should be arranged to minimize the systematic half- 
integer stopbands and the strength of third and higher order betatron reso- 
nances. 


C. Nonlinear modeling from chromaticity measurement 


The measurements of chromaticities can be used to model nonlinear sextupole fields 
in an accelerator. For example, we discuss the nonlinear sextupole modeling of the 
AGS based on the measured chromaticities shown in Fig. 2.42. Since Co data < Cr fodo; 
Cz data > Czfodo, and Co data + Czdata = Cr,fodo + Cz fodo; the horizontally defocusing 
sextupoles must be located in dipoles, where 6, + G,. To model the AGS, we assume 
that the sextupole fields arise from systematic error at both ends of each dipole, the 
eddy current sextupole due to the vacuum chamber wall, and the iron saturation 
sextupole at high field. The systematic error is independent of the beam momentum; 
the eddy current sextupole field depends inversely on beam momentum; and the 
saturation sextupole field that depends on a higher power of beam momentum. The 
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solid lines in Fig. 2.42 represent theoretical calculations with the integrated sextupole 
strengths 


S —5.2 x 1074 + 5.8 x 107°/p 
—(3.6 x 1074p — 7.0 x 107p? + 2.8 x 10-6) (m~), 
Se = —0.017 (m~?), 


for the body and the ends of the short AGS bending magnets (2.0066 m) respectively. 
Here p is the beam momentum in unit of (GeV/c), S» is the integrated sextupole 
field in each dipole distributed in the whole dipole, and Se is the integrated sextupole 
field distributed only at the end of each dipole. Se and the first term in Sp may be 
considered as the systematic error in dipoles, and they are momentum independent. 
The second term in Sp is due to the eddy current on the vacuum chamber wall, 
which is inversely proportional to the beam momentum, and proportional to B, where 
B=2T /s in this experiment. The saturation term is nonlinear with respect to the 
momentum p. For the long magnets (2.3876 m) in the AGS, the integrated sextupole 
strength of the Sp term is assumed to be proportional to their length. 

A chromaticity of about —3y, does not appear to cause difficulties in the AGS 
operation, which has recently attained an intensity of 6 x 10!° protons per pulse. 
Many low energy synchrotrons do not use chromatic correction sextupoles. However, 
chromaticity correction is absolutely essential in high energy synchrotrons and storage 
rings. 


V.2 Nonlinear Effects of Chromatic Sextupoles 


The Hamiltonian including sextupole nonlinearity is 


1 4g MOPE 
H = z (15 + Kath + 23 + K.%) 4 Sas — 32323). 
This Hamiltonian can drive third-order and higher-order nonlinear resonances at 
BV, = l, Vz + 2v, = ¢,..., where £ is an integer. However, the nonlinear resonance 


strength can be minimized by properly arranged sextupole families. In Sec. VII, we 
will show that if chromatic sextupoles are separated by an odd multiple of 180° in the 
betatron phase advance, their contributions to the third-order stopband width cancel 
each other in the first-order perturbation theory. Thus, four families of sextupoles can 
be arranged in a lattice with 90° phase advance per cell, and six families of sextupoles 
can be used in a lattice with 60° phase advance per cell. Such arrangements can also 
be used to correct the systematic half-integer stopband discussed in the next section. 


V.3 Chromatic Aberration and Correction 


The systematic chromatic gradient error can produce a large perturbation in the 
betatron amplitude functions for all off-momentum particles. Defining the betatron 
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amplitude difference functions A and B (see Exercise 2.3.10), we find 


a1 89 — aob B= Bı — Bo 
VBb | VBobi | 


dB 1 1 dA 1 1 
ds = A (+ T =) > ds = +B (= T =) r VW Bor AK, (2.205) 


where Ak = K, — Ko is the gradient error. The betatron amplitude functions 5 
and 6; satisfy the Floquet equation 


A= 


Bo = —2a0, a = Kobo — o, dyo/ds = 1/20, 
Bi =—2a, ai= Kby, ddy/ds = 1/6, 


and wo and y; are the unperturbed and perturbed betatron phase functions. 

From Eq. (2.205), we find that A? + B? = constant in regions where AK = 0. We 
consider the chromatic perturbation in quadrupoles and sextupoles with AK = -Kô 
and AK = K(s)D respectively. The changes of A are respectively 


MA = | Van AK ds & mar 
f Po 
Ap 


AA= I V Bobi K2(s)D(s)dső ~ —Bo ger —, 
Po 


where f is the focal length of quadrupole. ger = (—BAs/Bp)D is the effective 
chromatic gradient error due to feed down of the off momentum orbit, (ByAs/Bp) is 
the integrated sextupole strength, and D is the dispersion function. Since the phase 
of A or B propagates at twice the betatron phase advance (see Exercise 2.3.10), 
two identical quadrupoles (sextupoles) separated by odd multiples of 90° in betatron 
phase advance cancel each other. Similarly, two identical quadrupoles (sextupoles) 
separated by an integer multiple of 180° in betatron phase advance will produce ad- 
ditive coherent kicks. By using sextupole families, the global chromatic perturbation 
function of the lattice can be minimized. The treatment is identical to the stopband 
integral to be discussed next. 


A. Systematic chromatic half-integer stopband width 


We have found that the perturbation of betatron function is most sensitive to stop- 
band integrals near p ~ [2v] harmonics (see Sec. II.4). The effect of systematic 
chromatic gradient error on betatron amplitude modulation can be analyzed by using 
the chromatic stopband integrals of Eq. (2.120): 
1 Peer 1 ehh 
ee f br AK, e hds, Jps= = f B.AK,e7)?* ds. (2.206) 


ka on 
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We consider a lattice made of P superperiods, where L is the length of a superperiod 
with K(s + L) = K(s), 6(s + L) = G(s). Let C = PL be the circumference of the 
accelerator. The integral of Eq. (2.206) becomes 


ô L ; 2m op ot 32T 
Joy = RESI BK yeas} [ite PP 4 e IPP 4 e IPP 4... 
0 
ô f” i pai 
a tx | yKye*as} Cl) eter, (2.207) 
0 
sin( Pur) 
Go) = tay (2.208) 


where y stands for either x or z. The diffraction-function ¢,(u) + P as u > integer. 
Thus the stopband integral Jpy = 0 unless p = 0 (Mod P). At p = 0 (Mod P), 
the half-integer stopband integral increases by a factor of P, i.e. each superperiod 
contributes additive to the chromatic stopband integral. 

Since the perturbation of betatron functions is most sensitive to the chromatic 
stopbands near p ~ [2v,] and [2v,], a basic design principle of strong-focusing syn- 
chrotrons is to avoid important systematic chromatic stopbands. This can be achieved 
by choosing the betatron tunes such that [2v,] and [2v,] are not divisible by the su- 
perperiod P. For example, the AGS lattice has P = 12, and the betatron tune should 
avoid a value of 6, 12, 18, etc. The actual betatron tunes at Vs; = 8.8 are indeed far 
from systematic half-integer stopbands at p = 6 and 12, and the resulting chromatic 
perturbation is small. In fact, the AGS lattice can be approximated by a lattice made 
of 60 FODO cells. The important stopbands are located at p = 30,60, 90---, which 
are far from the betatron tunes. Similarly, the TEVATRON has a super-periodicity 
of P = 6, and the betatron tune should avoid 18, 24, 30, etc. 

Generally, it is beneficial to design an accelerator with high super-periodicity so 
that the betatron tunes can be located far from the important chromatic stopbands. 
Some examples of high superperiod machines are P = 12 for the ALS, P = 40 for 
the APS, P = 36 for the ESRF, and P = 44 for the SPRING-8 at JSRF. However, 
a high energy accelerator or storage ring with large super-periodicity is costly. Thus 
the goal is to design an accelerator such that the chromatic stopband integral of each 
module is zero, or stopband integrals of two modules cancel each other. 


B. Chromatic stopband integrals of FODO cells 


Now we examine the chromatic stopband integral of the arc, which is composed of N 
FODO cells. The chromatic stopband integral in thin-lens approximation is 


Jae ð Bmax Bin -ip [1 Le jp? be j2p2 Le j3p2 fis ey 
í 27 f f 


26 ® ti b 5 aan 
— reos? (sin 2 cos 2- H jsin = ) EE ) e ERE, 
2 


166 CHAPTER 2. TRANSVERSE MOTION 


where ® is the phase advance per cell, Bmax and Bmin are values of the betatron ampli- 
tude function at the focusing and defocusing quadrupoles respectively, f is the focal 
length of each quadrupole, and the diffracting function ¢,,(u) is given by Eq. (2.208). 
If pb/27v = 0 (Mod N), the diffracting function is equal to N. This means that 
each FODO cell contributes additive to the stopband integral. Fortunately, since 
©/27 is normally about 1/4 (90° phase advance) so that p®/2rv ~ p/4v ~ 1/2, 
the chromatic stopband integral at p ~ 2v due to N FODO cells is small. If NỌ = 
integer x7, the transfer matrix of the arc is a unit matrix J or a half-unit matrix —I 
and the chromatic stopband of the arc adds up to zero at harmonics p % 2v. 


C. The chromatic stopband integral of insertions 


Because of its small 6* value, the insertion may contribute a substantial amount to 
the chromatic stopband integral. The high-6 triplets or doublets on both sides of the 
IP contribute additive to the systematic half-integer stopband near p ~ 2v,/,. Since 
it is difficult to design an insertion with zero chromatic half-integer stopband width, 
cancellation of the chromatic stopband integrals between two adjacent insertions is 
desirable. 

Let ®S and J be respectively the phase advance and the chromatic stopband 
integral of an insertion. The total contribution of two adjacent insertions becomes 


: ins 
Jp = Ja" i + exp (;” 7 )| : 


At the harmonic p ~ [2v], we obtain J, = 0 if ®™§ = (2n + 1)r/2. The chro- 
matic stopband integrals of two adjacent insertions cancel each other for two adjacent 
quarter-wave modules. This cancellation principle remains valid when two insertions 


are separated by a unit transfer matrix. Such a procedure was extensively used in 
the design of RHIC and SSC lattice.®° 


D. Effect of the chromatic stopbands on chromaticity 


The chromatic stopband integrals for large colliders, such as the SSC and RHIC, re- 
main important even after careful manipulation of piecewise cancellation, particularly 
when the beam momentum spread is large. They give rise to a large betatron ampli- 
tude modulation, called betabeat, and second-order chromaticity for off-momentum 
particles. The following example illustrates the effect of betatron amplitude function 
modulation on chromaticity. 


695. Y. Lee, J. Claus, E.D. Courant, H. Hahn, G. Parzen, IEEE Trans. Nucl. Sci. NS-32, 1626 
(1985); S.Y. Lee, G.F. Dell, H. Hahn, G. Parzen, Proc 1987 Part. Accel. Conf., p. 1328, (1987); A. 
Garren, private communications; see also SSC reports. 
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We consider a lattice dominated by a single p harmonic half-integer chromatic 
stopband. The beta-beat of the lattice is 
AB _ _|Jp| cos(p + x) 
b 2(v — p/2) ” 
where the chromatic stopband integral J, given by Eq. (2.206), is proportional to ô. 
Substituting 6 = 69(1 + AG/Go) into Eq. (2.199), we obtain 


Av, = cH Hi C2) § fee, 


1 
Ce f b, (Ky — S,D)ds, 
(Ipul? / 8? 
4(vy — p/2)’ 


where y stands for either x or z, If the first-order chromaticity is corrected, then 
of) = 0. The remaining second-order tune shift of) §? can arise from the chromatic 
stopband integral. Figure 2.43 shows an example of the second-order chromatic tune 
shift with ô. The stopband correction that minimizes the 5-beat also minimizes the 
second-order chromaticity. 


(2) _ (1) 
co?) = -00 — 


Yy 


E. Effect of sextupoles on the chromatic stopband integrals 


The chromatic sextupoles also contribute to the systematic chromatic stopbands. 
Here we present an example of chromatic correction for a collider lattice. First we 
evaluate the stopband integral due to the chromatic sextupoles. Let Sp and Sp be 
the integrated sextupole strength at QF and QD of FODO cells in the arc. The p-th 
harmonic stopband integral from these chromatic sextupoles is 

ô po 


az Sv (5) [Be Se Dr + BoSpDpeH2™] e Aea, (2.209) 


Jj = 


where N is the number of cells, and the diffraction function ¢,, is given by Eq. (2.208). 
As in Eq. (2.207), the stopband integral is zero or small if N®/m = integer, i.e. 
the chromatic sextupole does not contribute significantly to the chromatic stopband 
integral if the transfer matrix of the arc is J or —I. 

To obtain a nonzero chromatic stopband integral, sextupoles are organized in 
families. We consider an example of a four-family scheme with 


{Spi = Sp+ Ap, Spi = Sp + Ap, Spo = Sp — Ap, Sp = Sp — Ap}, 


that is commonly used in FODO cells with 90° phase advance. Here the parameters 
Sp and Sp are determined from the first-order chromaticity correction, Since {(s) 
and D(s) are periodic functions of s in the repetitive FODO cells, the parameters 
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Ap, Ap will not affect the first-order chromaticity, which is proportional to the zeroth 
harmonic of the stopband integral. However, the chromatic stopband integrals due 
to the parameters Ap and Ap are 

ô po 1 
am 2 
At p ~ [2v] and ®/27 ~ 1/4 (90° phase advance), we have ¢,, + N, i.e. every FODO 
cell contributes additive to the chromatic stopband. The resulting stopband width is 
proportional to Ap and Ap parameters. By adjusting Ap and Ap parameters, the 
betabeat and the second-order chromaticity can be minimized. The scheme works best 


for a nearly 90° phase advance per cell with NỌ = integer x m, where the third-order 
resonance-driving term vanishes also for the four-family sextupole scheme. Fig. 2.43 


A Jp sext = ) [br Ar Dr + BpAp Dye 2/44] e-IN-DIp?/27)-1/2], 


shows an example of chromatic correction with four families of sextupoles in RHIC, 
where the second-order chromaticity and the betatron amplitude modulation can be 
simultaneously corrected. 

Similarly, the six-family sextupole scheme works for 60° phase advance FODO 
cells, where the six-family scheme: {Sp1, Spi, Sr, Sp2, Sr3, Sp3} has two additional 
parameters. 


V.4 Lattice Design Strategy 


Based on the linear betatron motion of previous Sections, the lattice design of ac- 
celerator can be summarized as follows. The lattice is generally classified into three 
categories: low energy booster, collider lattice, and low-emittance lattice storage 
rings. 


e The betatron tunes should be chosen to avoid systematic integer and half-integer 
stopbands and systematic low-order nonlinear resonances. 


e The chromatic sextupoles should be located at high dispersion function loca- 
tions. The focusing and defocusing sextupole families should be located in 
regions where b, >> §,, and Br < p, respectively in order to gain independent 
control of the chromaticities. 

e The chromatic aberration can be corrected by sextupole families via half-integer 
stopband integrals. In colliders, chromatic sextupoles located at high luminosity 
mini-( insertion region can provide effective chromatic-aberration correction. 


e The betatron amplitude function and the betatron phase advance between the 
kicker and the septum should be optimized to minimize the kicker angle and 
maximize the injection or extraction efficiency. Local orbit bumps can be used 
to alleviate the demand for a large kicker angle. Furthermore, the injection 
line and the synchrotron optics should be properly “matched” or “mismatched” 
to optimize the emittance control. To improve the slow extraction efficiency, 
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the 8 value at the (wire) septum location should be optimized. The 6, and b, 
values at the injection area, particularly in the strip injection scheme, should be 
adjusted to minimize emittance blow-up due to multiple Coulomb scattering. 
The local vacuum pressure at the high-6 value locations should be minimized 
to minimize the effect of beam gas scattering. 


e It is advisable to avoid the transition energy for low to medium energy syn- 
chrotrons in order to minimize the beam dynamics problems during accelera- 
tion. 


e Experience with low energy synchrotrons indicates that the Laslett space-charge 
tune shift should be limited to about 0.3 (see Exercise 2.3.2). This criterion 
usually determines beam emittance and intensity. 


Besides these design issues, problems regarding the dynamical aperture, nonlinear 
betatron detuning, collective beam instabilities, rf system, vacuum requirement, beam 
lifetime, etc., should be addressed. Some of these issues will be addressed in this 
introductory textbook. The design of minimum emittance electron storage rings will 
be discussed in Chap. 4, Sec. III. 


Exercise 2.5 


1. Show that the chromaticity of an accelerator consisting of N FODO cells in thin-lens 
approximation is 


tan(®/2) 
Cc = +. 6/2 V, 


where ® is the phase advance per cell and v = NẸ/2r is the betatron tune. 


2. A set of three quadrupoles ({Qri Qp2 Qr3} or {Qp1 Qre Qp3}), called a low-8 
triplet, is commonly used in insertion regions to provide horizontal and vertical low-3 
squeeze. 


(a) Show that the low-beta triplets contribute about 


units of natural chromaticity, where As is the effective distance between the 
triplet and the interaction point (IP), 5* is the value of the betatron amplitude 
function at IP, and Bmax is the maximum betatron amplitude function at the 
triplet. 


(b) If Bmax > 8*, show that the betatron phase advance between the triplet and IP 
is 7/2. 


(c) Show that the triplets on both sides of IP contribute additive to the stopband 
integral at p ~ 2v, where v is the betatron tune. 
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3. Show that the strengths of two sextupole families used to correct the chromaticities 


of FODO cells are 
A sin(®/2) z 1 sin(®/2) 
2/0 (1 + 4sin(6/2))’ °P 20 (1 — Esin(@/2))’ 
where f is the focal length of the quadrupole in the FODO cell, @ is the dipole bending 


angle of a half FODO cell, and ® is the phase advance of the FODO cell. Note that 
the required sextupole strength is larger at the defocusing quadrupole. 


Sp 


Show that the chromatic stopband integrals for a lattice made of N FODO cells in 
thin-lens approximation are 


J pee ô (H Bx (D) eia) a (E Jemin -D/N, 


Oe fr fo 
Jz = 2 ( a i a edenle Z ere, 


where ®,,®,, and Vr, Vz are the phase advances per cell and the betatron tunes, 
Bz, Bz are betatron amplitude functions, fẹ and fp are focal lengths for focusing and 
defocusing quadrupoles, and the diffraction function ¢,,(u) is given by Eq. (2.208). 
Assuming fp = fp with Ọs = ®, = ® = 2rv/N, show that the chromatic stopband 
integral is 


26 d 
Iz i ue 


; Ler, PE —jpn(2N—1)/2N 
= S | ‘N)e7IP™ : 
: ae z 5 S 3 jsin aN Cy (p/N Je 


Verify Eq. (2.209). 


The AGS is composed of 12 superperiods with 5 nearly identical FODO cells per 
superperiod. The betatron tunes are v, = 8.8 and vy = 8.7. Calculate the systematic 
stopband widths for harmonics 17 and 18 respectively. What region of betatron tunes 
should be avoided to minimize the effect of systematic stopbands? 


The Fermilab booster is a combined function synchrotron. The lattice is made of 24 
cells, as shown below. 
FNALBSTCELL : LINE = (BF $120 BF S050 BD S600 BD S050) 
BF : SBEND L = 2.889612 K1 = 0.0542203 ANGLE = 0.070742407 
BD : SBEND L = 2.889612 K1 = —0.0577073 ANGLE = 0.060157561 
Sabe : DRIFT L = a.bc 


Find the systematic stopband width and discuss the choice of the betatron tunes. 


Use the experimental data below to calculate the chromaticity of the IUCF cooler 
ring, where 7, = 4.6 and C = 86.82 m, at 45 MeV proton kinetic energy. 


Betatron tunes vs revolution frequencies of the cooler 


Frequency [MHz] | 1.032680 | 1.031680 | 1.030680 
Qz 3.7156 3.7243 3.7364 
Qz 4.6790 4.6913 4.7080 
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VI Linear Coupling 


We have discussed uncoupled linear betatron motion, but in reality betatron motions 
are coupled through solenoidal and skew-quadrupole fields. The solenoidal field exists 
in electron cooling storage rings, and in high-energy detectors at the interaction point 
(IP). The skew-quadrupole field arises from quadrupole roll, vertical closed-orbit error 
in sextupoles or horizontal closed-orbit error in skew sextupoles, fringe field of a 
Lambertson septum, and feed-downs from higher-order multipoles. 

Linear betatron coupling is both a nuisance and a benefit in the operation of 
synchrotrons: the available dynamical aperture for particle motion may be reduced, 
but the vertical emittance of electron beams in storage rings can be adjusted, and 
the Touschek lifetime limitation can be alleviated by linear coupling. 

This Section discusses beam dynamics associated with linear betatron coupling 
arising from skew quadrupoles and solenoids. The effective linear coupling Hamilto- 
nian and resonance strength will be derived based on perturbation approximation. 
Here we find that the linear coupling can induce energy exchange between horizon- 
tal and vertical betatron motions. Furthermore, we show, in Sec. IV, that a skew 
quadrupole at a high horizontal dispersion location can produce vertical dispersion, 
which can generate vertical emittance for electron beams and result in lower lumi- 
nosity for colliders (see Exercise 2.4.10). Thus measurement and correction of linear 
coupling are important. 


VI.1 The Linear Coupling Hamiltonian 


The vector potentials for skew quadrupoles and solenoids are given by 


1 OB, OB, 
A,=A,=0, A; = =(—— —- ——)az, for skew quadrupoles, 
i 202 ox (2.210) 
Ag = Pils)z, A, = —5 Bi ls), A, =0, for solenoids, 


where Bi(s) and 4 (2B: — 2e) are solenoid field strength and skew-quadrupole gra- 


dient. Substituting the components of the vector potential into the Hamiltonian in 


Eq. (2.15), we obtain the linearized equations of motion (see Exercise 2.6.3): 


(2.211) 


a" + Ka(s)x + 2gz' — (q — g')z = 0, 
z" + K.(s)z + 2gx' — (q + g')z = 0, 


where the primes are derivatives with respect to independent variable s, K, and K, 
are quadrupole-like focusing functions, and 


g(s) 


_ By(s) ME. - E A 


2Bp’ 
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are effective solenoid and skew quadrupole strengths. The skew quadrupole can also 
arise from “feed-down” of an off-centered vertical closed orbit in sextupoles. Let zco 
be the closed orbit at a sextupole with sextupole strength By = 0°B./0x?. The 
effective skew quadrupole strength becomes q = Bo2o/ Bp. 

Let (2, p,./p;z,p-/p) be the conjugate phase space coordinates. The betatron 
motion of Eq. (2.211) can be derived from the linearized Hamiltonian: H= Ho + Vic, 
where 


y= (ey HOPO) (2) + (Kl9) +90) 2 


Vie = ~al sre — gls) [E2 — Ba] (2.213) 


When the linear coupling potential Vie is small, we carry out perturbation expansion 
based on betatron motion of Ho. Applying Floquet transformation of Eq. (2.55) to 
the uncoupled Hamiltonian Hp, we obtain the coupling-potential: 


Vic = (Babiha) | |--o (2E - 2) boste, +.) + osf, ~ 0.) 


+g (+- =) sin(®, + ®,) 4 (> =) sin(®,— 8) (2.214) 


where ®, = ¢, + Y2(8) — VrO, Xa = a. ae ©, = $; + xX-(8s) — v0, Xz = So A The 
conjugate-pair action-angle coordinates are (Jz, @z) and (Jz, z) The Panian 
produces two resonances with driving terms listed in Table 2.2. 


Table 2.2: Linear coupling resonances and their driving terms 


Resonance Driving phase Amplitude- Classification 
dependent factor 
-a Lae (ee \ TEE eee 
Vr +v: =L (©, +8.) II sum resonance 


1/2 71/2 
x zZ 


Ve — v, =L (®,-— ®,) difference resonance 


Since Vie(s) is a periodic function of the ”time coordinate” 0 = s/R, it can be 
expanded in Fourier harmonics as 


TÈ {Gi, _1 ee Ge oz—€04+X1,— 0) 4 c.c + Gi gel betes txie) +c.c}, 


where R is the average radius of accelerator, l is the integer Fourier harmonic. The 
Fourier coefficients of the difference and sum resonances, G',+1,ce7*!#!, are 


Giaie QE = =f V Bab Aica (s) ellxatxz (vetvz Dolds (2.215) 
T 


Als) = -2 +E- E T] 
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where vr, V, are the unperturbed betatron tunes, and A),(s) is the linear coupling ker- 
nel of the linear coupling potential Eq. (2.214). Both skew quadrupoles and solenoids 
can drive the sum and difference linear coupling resonances. We choose the resonance 
phase y so that the Fourier amplitude (also called resonance strength) is Gi +1,2 > 0. 


The linear coupling potential has been decomposed into terms of the difference 
and sum resonances located respectively at Vy — v, = l and vy, +v, = l, where £ and 
l are integers. In general, the coupling betatron sum-resonances are dangerous to the 
stable betatron motion. We will show, in Sec. VII, that the horizontal and vertical 
betatron amplitudes can grow without bound near a betatron sum resonance. Thus 
the betatron tunes are normally designed to avoid sum resonances. 


If the linear coupling kernel A+ satisfies a periodic condition similar to that in 
a synchrotron with P superperiods, the resonance coupling coefficient Gy +1, will 
be zero unless @ is an integer multiple of P. If £ is an integer multiple of P, each 
superperiod contributes additive to the linear coupling resonance strength. This 
is called the systematic linear coupling resonance. For example, since the super- 
periodicity of the LEP lattice is 8, the difference between the integer part of the 
horizontal and vertical betatron tunes should not be 0, 8, 16, ---, to minimize the 
effect of the systematic linear coupling resonance. The strength of the linear coupling 
resonance due to random errors such as quadrupole roll and vertical closed orbit in 
sextupoles is smaller. It occurs at all integer £. 


Near a difference linear coupling resonance, the horizontal and vertical betatron 
motions are coupled. The coupling resonance can cause beam size increase and de- 
crease the beam lifetime. Thus the linear-coupling resonance-strength should be 
minimized, and the resonance strength is usually small. Thus the effective Hamilto- 
nian for betatron tunes near an isolated coupling resonance will be discussed in the 
following sections. 


VI.2 Effects of an Isolated Linear Coupling Resonance 


Since the betatron tunes are normally near a linear coupling line and the resonance 
strength G = G,_1, is also normally small, the effects of the linear coupling reso- 
nance on betatron motion can be studied in perturbation theory, by considering only 
an isolated coupling resonance. Near an isolated coupling resonance vy — v, = £, the 
Hamiltonian Eq. (2.213), in action-angle phase space coordinates, can be approxi- 
mated by 


H X vids + Ved. + Gy Jr Jz c08(br — Q- — 40 + xX), (2.216) 


where, for simplicity, we use the Fourier amplitude G = Gi,—1, > 0 and the phase 
factor X = X1,-1¢ of Eq. (2.215) hereafter in this chapter. 
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A. Normal modes at a single linear coupling resonance 


The Hamiltonian Eq. (2.216) corresponds to two coupled linear oscillators, which can 
be expanded in terms of two normal modes with tunes (see Exercise 2.6.5) 


1 1 1 1 
n+ = ria +u,+0)4 3% V+ = rhs +r: — l) 5 (2.217) 


, 


à = V (m — v, — OF + G2. (2.218) 


The betatron tunes are separated by A, and the minimum separation between the 
normal mode tunes is G. Figure 2.44 shows an example of measured betatron tunes 
vs quadrupole strength at IUCF cooler ring. By varying the strength of a focusing 
quadrupole, one changes the resonance proximity parameter 6 = Vy —v,+1. The 
normal mode tunes approach each other, reaching a minimum value of normal mode 
tune-separation, G as demonstrated in Fig. 2.44. This method is commonly used to 
measure the linear coupling strength and to correct linear coupling by minimizing 
tune-split with skew quadrupoles. 


wy ORR oo 

5 [ Gz o o z Figure 2.44: The measured betatron normal 
P 0.200 a È _| mode tunes vs the strength of an IUCF cooler 
8 E © ag g00 526 ] quadrupole, showing that the horizontal and ver- 
x paeh : an % | tical motion are coupled. The minimum distance 
3 [ T Pag x~*~dx } between two normal modes is equal to the cou- 
a p P a ] pling strength G. The vertical axis is the frac- 
8 CAS ax o 4 tional part of the betatron tunes, and the horizon- 
? E S a tal axis is the digital to analog conversion (DAC) 
E O14 aooo 5o00 o booo 1oooo Unit of a COMBO power supply for a set of hori- 

COMBO DAC zontally focusing quadrupoles. 


B. Resonance precessing frame and Poincaré surface of section 


To study the linear coupling, we transform the Hamiltonian Eq. (2.216) into a “res- 
onant precessing frame” by using the generating function: 


Folz, Qz, Ji, J2) = (be Qz £6 4 Xt H bz Je, 
Qı = r — bz — lO +X, 2 = $z, J = Jz, Jı = Jy + Jz. 


The new Hamiltonian is 


H = Hb Ja) + He) (2.219) 
Ay, = Oy J 4G Alh = J) cos Qı, Ho( Jo) = Vz Jo, 


where 6, = Vr — v; — £ is the resonance proximity parameter. 
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Hamilton’s equations of motion are 


. OH , : 
i= 55, OM Ji (Jo — Ji) sin 1, pea L 


ð 
i= ans yo Hm cos ġ , a (2.220) 
aR IIa Oa = OJ 


Since Jy = —OH/A¢2 = 0, we find 
J, + J, = Jy = constant. (2.221) 


The horizontal and vertical betatron motions exchange their actions while the sum 
of actions is conserved. The Hamiltonian H,(J,¢,) is autonomous, i.e. independent 
of the time coordinate 0, the Hamiltonian is itself a constant of motion. For a given 
Jy, all tori can be described by a single parameter H,(J1, 01, J2) = Ei, which is 
determined by the initial condition. The system is integrable with two invariants Jz 
and Hı = F}. 


C. Initial horizontal orbit 


We first consider a simple orbit with “energy” Eı = 6,J2, which corresponds to a beam 
with an initial horizontal betatron kick. The particle trajectory obeys Hı = 6, J2, or 


PQ = Jo, 
ra ae | [iv +4 — GyJ cos on =0 => 4 on, Mpa _ C2 
y — pe 2; 


where A = y8? + G?, and (Q = V2J; cos ġ1, P = — v2 J; sin ġ1) are phase space coor- 
dinates in the resonance rotating frame. The phase space portrait can be decomposed 
into two ellipses: a Courant Synder circle and a coupling ellipse. Figure 2.45 shows 
a schematic plot of the Courant-Snyder circle and the coupling ellipse of Eq (2.222). 
The coupling line is equivalent to the coupling line in the betatron tune space. 


yi Figure 2.45: Schematic drawing of the Courant-Snyder 
+ circle (dashed-dots) of Eq. (2.222) and the coupling el- 
| lipse of (2.222) with |6;| = A/V2. Particle motion on the 
oa Q coupling ellipse follows the path of solid line for 6; < 0 
oe and the dashed line for 6; > 0. At 6; = 0, the coupling 
Í line is the vertical line at Q=0. 


fo |=a/v2 


When the particle trajectory moves along the Courant-Snyder circle shown in 
Eq. (2.222) with Jı = Jo, the phase ¢, varies very rapidly. As the betatron oscil- 
lation reaches (Q = 0, P = \/2J2), particle trajectory follows the coupling ellipse 
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of Eq. (2.222), which is inside the Courant-Snyder circle. The minimum horizontal 
amplitude is 


ô 
[Qaia = bil V QJ. (2.223) 


If |6| > G, then |Qmin| ~ V2J2 and the betatron coupling is negligible. If 6, = 0, the 
coupling ellipse becomes a straight line cutting through the origin Q = 0 and P = 0. 
This means that the horizontal action can be fully converted to vertical action and 
vice versa. 


D. General linear coupling solution 


The (stable) fixed points of the Hamiltonian are determined by the conditions J, = 0 
and ¢@, = 0. They are located at ¢, = 0 or m with 


Jı — 2S, G + 61/2A) Jo, (¢1 = 0) 


jlo). 2 he í (i — &/2A)J, (ġ1=7) 


At SFPs, the horizontal and vertical betatron motions are correlated in phase without 
exchange in betatron amplitudes. Figure 2.46 shows 6 Poincaré surfaces of section 
in the resonance rotating frame with a given value of Jo = J, + Jz. The results 
are obtained from simple tracking calculations of particle motion in a synchrotron 
with perfect linear decoupled betatron motion everywhere except a localized skew 
quadrupole kick, where the betatron tunes are vy = 4.820, v, = 4.825, i.e. the 
resonance proximity parameter is 6, = —0.005. The integrated skew quadrupole 
strength is a;As/p = 0.00628 m~t. Using the values of betatron amplitude functions 
are r = 10 m and 6, = 10 m at the skew quadrupole location, we find the effective 
resonance strength is about G = 0.010. 


+G (2.224) 


50 | | | | | — Figure 2.46: Normalized phase space ellipses of P 

E J vs Q in the resonance rotating frame obtained from 
2 J numerical simulations of particle motion in a syn- 
g f ] chrotron with linear betatron motion and a localized 
g [ ] skew quadrupole kick. The values of the betatron 
=" 01- + amplitude functions at the skew quadrupole loca- 
a f J] tion is 6, = 10 m, and 8, = 10 m; the betatron 
-25 L | tunes of the machine are vy = 4.820 and v; = 4.825, 

1 ie. 6; = —0.005; the integrated skew quadrupole 

] strength is (a;As)/p = 0.00628 m~t. These ellipses 

BOIR | | | | “| correspond to various initial J; and ġı values with 


Jy = 90r mm-mrad. Note that the structure of the 


-50 —85 0 25 50 p i j š 2 
phase space ellipses remains the same if J is varied. 


Q (mm) 


With the coupling ellipse Eq. (2.222) rewritten as GVJ, cos 61 = 61./Jo — Jı, the 
Courant-Snyder ellipse Eq. (2.222) is divided into two halves (see Figs. 2.45 and 2.46). 
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Using Hamilton’s equations [Eq. (2.220)], we obtain 
A+ A = WS, (2.225) 


where J = (26, E + G? Jo) /2\? and E = & Jı + G\/Ji(Jo — J1) cos ġı. The solution 
of Eq. (2.225) is pure sinusoidal: 


J, = 4/ J? — (E/X)? cos[à0 + y] + J, (2.226) 


where |E| < AJ, and y is an initial phase factor. The SFPs of Eq. (2.224) correspond 
to the orbit with E = +4\J = AJ} fp. The tune of the linear coupling motion is 
independent of betatron amplitude.” 

If particles in a given bunch distribution have identical betatron tunes, linear 
coupling can cause bunch shape oscillations; the bunch will resume its original shape 
after \~! revolutions. But, if particles have different betatron tunes, they will orbit 
around different fixed points at different island tunes, and the motion will decohere 
after some oscillation periods. 


VI.3 Experimental Measurement of Linear Coupling 


To measure the effect of linear coupling, the horizontal and vertical betatron tunes 
are tuned to the linear coupling resonance line at v, — v, = l. In the following, we 
discuss an experimental study of linear coupling at the IUCF cooler ring. The cooler 
is a proton storage ring with electron cooling. The circumference is about 86.82 m, 
and the betatron tunes for this experiment were chosen to be 1, = 3.826, v, = 4.817 
with Ve — v; & —1. 

The experiment started with a single bunch of about 5 x 10° protons with kinetic 
energy of 45 MeV at the Indiana University Cyclotron Facility cooler ring. The cycle 
time was 10 s, and the injected beam was electron-cooled for about 3 s before the 
measurement, producing a full-width at half-maximum bunch length of about 9 m 
(or 100 ns) depending on the rf voltage. The rf system used in the experiment was 
operating at harmonic number h = 1 with frequency 1.0309 MHz. Since the emittance 
of the beam in the cooler is small (0.05 7-mm-mrad), the motion of the beam can be 
visualized as a macro-particle. 

The coherent betatron oscillation of the beam was excited by a single-turn trans- 
verse dipole kicker. For the IUCF cooler ring, we used a kicker with rise and fall 


The motion about SFPs of a nonlinear Hamiltonian resembles islands in the phase space and is 
thus called island motion. Stable islands are separated by the separatrix orbit that passes through un- 
stable fixed points (UFPs). However, there is no UFP for the linear coupling Hamiltonian Eq. (2.219). 
The number of complete island motions in one revolution is called the “island tune.” Here we find 
that the island tune of coupling motion around SFPs is equal to A, which is independent of the 
betatron amplitude. 
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times at 100 ns and a 600 ns flat top. This is sufficient for a single bunch with a 
bunch length less than 100 ns at 1.0309 MHz revolution frequency. The subsequent 
bunch transverse oscillations from a BPM are detected and recorded. Figure 2.47 
shows a typical example of the beating oscillations due to the linear betatron cou- 
pling following a kick in the horizontal plane. The linear coupling in the IUCF cooler 
ring arose mainly from the solenoid at the electron cooling section, and possibly also 
from quadrupole roll and vertical closed-orbit deviations in sextupoles. The Lambert- 
son septum magnet at the injection area also contributed a certain amount of skew 
quadrupole field, which was locally corrected. 


Figure 2.47: The measured coherent betatron oscilla- 
tions excited by a horizontal kicker. The linear cou- 
pling gives rise to beating between the horizontal and 
vertical betatron oscillations. Note that the betatron 
beating between the x and z betatron motion gives rise 
to energy (action) exchange between the horizontal and 
vertical betatron oscillations. 


100 200 300 400 500 
Revolution number 


In the presence of linear coupling, the measured betatron tunes correspond to 
normal modes of the betatron oscillations. The beat period were measured to be 
about 120 revolutions, which corresponds to A ~ 0.0083, the tune separation between 
these two normal modes of Eq. (2.217). 


Determination of the linear coupling phase 


To measure the linear coupling phase y, we can transform the horizontal and the 
vertical Poincaré maps into the resonant precessing frame discussed in Eq. (2.220). 
Figure 2.48 shows the normalized phase space x, Pz and (z,P-) of the data shown in 
Fig. 2.47. The amplitude modulation of betatron motion is translated into breathing 
motion in the Poincaré map. The vertical map (z, P+) is 180° out of phase with that 
of the horizontal map. 

Transforming the phase space into a resonant precessing frame, we obtain a torus 
of 2D Hamiltonian shown in the middle-right plot of Fig. 2.48, where particle motion 
follows the Courant-Snyder invariant circle and a coupling ellipse (see also Fig. 2.45). 
The resonance phase was fitted to obtain an upright torus with a coupling phase of 
x = 1.59 rad. The coupling ellipse shown in the Poincaré surface section (middle- 
right plot of Fig. 2.48) has a small curvature, i.e. the proximity parameter 6, in this 
experiment is small. 

The orientation of the resonant line was used to determine the coupling phase 
x = 1.59 rad, where the relative betatron phase advances at the locations of horizontal 
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Figure 2.48: The betatron oscillations of Fig. 2.47 are transformed to the Poincaré map in 
the normalized coordinates (x, Py) (left-most) and (z, P+) (middle-left). Middle-right: The 
Poincaré surface of section in the resonant precessing frame derived from (x, x’) and (z, 2’), 
where Q = vV 2J1 bz cos ġ1, P = —V2J18, sin ġ1, and 8, = 7.55 m. Right: the actions J, vs 


J, showing the invariant of the linear coupling. 


and vertical BPMs were included. Converting the phase space coordinates into action- 
angle variables, the right plot of Fig. 2.48 shows an invariant of the linear coupling, 
ie. J, + J, = constant. 

The Poincaré map derived from experimental data at a 2D linear coupling res- 
onance shows invariant tori of the Hamiltonian flow by comparing the middle-right 
plot in Fig. 2.48 to the solid line in Fig. 2.45. The particle appears to stay longer at 
the coupling circle because any position J; = Jı < Jimax is on the coupling circle. 
The coupling circle is not the separatrix of the Hamiltonian! Using these invariant 
tori and Hamilton’s equations of motion, we can determine the magnitude and the 
phase of the linear betatron coupling. 


Determination of coupling strength G;_1, 


The measured action J; as a function of time and its time derivative dJ,/dN = Ind; 
are plotted in Fig. 2.49, where a five-point moving average of Jı is used to obtain 
a better behaved time derivative of the action Jı. The data of the time derivative 
dJ,/dN are fitted with Eq. (2.220) to obtain G1,—1, = 0.0078 + 0.0006 and x = 1.59 
rad, shown as a solid line in Fig. 2.49. 


“ET , E] son meres TesT""t Figure 2.49: The action J; (left) in 

B03 as on = [t-mm-mrad] and its time derivative, 

5 Jg OE y © f\ NJ] dJı/dN (right) in [t-mm-mrad/turn]. 
0.2 4E ooo- - AA ieee 

; Jg Be Z AJ The solid line in the left plot shows a 

Èo. genes f j five-point running average. The solid 

i E ee E E line in the right plot shows a fit by us- 


0-05 oo 200 800 400 5 -035 ioo 200 s00 400 500 ing Eq. (2.220) to obtain the coupling 
Turn number Turn number strength Gi—1e — 0.0078. 


The magnitude of the linear coupling obtained from the invariant tori agrees well 
with that obtained by the traditional method of finding the minimum separation of 
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the betatron tunes with combos of quadrupole strengths. The unperturbed betatron 
tune difference is 6; = —,/\? — Gi ae = —0.0028, where the — sign arises from the 
shape of the coupling ellipse. Since |1| is small, J, can reach nearly 0 in the coupled 
motion. In the above example, we show that a single digitized measurement can be 
used to obtain the magnitude and phase of the linear coupling. The exchange of the 
horizontal and vertical motion would be nearly 100% when |6;| < G and the initial 
condition is Jọ = Jo and Jọ = 0. We also note that the linear coupling motion 
depends on the initial condition of the horizontal and the vertical motion as shown in 
Fig. 2.46. It is possible to have no action exchange under the same coupling condition 
as verified by experiments.” 

Knowing the dynamics of the linear coupling of a single-particle motion may also 
help unravel questions concerning the dynamical evolution of the bunch distribution 
when the betatron tunes ramp through a coupling resonance. Such a problem is 
important for polarized proton acceleration in a low to medium energy synchrotron, 
where the vertical betatron tune jump method is used to overcome intrinsic depo- 
larizing resonances. When the betatron tunes cross each other adiabatically after 
the tune jump, the increase in vertical emittance due to linear coupling may cause 
difficulty in later stages of polarized proton acceleration. 


VI.4 Linear Coupling Correction with Skew Quadrupoles 


The linear coupling resonance is usually corrected by maximizing the beat period 
of the transverse betatron oscillations using a pair, or at least two families, of skew 
quadrupoles. Figure 2.50 shows the output from a spectrum analyzer using the A- 
signal of a horizontal beam position monitor (BPM) as the input. The difference signal 
or a A-signal from BPMs carries the information of betatron oscillations around the 
closed orbit. To measures the power of betatron motion, a spectrum analyzer was 
tuned to a horizontal betatron sideband at zero span mode and was triggered 1.5 
ms before the beam was coherently excited by a horizontal kicker. The beat period 
shown in Fig. 2.47 corresponds to the time interval between the dips of Fig. 2.50. The 
procedure for linear coupling correction is as follows 


1. Maximize the peak to valley ratio in the spectrum by using quadrupole combos. 
This is equivalent to setting 6, = 0 for attaining 100% coupling. 

2. Maximize the time interval between dips (or peaks) of the spectrum by using 
families of skew quadrupoles. This reduces the coupling strength G1,—1,. 


Repeated iteration of the above steps can efficiently correct linear coupling provided 
that skew quadrupole families have proper phase relations. This procedure is however 
hindered by betatron decoherence and by the 60 Hz power supply ripple, which is 


See J. Liu et al., PRE 49, 2347 (1993). 
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evident in Fig. 2.50. Other possible complications are closed-orbit changes due to off- 
center orbits in the quadrupoles and skew quadrupoles. However, the most important 
issue is that there is no guarantee a priori that the set of skew quadrupoles can 
properly correct the magnitude and phase of the linear coupling. Thus measurement 
of the coupling phase is also important. 


Figure 2.50: The spectrum of the A- 
signal from a horizontal BPM from a 
spectrum analyzer tuned to a betatron 
sideband frequency with resolution band- 
width 30 kHz and video bandwidth 30 kHz 
triggered 1.5 ms before a coherent hori- 
zontal kick. Note that (1) the time in- 
terval between these dips corresponded to 
the beat period of Fig. 2.47, (2) the de- 
cay of the power spectrum corresponded 
to betatron decoherence, and (3) the char- 
acteristic change in features at a 17 ms 
interval corresponded to a strong 60 Hz 
ripple, which altered betatron tunes. 


VI.5 Linear Coupling Using Transfer Matrix Formalism 


So far, our analysis of linear coupling has been based on single-resonance approx- 
imation in perturbation approach. The transfer matrix method of Sec. II can be 
expanded into 4x4 matrix by using transfer matrices for skew quadrupoles (Exercise 
2.6.1) and solenoids (Exercise 2.6.2). 

The 4x4 transfer matrix in one complete revolution can be diagonalized to obtain 
normal-mode betatron amplitude functions, and the coupling angle at each position 
in the ring.” This procedure has been implemented in MAD [23] and SYNCH [24] 
programs (see Exercise 2.6.6). 


Exercise 2.6 


1. This exercise derives the linear transfer matrix for a skew quadrupole, where the 
magnetic field is 


1 /OB, B; 
B, = —Boaız, Bz = Boaz, B,=0; with Boa == one — 9 ; 
2\ Ox Oz } p= 


72D.A. Edwards and L.C. Teng, IEEE Trans. Nucl. Sci. NS20, 885 (1973); F. Willeke and 
G. Ripken, p. 758 in Ref. [15] (1988); J.P. Gourber et al., Proc. 1990 EPAC, p. 1429 (1990); G. 
Guignard, et al., ibid. p. 1432 (1990); L.C. Teng, PAC1997, p.1359 1361; D. Sagan and D. Rubin, 
PRSTAB Vol. 2, 074001 (1999). 
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where Bo is the main dipole field strength, and a; is the skew quadrupole coefficient 
in multipole expansion of Eq. (2.19). Apparently, the skew quadrupole field satisfies 
Maxwell’s equation 0B, /0z + 0B,/0x = 0. The vector potential is 


A,=—Boajxz, Az,=0, A, =0. 
(a) Show that the equation of motion in a skew quadrupole is 


_ 1 Bz a 
Bp ðz p` 


r" +qz=0, z"+qr=0, where q= 


(b) Show that the transfer matrix of a skew quadrupole is 


C Sif CG. Sia 


ME —yq4S- Cy. —JqS+ C_ 
C- S-va Ce St / VG 
—JaS+ C_ —VJqs— Cy 
where 
o, = er coh? o= 2i cosh 
s, = Bete’ s = Ee’ 


0 = /qL, and L is the length of the skew quadrupole. 


(c) The coordinate rotation from (a, z) to (%, Z) by an angle ¢ is 


x x cos ġ 0 sin @ 0 
roa | g' _ 0 cos ġ 0 sin b 
ie R(¢) aan E R=] _ sin b 0 cosh 0 
Zz z 0 —sing 0 cos @ 


Show that the transfer matrix of a skew quadrupole is 
Mskew quad = R(—45°) Mauaa (45°), 


where Mguaa is the transfer matrix of a quadrupole. This means that a skew 
quadrupole is equivalent to a quadrupole rotated by 45°. 


(d) In the thin-lens limit, i.e. L —> 0 and qL —> 1/f, where f is the focal length, 
show that the 4x4 coupling transfer matrix reduces to 


=a (0 U _ (0 0 
M=14 7U: U e F v=(f ai 


2. Linear transfer Matriz of a Solenoid: The particle equation of motion in an ideal 
solenoidal field is 


z" +2gz' + g'z =0, z" — Iga’ — g'z = 0, 


eB (s) 
2p 


where the solenoidal field strength is g = 
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(a) Show that the coupled equation of motion becomes 
y" — j2gy' — jg'y = 0, 
where y= x + jz, and j is the complex imaginary number. 


(b) Transforming coordinates into rotating frame with 
. S 
g=ye/) where 0 =| gds, 
0 


show that the system is decoupled, and the equation of motion becomes 


—! 


g” +95 =0. 


Thus both horizontal and vertical planes are focused by the solenoid. 


(c) Show that the transfer matrix in the rotating frame is 


cos 8 Esin 0 0 
w= —gsin@ cosé 0 0 
0 0 cos 0 Ising |’ 
0 0 —gsinð cosé 
3 


where 8 = gs." 


(d) Transforming the coordinate system back to the original frame, i.e. y = e/°9, 
show that the transfer matrix for the solenoid becomes 


cos? 0 3 sin cos — sin 0 cos 0 — 7 sin? 0 
M= —g sin 0 cos 0 "cos? gsin 8? — sin 0 cos 0 
sin 6 cos 0 2 sin? 6 cos? 6 l sin 6 cos 0 
—gsin? 0 sinĝcosð — g sin 0 cos 0 cos? 0 


3. Show that Hamilton’s equations of motion for the Hamiltonian (2.213) in the presence 
of skew quadrupoles and solenoids are 


a! + Kq(s)e + 292! — (g-9")2 =0, 
z" + K.(s)z + 2ga’ — (q + g')x =0. 


z 


where g = Bi(s)/2Bp and q = —(0B./0z)/Bp = ai/p. 


(a) Show that the perturbation potential due to skew quadrupoles and solenoids is 


(b) Expand the perturbation potential in Fourier series and show that the coupling 
coefficient G1,—1,2 for the ¢-th harmonic is given by Eq. (2.215). 


T3Note here that the solenoid, in the rotating frame, acts as a quadrupole in both planes. The 
focusing function is equal to g?. In small rotating angle approximation, the corresponding focal 
length is f7! = g?L = ©?/L, where L is the length of the solenoid, and © = gL is the rotating 
angle of the solenoid. 
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(c) If the accelerator lattice has P superperiods, show that G1,—1, = 0 unless ¢ = 0 
(Mod P). 


4. Using the generating function 


F(x, bz, T1, 12) = (bx oz 40 t Xh H ozlo, 


show that the linear coupling equation of motion for the Hamiltonian (2.216) can be 
transformed into the Hamiltonian (2.219) in resonance rotating frame. 


(a) Show that the new conjugate phase-space variables are 


L=Je, h=Jr+ J} br: =br-—b2-CO+X, 62 = bz. 
(b) Find the invariants of the Hamiltonian (2.216). 
(c) Show that the equation of motion for J is 
Ë +h = Eið + hG} 0/2, 


where the overdot corresponds to the derivative with respect to orbiting angle 


0, 6) = Ve — vz — l is the resonance proximity parameter, \ = 4/6? + Ct aiw 
and Ey = ĝi + G1, -1,1 (I2 — J) cos ġ1 is a constant of motion. 


(d) Discuss the solution in the resonance rotating frame.” 


5. The Hamiltonian 
H = vgrJr + vzJz + Gi ie Je Jz cos(x — bz + x) 


for a single linear coupling resonance can be transformed to the normalized phase- 
space coordinates by 


{ X = 25, cos(x + Xx), Pr = —V2Jz sin(oe + Xx), 
Z = V2Jzc08(6; + xz), P = -V2Jzsin(¢z + xz), 


where Xs — Xz = x is a constant linear coupling phase (Mod 27) that depends on the 
location in the ring. 


(a) Show that the Hamiltonian in the new phase-space coordinates is 


1 1 1 
H= zv? + P2) 4 A + P?) 4 5G1,-10(XZ + PrPz). 


(b) Show that the eigen-frequency of the Hamiltonian is 


1 1 
V4 = z” TAE: z% A = 4/ (Va — Vz)? + [G1 -1l 


T4For a general discussion on linear coupling with nonlinear detuning, see J.Y. Liu et al., Phys. 
Rev. E 49, 2347 (1994). 
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(c) Solve X and Z in terms of the normal modes, and show that 


Gi -1.¢ 
= Se A a = 


cos(vip + &+) + A_cos(v_y + €_), 


X = A, cos(v4 y + & 


_ Gis 
A + [ô] 


where A,€+4 are obtained from the initial conditions. Particularly, we note 
that the “horizontal” and “vertical” betatron oscillations carry both normal- 
mode frequencies. 


6. Analyze the linear stability of the simple tracking model shown in Fig. 2.46, i.e. the 
particle motion in a synchrotron with linear betatron motion and a localized skew 
quadrupole kick. Show that the condition of linear stability for betatron motion is 


V BoB: 
f 


Ž < Min 


5 (1 + cos ®z)(1 + cos ®,) (1 — cos ®,.)(1 — cos ®,) 
| sin ®, sin ®,| , | sin ®, sin ®,| : 


where f is the focal length of the skew quadrupole, 3, and 8, are values of betatron 
amplitude functions at the skew quadrupole location, and ®, and ®, are betatron 
phase advances of the machine without the skew quadrupole. Based on your study 
of this problem, can you find the stability limit of a linearly coupled machine with 
superperiod P? 


7. Consider the sum resonance driven by skew quadrupoles, where the coupling constant 
Gig is given by Eq. (2.215). The Hamiltonian in the action-angle variables is given 
by 

H= Vy Jy or Vz J, F [G11] V Jz, Jz cos(Qr ga Qz — 40+ X+) 
where y+ is the phase of the coupling constant, 0 is the independent variable serving 
as the time coordinate, and £ is an integer near Vy + Vz, i.e. |Ve +v: — 4| <1. 


(a) Show that the difference of the actions, J, — Jz, is a constant of motion. 
(b) Let g = |Gi,1,¢|. Show that 


J = (9? — 8?) Jz + constant 
Ji = (9? — 8) Ja + constant 


where overdots are derivative with respect to the independent variable 0, and 
the resonance proximity parameter is 6 = vy + Vz — £. This means that if the 
tunes of a particle is within the sum resonance stopband width, i.e. |6| < g, the 


actions of the particle will grow exponentially at a growth rate of \/g? — 62. 
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VII Nonlinear Resonances 


Chromaticity correction discussed in Sec. V requires sextupoles. Thus sextupole 
magnets are an integral part of accelerator lattice design. Furthermore, modern high 
energy storage rings frequently use high field (superconducting) magnets that inher- 
ently have systematic and random multipole fields. Normally, the nonlinearity is of 
the order of 10-3 — 1074 compared with that of the linear component. However, when 
a resonance condition is encountered, the nonlinear magnetic field can give rise to 
geometric aberration on beam ellipses and particle loss. Careful analysis of the non- 
linear beam dynamics is instrumental in determining the dynamic aperture, which is 
defined as the maximum amplitude of a stable particle motion. This section addresses 
nonlinear geometric aberration due to sextupoles and higher order multipoles, and 
provides an introduction to this important subject using the first-order perturbation 
treatment. 


VII.1 Nonlinear Resonances Driven by Sextupoles 


Since sextupoles are indispensable for chromatic correction, we begin with their effects 
on beam dynamics. The vector potential for a 2D sextupole magnet is A, = A, = 0, 
A, = 2(a° — 3x27), where By = 0°B,/0x?|,_,_). The Hamiltonian in the presence 
of sextupole field is 


1 F 
H= [v? + Kra? + 2? + K2] + V3(2, z, 8), (2.227) 
1 Bal: 
V3(x, 2,8) = AOC = 322"), Ko(s) =F — 


where + signs correspond to positive/negative charged particles. For a particle 
with fractional off-momentum deviation Ap/po, the sextupole strength is Ko(s) = 


Bo(s) ~ — Ba(s) : s ‘ 
— Baling x = with ô = Ap/po. 


A. Tracking methods 


In the presence of sextupole magnetic field, Hill’s equation becomes 
1 
x” +K,(s)¢ = —5Ka(s)(2 — 2°), z" + K.(s)z = +Ko(s)az. (2.228) 


The evolution of phase space coordinates of a particle can be obtained by tracking 
the equation of motion, where thin lens (kick-map) approximation has often been 
used because sextupole magnets used in accelerator are usually short. Let S = 
f Ko(s)ds = Kolsextupole be the integrated sextupole strength. The changes of phase 


VII. NONLINEAR RESONANCES 187 


space coordinates at the sextupole magnet are” 


Ar = -58(0? — 2’), Az’ = Suz. (2.229) 


The propagation of phase space coordinates outside the sextupole magnet is trans- 
formed by the transfer mapping matrix (2.42). Figure 2.51 shows the Poincaré maps 
near a third order resonance at Vy = 3.66 and v, = 3.672 respectively with one sex- 
tupole in an otherwise perfectly linear accelerator. The betatron amplitude functions 
at the thin lens sextupole location are 6, = 20 m and a, = 0. The topology of 
the phase space maps forms mirror reflection when the tune moves across the third 
integer resonance. The region of stability decreases as the betatron tune approaches 
the third order resonance. 


T nr T T T T T T T T 


TP Spon 08888: Grea) ie 4J Figure 2.51: The Poincaré 
a maps for betatron motion per- 
turbed by a single sextupole 
magnet at a tune below (left) 
and above (right) a third order 
resonance. The integrated sex- 
tupole strength is S = 0.5 m~? 
with lattice parameters Bz = 
20 m, and a, = 0. Arrows indi- 
cate directions of motion near a 
separatrix. 


B. The leading order resonances driven by sextupoles 


In order to analyze the third order resonance analytically, we carry out Floquet trans- 
formation to the Hamiltonian (2.227). With Eq. (2.55) for coordinate transformation, 
the nonlinear perturbing potential V3(2, z, 5) becomes 


V2 


V3 = — Ia! Jabal B- Ka(8)[2 cos Da + cos(®, + 28) + cos(®, — 28, )] 
+2 JB Ka(s)[00s 3®, + 3 cos ®,], (2.230) 
where 
b= htl) -nð v= f FO =d.trul)—v8, f E 
o Be o Bs 


Tn this mapping equation for betatron motion, we disregard the effect of sextupoles on orbit 
length. Using Eq. (2.100), we find AC = (xAa’ + zAz’). 


188 CHAPTER 2. TRANSVERSE MOTION 


Here (Jz, @x) and (Jz, Qz) are pairs of conjugate phase-space coordinates, 0 = s/R is 
the orbiting angle, and R is the mean radius of the accelerator. Since V3 is a periodic 
function of s, it can be expanded in Fourier harmonics.” The Hamiltonian (2.227) 
expressed in action-angle variables with @ as “time coordinate” becomes 


H = Vrs +v:Jz+ 5 {G3 003” cos(3d¢. — L0 + &3.0,) 
£ 


+ Gi eJ}? J, c08(be + 262 — £0 + E2) 

+ Gy 2eJp!? J, cos(b, — 26 — 0 + &1,-2,) 

oid 030052" cos(a — LO + 73,0,3,0,¢) 

+ JoJ! J, cos(x — l0 + 73,0,1,2,0) } (2.231) 


where Z’s are integers. Because the potential V3 is an odd function of the betatron 
coordinates, sextupoles will not, in linear approximation, generate betatron detuning. 
Table 2.3 lists nonlinear resonances that can be excited by sextupoles in first-order 
perturbation theory. 


Table 2.3: Resonances due to sextupoles and their driving terms 


Resonance Driving term Lattice Amplitude Classification 

Vr + 2v; =L cos(®, + 2®,) Bs TA LET sum resonance 

Vr — 2v; =l cos(®, — 2®,) 126, ee Je difference resonance 
D= cos ®,, 1/26: Hi 1/2 Jes oo parametric resonance 
3V, = l cos 3®, pe! ? 3/ i parametric resonance 


The third order resonances occur at 31, = l, Ve + 2v, = l and v, — 2v, = l and 
a peculiar integer resonance at v, = ¢ (see Exercise 2.7.7) driven by the sextupole. 
The resonance strengths are respectively 


eT eI8306 — 2 f BP Kalo s) ell [Bxx(s)— (3¥2—0)8] ds (2.232) 


Gia te = e = d pep, K(s) ef Xx(s)£2x2(s)—(v2t2v2—2)6] gg (2.233) 


91,0,3,0,¢ €” 1,0,3,0,€ — A eg s) ellxa(s)— (e-o dg 


91,0,1,2.0 eIM,0,1,2,0 — 1 f 06. K,(s) eilxe(s)-W2—-9)9] ds. 
T 


(xm)~'/?, where the factor 7 arises from unit of the action J discussed in Eq. (2.50). 


All sextupolar resonance strengths: G'3.9, G12, 91,0,3,0,¢; aNd 91,0,1,22, have the unit 


6G. Guignard, p. 822 in Ref. [14] (1988); G. Guignard, CERN 76-06, (1976). 
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The subscripts of G3,0,3,0, and G+2,1,2,¢ of dominant resonances have been shorten to 
G3,o,¢ and Gi, +22 for simplicity. The resonance phases €’s in Eq. (2.232) depend on 
the reference position in accelerator that we choose to calculate these integrals. We 
can choose the amplitudes of resonance strengths G's or g's to be positive. 


C. The third order resonance at 3v, = l 


As demonstrated in Fig. 2.51, the Hamiltonian (2.231) near a third-order resonance 
at 3v, = l can be well approximated by 


H ~ viJe + G3o¢ J3? cos (3¢2 — £6 + £3,0,), (2.234) 


where G3o,¢ and &39¢ are given by Eq. (2.232), (Js, x) are conjugate phase-space 
coordinates, 0 is the orbiting angle serving as “time coordinate,” v, is the horizontal 
betatron tune. The sextupole cause “geometric aberration” to the betatron motion. 
The magnitude of the geometric aberration depends on the resonance strength G3,o,¢ 
and the “resonance proximity” ô = Vs — £. 

If an accelerator has a superperiod P and the sextupole field satisfies the same 
periodic condition, the resonance strength G'39¢ is zero unless £ is an integer multiple 
of P (see Exercise 2.7.1). For example, if sextupoles are identical in each superpe- 
riod of the AGS, the systematic third-order resonance strength will be zero except at 
£ = 12,24, etc. Thus nonlinear resonances are classified into systematic and random 
resonances. Systematic nonlinear resonances are located at l = Pxinteger. At a sys- 
tematic resonance, each superperiod contributes coherently additive to the resonance 
strength. Since chromatic sextupoles are usually arranged according to accelerator- 
superperiod, one should pay great attention to systematic sextupolar nonlinear res- 
onances by choosing the betatron tune to avoid systematic third order resonances. 
Random sextupole fields induce nonlinear resonances at all integer £, and their res- 
onance strengths are usually weak. Nevertheless, the betatron tunes should avoid 
low-order nonlinear resonances. 

Transform the phase space coordinate to a resonance rotating frame with a gen- 
erating function to obtain new phase-space coordinates: 


e 3 l ? 
Fo(¢x, J) = (br — g Say = ¢=h- TES J = Js. (2.235) 
The Hamiltonian Eq. (2.234) and Hamilton’s equations of motion are 
H = 8J + G30, J”? cos 3¢, (2.236) 
> d 3 ; . dJ ; 
ġ= “ =+ 53007” cos 3¢, J= aa 3G302J°/ sin 3¢. 
where 6 = vs — ¢/3 is the resonance proximity parameter. Since the Hamilto- 


nian (2.236) is “autonomous” (meaning independent of the time (0) coordinate), the 
“Hamiltonian” is invariant. Particle motion in the phase space follows the contour of 
a constant Hamiltonian. 
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Stable and unstable fixed points 


The fixed points (FPs) of the Hamiltonian Eq. (2.236) are determined by J = 0 and 
d=0 (see Appendix A Sec. I.2). Without nonlinear detuning, there is no stable fixed 
point for the third order resonance. The action at the UFP, equation of motion near 
the UFP, and Hamiltonian value at the UFP are 


26 ‘ opp = +27/3 if 6/G <0 
1/2 _ FP ; 3,0,2 
Jure z Eas with { FP = +1 /3, T if ô/G3,0,2 S? (2.237) 
2 67 oy" 
K —30°°K —6 K? =0 E =- (=) , 2.238 
a UFP 3 3G3.0.2 ? ( ) 


where K = J— Japp. The motion near the unstable fixed point is hyperbolic. Because 
of the nonlinear term in Eq. (2.238), the amplitude grows faster than an exponential. 


Particle motion near a separatrix is marked with arrows in Fig. 2.51. 


Separatrix 


The separatrix is a Hamiltonian torus that passes through the UFP, i.e. H = Eppp- 
With Eq. (2.236), the separatrix orbit, for 0/G3,,¢ > 0, is 


[2x yf? x+) [P r+] =o, a 


(1,0), 
X+1 a 14 
X =1/2, P= ——, P =- X,P +, 2), 2.239 
/ V3 V3 ( Jisp i “By ( ) 
27 2 7" 


where X and P are X = \/J/J,,,cos¢, P = -y J/Jorp sing. Three straight lines 
divide the phase space into stable and unstable regions. The unstable fixed points 
(X, P) pp are the intersections of these three lines (see Fig. 2.51, where the right plot 
corresponds to the condition of Eq. (2.239). At ð > 0, particles near (x = 0, P, = 0) 
moves clockwise in the resonance rotating frame and counter-clockwise at ô < 0 (see 
Eq.(2.52) for the direction of betatron motion in phase space). At ô < 0, particle 
motion lags behind the resonance rotating frame and the phase space motion appears 
counter-clockwise. 

The dynamic aperture is defined as the maximum phase-space area for stable 
betatron motion. Near a third-order resonance, the stable phase-space area in (x, x’) 
is the area of the triangle bounded by Eq. (2.239), i.e. 3N3 Jupp = 5 (5/Gs.0,0)?- Beam 
loss may occur when particles wander beyond the separatrix. Without a nonlinear 
detuning term, the third-order resonance appears at all values of 6. The stable motion 
is bounded by the curve of Jis shown in Fig. 2.52. For a given aperture Jmax, We 
can define the third-order betatron resonance width as |d|wiatn = 2 x [31 1G oaduen. 
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The third-order resonance can be applied to slow extraction of beam particles 
from a synchrotron. The resonance phase &3,¢ depends on the position of sextupoles 
relative to the extraction septum. The stable phase-space area is proportional to the 
resonance proximity parameter 6? (see Eq. (2.237)). If the betatron tune vy is ramped 
slowly towards a third-order resonance, beam particles can be slowly squeezed out of 
stable area and extracted to achieve high duty cycle in physics experiments and other 
applications. 


Effect of nonlinear detuning 


Nonlinear magnetic multipoles also generate nonlinear betatron detuning, i.e. the 
betatron tunes depend on the betatron amplitudes (actions): 


Qr = Vr H QgrrJe H rads betty Q =V; 4 AnzJ x H Ozad Porta (2.240) 


The unit of the first order nonlinear detuning parameters a’s is (tm)~!. Typically 
magnitude of the detuning parameters is 10 ~ 104 (7m)~!. With the betatron de- 
tuning, the third-order resonance Hamiltonian in the resonance rotating frame is 


1 ' 
H=6J+ 57 + GJ’? cos 3ġ, (2.241) 


where we use a = a,, and G = G3, to simplify our notation. The fixed points of 
the Hamiltonian for a > 0 and G > 0 are 


3.3 16ad ` 
-2+ 2y1- ar , ¢=0,420/3 5<0 (UFP) 
adie 3 3 16a0d 902 
=e or 7 1- Sar ; g=7,+n/3 0<6< a (UFP) 
3 338 16að 2 
HAN sar =r, 47/3 6S (SFP) 


Figure 2.52 shows |a/G| x Le vs a6/G?. Stable fixed points appear in the presence of 
nonlinear detuning. The bifurcation of third-order resonance occurs at 16a6 = 9G”. 
Note that Jsrp > Jupp. A similar analysis can be carried out for a < 0. Resonance 
exists only in tune space with 16ad < 9G? for either a > 0 or a < 0. The dash-dot 
line in Fig. 2.52 shows the scaled Jie /\|G| vs the scaled proximity parameter 6/G? 
for zero detuning case. 


D. Experimental measurement of a 3v, = l resonance 


Because beam particles may be unstable at a nonlinear resonance, experimental mea- 
surements are generally difficult. It is easy to observe degradation of beam intensity 
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2.0F “4 Figure 2.52: The scaled fixed point action of the 
Hee ; J third-order betatron resonance vs the scaled res- 
l TA 7 onance proximity ô. The scaling parameters are 
e MOE Nod fae? 4 resonance strength G = G3 oe, and the nonlinear 
“E o.5 fH aO + detuning a = Qarr. The dash-dots line is the UFP 
4 - g 
AX oob r | =4 in the zero detuning limit, where J2 = |28/3G]. 
O 20b “ = There is no SFP for a = 0. The solid and dashed 
Sek 4 curves are |a/G| I? and la/G| 22, vs |a|6/G? 
cae -ax 4 for a < 0 (top plot) and a > 0 (bottom plot). 
bo oe i Note that Jgrp > Jurp. Bifurcation of the third- 
DSE S UFP 4 order resonance occurs at 16a = 9G? marked 
DoE A D = by a rectangle. Resonance islands appear only in 


o : 
als /G? tune space 16aô < 9G? for either a > 0 or a < 0. 


and lifetime near a resonance. Measurements of Poincaré maps near a third-order res- 
onance have been successful at SPEAR, TEVATRON, Aladdin, and the IUCF cooler 
ring. Figure 2.53 shows a Poincaré map obtained from a nonlinear beam dynamics 
experiment at the IUCF cooler ring. Converting into action-angle variables, we can fit 
these data by the Hamiltonian (2.241) to obtain parameters G's, and €, and obtain 
the parameter ô by measuring the betatron tune at a small betatron amplitude. Using 
these measured nonlinear resonance parameters, one can model sextupole strengths 
of the storage ring.” 


Figure 2.53: Left: The 
measured Poincaré map 
of the normalized phase- 
space coordinates (£, px) 
of betatron motion near 
a third-order resonance 
3vz = 11 at the IUCF 
cooler ring. Right: the 
TENN, l me i ba l Poincaré map in action- 


waa a, DT o 100 angle variables (J, ¢). 
z (mm) $ (deg) 


1 
J (x mm mrad) 


Particles outside the separatrix survive only about 100 turns. Tori for particles 
inside the separatrix are distorted by the third order resonance. The orientation of the 
Poincaré map, determined by sextupoles, rotates at a rate of betatron phase advance 
along the ring. The solid lines are Hamiltonian tori of Eq. (2.241) with 6 = —0.0060, 
IG3.0,11| = 2.2 (tm)~/?, and azz = 0, which gives Jurp = 3.3 tm. Equally good fix 
can be obtained by using the measured a,, œ% 650 (mm)~! to obtain Jupp = 3.1 Tum, 
and Jgrp © 27.6 (mum). 


"D.D. Caussyn, et al., PRA 46, 7942 (1992). 
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E. Other 3rd-order resonances driven by sextupoles 


Besides the third-order resonance at 3v, = l, sextupoles contribute importantly to 
the nonlinear coupling resonances at Vy + 2v, = l with integer 4.8 The third-order 
resonance strength can generally be obtained by taking the Fourier transform of 
Eq. (2.230). The difference resonance at vy — 2v, = £ produces betatron coupling (see 
Exercise 2.7.2). The invariant of this difference resonance is 2J, + J, = constant, i.e. 
There is an exchange of the horizontal and vertical motion, but each plane is limited 
by the invariant quantity. If the initial horizontal emittance is large, the difference 
resonance can cause a large increase in the vertical emittance and thus can also cause 
beam loss in the vertical plane. 

Isochronous cyclotrons, discussed in Chapter 1, require the phase-slip-factor 7 = 0 
of Eq. (2.165). This means that the transition energy yr % Vs = y, where y is the 
Lorentz energy factor of the beam. Thus all isochronous cyclotrons are designed 
to have v, ~ y during the acceleration. Since the vertical betatron tune of the 
isochronous cyclotrons lies between 0.5 to 1. Passing the v, — 2v, = 0 resonance 
is almost un-avoidable. This resonance in the cyclotron community is called the 
Walkinshaw resonance (see Exercise 2.7.2). 

The invariant of the sum resonance at v, + 2v, = £ is 2J, — J, = constant (see 
Exercise 2.7.3). This means that the actions of the horizontal and vertical planes can 
increase simultaneously to a large value, and the particle can get lost at large ampli- 
tudes. All sum resonance can cause beam emittance to blow-up in both horizontal 
and vertical planes and leads to beam loss 

Furthermore, Eq. (2.231) shows that sextupoles also drive nonlinear resonances 
at Vs = l. Exercise 2.7.7 illustrates the difference between the nonlinear vy, = £ 
resonance and the linear betatron resonance discussed in Sec. II.1. 


VII.2 Higher-Order Resonances 


It appears, from the Hamiltonian in Eq. (2.231), that sextupoles will not produce 
resonances higher than the third order ones listed in Table 2.3. However, strong sex- 
tupoles are usually needed to correct chromatic aberration. Concatenation of strong 
sextupoles can generate high-order resonances such as 4v,, 2V,+2v,, 4Vz, 5Vz,..., ete. 
For example, carry out the second order canonical perturbation to the Hamiltonian in 
Eq. (2.231), the resonances of 3v, = £3 and vs = 4, can be combined to produce a reso- 
nance at 4v,, = l1 +3, which is a 4th order resonance (see Exercise 2.7.8). Figure 2.54 
shows the Poincaré maps of the single sextupole model of Fig. 2.51 at v, = 3.7496 and 
V, = 3.795, produced by a single strong sextupole in the accelerator. Exercise 2.7.8 


*8See M. Ellison et al., PRE 50, 4051 (1994) for the v, — 2v, = £ resonance, and J. Budnick et 
al., Nucl. Inst. Methods A368, 572 (1996) for the vz + 2v, = l resonance at the IUCF cooler ring. 
Experimental measurements of sum resonances are particularly difficult because of short lifetime 
and small beam current. 


194 


CHAPTER 2. TRANSVERSE MOTION 


illustrates a canonical perturbation method to explain the tracking result. Similarly, 
sextupolar resonances can drive higher order resonances at 2v, + 2v, = 4, etc. 
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Figure 2.54: The normalized 
phase space maps for the same 
sextupole model at vy = 3.7496 
(left) and vz = 3.795 (right) are 
shown in Fig. 2.51. Since res- 
onance islands only exist with 
Vy < 3.75 or vy < 3.8, the effec- 
tive nonlinear detuning must be 
positive. The largest phase space 
map marks the boundary of sta- 
ble motion. See Exercise 2.7.8. 


Accelerator magnets may have many nonlinear magnetic multipoles, which can 
introduce nonlinear perturbation to betatron motion. Employing strong sextupoles, 
nonlinear beam dynamics experiments at Fermilab TEVATRON were used to study 
the concept of smear, nonlinear detuning, decoherence, and dynamic aperture.” Sim- 
ilarly, nonlinear beam dynamics studies at the IUCF cooler ring show the importance 
of nonlinear resonances. Nonlinear beam dynamics is beyond the scope of this book. 
Here we give an example of the fourth-order parametric resonance at 4v, = 15.80 
The nonlinear perturbation plays an important role on the stability of particle beams 
in accelerators. Experimental measurements of the effects on particle motion are 
important. 

Near a weak fourth-order 1D resonance 4v, œ~ l, the perturbation potential of 
octupoles and the effective Hamiltonian can normally be approximated by 


V(s) =- + Zk s)\(x* — 62727 +24) +--- 
1 
H = vJ; + 5 Can Ie + GaoeJ? cos(4v, — 20 + £40,2), (2.242) 
. 1 e ; aati 
Gao, oe! = af K(s) ef xe(9)-Gve— 94 gg, (2.243) 
vi 


where K3(s) = =B3(s)/Bp is the octupole field strength for positive/negative charged 
particles respectively, G4o,¢ and €409, are the resonance strength and phase, and a,x 
is the nonlinear detuning. The phase space ellipses of Fig. 2.54 driven by a single 
sextupole can not be described by the Hamiltonian Eq. (2.242). 

Figure 2.55 shows the measured Poincaré map near a fourth-order resonance 4v, = 
15 at the IUCF cooler ring. The left plot shows the Poincaré map in the normalized 


9A. Chao, et al., PRL 61, 2752 (1988); N. Merminga, et al., EPAC1988, 791 (1988); T. Satogata, 
et al., PRL 68, 1838 (1992); T. Chen et al., PRL 68, 33 (1992). 
80S_Y. Lee, et al., PRL 67, 3768 (1991); M. Ellison et al., AIP Conf. Proc. No. 292, p. 170 (1992). 
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(x, P, = a,x + B,2")) phase space. The phase space map is transformed to the action- 
angle variables (J = J», = Ws) (see middle plot). The solid lines shows the fitted 
Hamiltonian tori of Eq. (2.242). 
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Figure 2.55: The measured betatron Poincaré map (surface of section) in the normalized 
phase space (left), and in action-angle variables (middle), and the fractional betatron tunes 
of particles (right) near a fourth-order resonance at the IUCF cooler ring. Be aware that 
action is not a constant motion near the resonance. 


In this example, the fourth-order resonance islands are enclosed by stable invariant 
tori. The phase-space ellipse is distorted into four island when the betatron tune sits 
exactly on resonance. The solid lines are the Hamiltonian tori of Eq. (2.242) with 
parameters 2, = 650 (wm)~!, Gasos = 80 (wm)~!, and ve — 3.75 = —7.8 x 1074, 
Because |Q;;| > 2|G40,15|, the resonance islands are bounded by stable tori, and 
because a > 0, the resonance occurs at 6 = Vy — 3.75 < 0, where 6 = 0 is called 
the bifurcation point (see Exercise 2.7.5 for the parametric dependence of the 4th 
order resonances). The right plot of Fig. 2.55 shows the fractional betatron tune. 
Note that particles are locked onto the resonance tune across the phase space within 
the resonance islands. In the nonlinear physics, the constant tune step is called the 
”devil’s staircase,” or resonance line shown in the ” frequency map.” *! 

The tunes of beam particles trapped inside the resonance islands are modulated 
by the island tunes (see Exercise 2.7.6). Particles trapped inside the resonance islands 
can be driven out by a transverse kicker at the island tune frequency.*? 

If we define the particle instantaneous tune as 


p= 2 Col gin) = 


ġ-(n) — ġ-(n— 1) 
27 i 


2.244 
7 (2.244) 


the “tune” will oscillate around the resonance. Figure 2.56 shows the normalized 
Poincaré maps (left) and particle instantaneous tune (right) for a beam with 50 
particles in the presence of a fourth order resonance with v, = 0.2494, a = 37.4 
(m~t), Gao = 10.6 (m+). The resulting tune map differs from that deduced from 


81J, Laskar, Physica D 67, 257 (1993); and J. Laskar and D. Robin, Part. Acc. 54, 183 (1996). 
82See e.g. Wang, et al., PRE 49, 5697 (1994). 
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the frequency map, which extracts only the major component of the particle motion 
during the particle tracking. The solid line is the expected betatron tune vs amplitude. 
Since the action is not an invariant near a betatron resonance, the particle tunes are 
not given simply by Eq. (2.240). The dashed line is the tune of particles locked on the 
resonance. The frequency map method will put those particles at the resonance tune. 
However, their turn-by-turn particle tune of Eq. (2.244) varies as shown in Fig. 2.56. 


0.252 
qax 


] Figure 2.56: Left: The Poincaré 
] maps normalized phase space map 
of a beam of 50 particles near a 
4th order resonance. Right: The 
corresponding instantaneous par- 
ticle tune map (see Eq. (2.244)). 
| For particles locked on the reso- 
u] nance, their tune is 1/4 modulated 


OP ee cae 6 eo by their associated island tune. 
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VII.3 Nonlinear Detuning from Sextupoles and Octupoles 


Octupoles and multipoles with even order in phase space coordinates can produce 
nonlinear detuning. For example, the detuning parameters resulting from octupoles 
with K; = —B3(s)/(Bp) are 


—1 1 , 
a p Ruts, Azz = F f 08-Kads, Ozz = a f BR (2.245) 


Concatenation of strong sextupoles in high energy collider and storage rings can 
also induce substantial nonlinear betatron detuning. For sextupoles, the detuning 
coefficients Arr, rz, and a,, due to sextupoles are 


ie Bee ae p eee = Ibe, al) ,  300s(t He = — , 


sin 371, SIN TV, 


= e Pep, Baj a 
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where Wz i; = Uri — rj and v4; = Vz, — Wz are betatron phase advances from 
sj to si. Since the tune depends on the zeroth harmonic of a perturbed quadrupole 
field, the nonlinear detuning parameter is proportional to the superperiod of the 
accelerator. These coefficients can be evaluated from sextupole strengths distributed 
in one superperiod. 


VII.4. Betatron Tunes and Nonlinear Resonances 


A beam is composed of many particles. The betatron tunes of each particle depend on 
its of-momentum coordinate Ap/p 9 due to chromaticity, and on its betatron-actions 
due to magnetic multipoles, mean field of the space charge force, and beam-beam 
interaction for colliding beams. The incoherent Laslett space-charge tune spread of 
low energy high intensity accelerators can be as large as 0.5 (see Exercise 2.3.2). The 
beam-beam parameter £ of Eq. (5.52) is about 0.1 for high luminosity colliders. The 
detuning parameters of Eq. (2.240) are usually minimized to optimize the dynamic 
aperture. 

The betatron tunes should avoid the linear betatron resonances at Vs = m or 
v, = n, where m,n are integers, and half-integer integer betatron resonances at 
2v; = m or 2v, = n due to the linear imperfections. Similarly, the betatron tunes 
should avoid linear coupling resonances at v, + v, = £ driven by skew quadrupoles 
and solenoids discussed in Sec. VI. 


Sextupoles are important to chromatic correction discussed in Sec. V. We have dis- 
cussed several low order resonances driven by sextupoles in previous sections. Besides 
the sextupole, magnetic multipoles do exist in accelerator magnets. The Coulomb 
(space charge) force of the beam is also highly nonlinear. These nonlinear forces pro- 
duce higher order resonances. Figure 2.57 shows the betatron resonances up to the 
4th (left) and the 8th order (right), where the solid lines correspond to resonances 
due to normal multipoles, while the dashed lines arise from skew multipoles. The 
available resonance-free tune space becomes small. When the betatron tune spread 
of the beam becomes large,** resonance (stopband) correction becomes important for 
attaining beam stability. 

The lifetime of beams in many storage rings and colliders may suffer if the betatron 
tunes sit near a betatron resonance. The beam-beam interaction can drive higher 
order resonances observed at the SPPS colliders, proton-proton colliders, and many 
ete” colliders. For example, lifetime degradation has been observed near the 7th order 
resonance at the SPPS driven by beam-beam interaction with linear beam-beam tune 
shift parameter of &) = 3.3 x 1073 per crossing (see Eq. (5.52) in Chap. 5).When 
the beam-beam tune spread is large, the tune space that is free from high order 


83The betatron tune spread of a beam may arise from the incoherent space charge (Laslett) tune 
shift, chromaticity, beam-beam interaction, betatron amplitude detuning, etc. 
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Figure 2.57: The resonance 
lines: MzVz; + MzVz = integer 
Be ena ates A with |mz|+|mz| < 4 (left) and 

o, GANZ es |mz| + |mz| < 8 (Right). The 
3 INE RE | symbol qy and q; are the frac- 
tional parts of betatron tunes 
v, and v;. When higher or- 
der resonances are important, 


AU 
vAN SS S resonance-free tune space be- 
0.0 0.2 0.4 q 0.6 0.8 1.0 comes small. 

x x 


resonances becomes very small. Betatron tune stability has becomes an important 
issue for successful operation of storage rings. 


A. Emittance growth, beam loss and dynamic aperture 


As illustrated in previous Sections, resonances can form resonance islands with phase 
space area 16\/g/a in the asymptotic region (see Exercise 2.7.6e), where g is the 
effective resonance strength and a is the effective detuning parameter. A larger 
betatron detuning has a smaller resonance perturbation. If these resonance islands 
are bounded by invariant tori, the beam bunch is bounded, and the result is emittance 
growth, or “emittance dilution.” However, when both the betatron detuning and beam 
emittance are large, the betatron tune spread of the beam may cover many resonances 
and result in particle loss and limited dynamic aperture. 

When the betatron tunes of particles in a beam bunch sit on a resonance condition 
mv, + nv, = l, the betatron motion is strongly perturbed by a resonance, some par- 
ticles may be trapped in resonance islands, some may drift beyond dynamic aperture 
and lost. We design and operate accelerators to avoid all low order betatron reso- 
nances up to |m|+ |n| < 4 (see Fig. 2.57). The left plot of Fig. 2.58 shows phase space 
distribution of a Gaussian beam with rms emittance 4.64 mum sitting on a third order 
resonance at Vv; = 6.33 with Go, = 0.1483 (mm)~!/? and a = 391 (mm)7!. Beam 
density is diluted by the existence of a nearby resonance. Accelerator magnets are 
designed to minimize higher order multipoles, and thus higher order resonances are 
normally weaker. 

Similar experiments of beam loss and stability region in tune space have been car- 
ried out in electron analog of the AGS accelerator and the FFA accelerators.*4 These 
experiments confirm the Kolmogorov Arnold Moser (KAM) theorem: the particle 
motion in accelerator is stable and quasi-periodic if the betatron tunes can avoid low 
order resonances. 


848.D. Courant, Proc. of the CERN Symposium on High Energy Accelerators and Pion Physics 
Vol. 1, p. 257 (CERN, 1956); F. T. Cole, et al., Review of Scientific Instruments 28, 403 (1957). 
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20 vg=6.33 | E 

A Figure 2.58: Left: The final phase 
8 10F | space distribution of a beam with 
po rms initial emittance 4.6 mum sitting 
a OF 4 at Vz = 6.33 near a 3rd order res- 
onance with G = 0.1483 (rm) t? 

=10r J and a = 391 (mm)~!. Right: phase 
eure. : space distribution of the same beam 

-20 F = 0-1103 (im)-=1/2 gJ amna] (m į, 3 Crossing through the same third or- 


-20—10 0 10 20 -20—10 0 10 20 der resonance = ramping rate 
dvz/dn = 3 x 107°. 


The betatron tunes of a rapid cycling accelerator, including cyclotrons, may ramp 
through betatron resonances. Emittance of the beam can increase during the passage 
of resonances, and particles can also be trapped by resonance islands as the betatron 
tune moves away from the resonance. The right plot of Fig. 2.58 shows the phase 
space distribution when the betatron tune passes through a third order resonance. 

Experimental measurement of emittance growth and beam loss are useful in the 
understanding of nonlinear beam dynamics in accelerators. The energy change rate 
of FFA accelerators can be very fast because the magnetic field does not change. 
Figure 2.59 shows the beam loss and betatron tunes vs time of the Kyoto University 
Research Reactor Institute (KURRI) scaling FFA. Beam loss may occur when the 
betatron tunes cross resonance lines. Since the orbit of the FFA accelerator moves 
across the magnet aperture, the magnetic field multipoles may also change. It requires 
detailed magnetic field map to analyze beam loss mechanisms. Note that in this 
example the acceleration rate is not particularly fast. Further measurements of the 
emittance growth and beam loss vs the beam acceleration rate would be very useful. 


LS 


Figure 2.59: Movement of 


Horzootal 


Sak a | Set dl. S e ce 22 eee eee ees eee Š betatron tunes during ramp 
3 Bons 2 (Left) and fractional betatron 
5 J Fos as tunes and bunch charge vs time 

z Eos z (Right) during the ramp of the 


å KURRI scaling FFA (see Figs. 
22 and 23 in S.L. Sheehy et. 
Aa g oo al, Prog. Theor. Exp. Phys. 

ee Eee 2016, 073G01 Figs. 22, 23). 


B. Tune diffusion rate and dynamic aperture 


An offmomentum particle executes synchrotron motion at synchrotron frequency 
with Ap/po = (Ap/po) coswst, where ws is the angular synchrotron frequency of 
Eq. (2.169). Chromaticity can induce modulation to the betatron phase at the syn- 
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chrotron frequency, i.e. v = ¥9+(Av) cos wst. If the chromaticity is large, the betatron 
tunes may cross resonances causing emittance growth or particles being carried away 
in resonance islands. 


Tune modulation can also create overlapping resonances inducing chaos in regions 
of phase space where resonances overlap. Particularly, this can occur around the 
separatrix orbit. If the chaos is bounded by invariant tori, one may achieve emittance 
dilution without beam loss. When betatron tune is modulated, particles trapped 
in resonance islands can also be excited and driven out of resonance islands into 
separatrix and to an ever increasing amplitude. Such mechanism of particle diffusion 
causes emittance dilution and particle loss.*° In most cases, when chaos occur, beam 
loss is inevitable and beam lifetime will be reduced. 


The dynamic aperture (DA), defined as the maximum phase space boundary that 
beam particles can survive within the usable time in accelerators, is normally carried 
out by numerical simulations. There are a number of accelerator design and tracking 
programs [23, 24, 25]. Particles revolve about 103 — 10* turns in rapid cycling syn- 
chrotrons, and up to 10'° turns in storage rings. Normally, the DA numerical tracking 
is carry out in 10 to 10° revolutions. Long term tracking is time consuming. Nu- 
merical tricks, used in testing the stability vs chaoticity with shorter term tracking, 
are Lyapunov exponent and tune diffusion rate. 


The Lyapunov exponent measures the growth rate of the distance between two 
phase space points, initially infinitesimally small, in a dynamical system, i.e. A = 
+ In(|S¥(t)|/|O¥ (0)|), where [SY (t)| and |SY(0)| are the distances between two adja- 
cent particle phase space coordinates at time t and at time t = 0, and A is called the 
Lyapunov exponent. Chaotic phase space region exhibit positive Lyapunov exponent. 
In the stable phase space region, the Lyapunov exponent is 0, i.e. the distance is a 
linear or a sinusoidal function of time. 


The tune diffusion rate is defined as the logarithm of betatron tune distance 
between the first half and the second half of a particle tracking simulation, i.e. Diune = 
logio y (Yn (2) — v2 (1))? + (v-(2) — v-(1))?, where (v,(2), v.(2)) and (v,(1), v.(1)) are 
tunes obtained from the frequency map analysis from the second half and the first 
half of the particle tracking turns respectively. The tune diffusion rate would be small 
at the stable region, and become large near the chaotic or unstable region. Advance 
in accelerator physics understanding, numerical simulations becomes a reliable tool 
for the design of many accelerators. 


85See e.g. A. Gerasimov and S.Y. Lee, PRE 49, 3881 (1994); Y. Wang, et al., PRE 49, 5697 
(1994). For controlled emittance dilution see e.g. D. Jeon, et al., PRL 80, 2314 (1998); C.M. Chu 
et al., PRE 60, 6051 (1999); S.Y. Lee, K.Y. Ng, Proc. of HB2010, p. 639 (2010). 
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C. Space charge effects 


The Coulomb force between charged particles in a beam can cause emittance growth 
and beam loss. The intrabeam Coulomb scattering (IBS) can produce emittance 
growth measured by the IBS parameter of the 6D phase space density. This is a 
non-resonance effect, to be discussed in Chapter 4. 

The mean field of the Coulomb force can interact with the vacuum chamber and 
produce quadrupole field that can change the betatron tunes of the beam, called the 
coherent space charge tune shift.8° The mean field of the Coulomb force can also 
produce a defocusing force on each particle within the beam. The defocusing force 
depends on the particle’s position relative to the beam center; particles at the center 
of the beam bunch will experience the largest defocusing force; and particles farther 
away from the beam center receive a smaller defocusing force. The effect causes an 
“incoherent” space charge tune spread to the beam The strength is measured by the 
Laslett tune spread parameter [see Eq. (2.88) and Exercise 2.3.2]. If the tune spread 
is large, the betatron tunes will encounter resonances and emittance growth or beam 
loss will occur. The space charge spread parameter becomes a key parameter in the 
design of low energy synchrotrons. Some space charge resonance effects are listed 
below: 

Effect of betatron resonances on beam emittances: As shown in Fig. 2.30, 
the vertical emittance grew rapidly in a rapid cycling Fermilab Booster synchrotron, 
where the space charge tune shift can be larger than 0.5. Based on the envelope modes 
of beam oscillation discussed in Sec. III.9, the resonance growth may arise from the 
envelope instability at a half-integer tune. However, careful analysis of emittance 
evolution data showed that the emittance growth of the Fermilab Booster was mainly 
caused by skew quadrupole resonances at V + v, = l and vy, — v, = 0. 

Systematic space charge resonances: Since the space charge potential for a 
beam with symmetric distribution has terms proportional to xt, x?z?, z4, 2°... etc., 
higher order resonances can be important in causing emittance growth, particularly 
near the systematic resonances. As an example, we consider a perturbation of xt or 
z* term. the space charge kicks to particles from FODO cells with 90° phase advance 
will add up coherently and trap particles in space charge induced resonance islands. 
Experimental measurements at KEK PS observed the effect of the 4th order system- 
atic resonance on beam distribution.” Systematic 4th order systematic resonances 
are located at 4v, = ¢, where £ is divisible by the accelerator superperiod P. 

In recent years, non-scaling FFA accelerators have been considered for high power 
proton drivers in applications such as muon-collider, neutrino factory, nuclear waste 
transmutation, etc. The betatron tunes of a non-scaling FFA will cross many integer 
units, including systematic space charge resonances, such as 4v, = P, 4v, = P, 


86See e.g. M.A. Plum et al., Proc. of PAC 1997, p. 1611. 
STS, Igarashi et al., Proc. of PAC2003, p. 2610 (IEEE, NY, 2003) 
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6v, = P,---, where P is the superperiod of the accelerator. Simulations have been 
carried out to investigate their effects on beam distribution and emittance growth. 
Figure 2.60 shows an example of multiparticle simulation demonstrating the emittance 
growth and beam distribution in the phase space after passing through a systematic 
4th order space charge resonance. More importantly, the emittance growth obeys a 
simple scaling law:® (dv/dn). = 8.4(Avsc)2g exp(31g), where (dv /dn). is the critical 
tune ramp rate, Av,. is the space charge tune spread of the beam (Exercise 2.3.2), 
g is the systematic octupolar resonance strength due to the nonlinear space charge 
force. 


Figure 2.60: Left plots: The evolution 
of the small amplitude betatron tunes 
and the normalized emittances vs revo- 
lution numbers for a beam with Av, = 
0.109 while ramping the bare betatron 
tunes through the fourth order system- 
atic space-charge nonlinear resonance at 
4v, = P. The emittance growth dur- 
ing the down ramp is much more than 
that of up ramp because the space charge 
detuning make the tunes stay longer at 
the resonance. The betatron tunes of 
most accelerators decrease during accel- 
eration. Right plots: the normalized 
phase-space maps at the end of down 
ramp, where the phase space islands de- 
cohere into a ring in the phase space. 
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Simulations and experiments for Linac transport line showed that the 4v, = 1 
systematic space charge resonance could produce sizable emittance growth while the 
envelope instability is not important.®? 
half-integer stopband and the envelope instability were less important, as discussed 
in Sec. II.9. 

Tune modulation induced by synchrotron motion: Because of synchrotron 
motion, a nonzero off-momentum particle oscillates between the front and the end 
of the beam. When the particle reaches the center of the beam, where the linear 
current density is highest, the betatron tunes of the particle are highly depressed due 
to space charge force. The space charge force can cause betatron tune modulation 
with a maximum modulation amplitude of (Av)... This tune modulation still exist 
even when the chromaticity is corrected to zero. This tune modulation can also cause 


These studies further confirmed that the 


emittance blow-up or drive particles into resonance islands. 


885.Y. Lee, PRL 97, 104801 (2006); S.Y. Lee, et al., New J. Phys. 8, 291 (2006); X. Pang et al., 
Proceedings of HB2008 (http://accelconf.web.cern.ch/AccelConf/HB2008/papers/wega21.pdf). 
89D, Jeon et al., PRSTAB 12, 054204 (2009). L. Groening et al., PRL 102, 234801 (2009). 
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Exercise 2.7 


1. Show that the 3v, = £ resonance strength is given by Eq. (2.232) in the first-order 
perturbation approximation. Show that, for systematic resonances, G'3.9,¢ = 0 if l # 0 
(Mod P), where P is the superperiodicity of the machine. Show that the resonance 
strength of the third-order resonance at 3v, = ¢ due to two sextupoles at sı and s2 
is proportional to 


[Be (81)? [Ko(s1)As] + [Bs (s2)]°/? [Ka(s2)As] ef BY Gre 9.40, 


where p21 = he ds/G_ is the betatron phase advance, A0 = (s2 — s1)/Ro, and 
Ro is the average radius of the accelerator. Show that, at the 3v, = £ resonance, 
the “geometric aberrations” of these two sextupoles cancel each other if Y2 = 7 
and [Be(s1)]°/? [Ko(s1)As] = [Be (s2)]?/? [K2(s2)As] . The geometric aberration of two 
identical chromatic sextupoles located in the arc of FODO cells separated by 180° in 
phase advance cancel each other. 


2. Near a third-order coupling difference resonance at v,—2v, = ¢, where £ is an integer, 
the Hamiltonian can be approximated by 


H = vgJy + vJ; + gJ}? Jz cos(ġr — 262 — £0 + £), 


i here vz, vz are the betatron tunes, g = G1,—2, > 0 and € = €;,9¢ of Eq. (2.233) are 
the effective resonance strength and phase, and (Jx, Øx, Jz, @z) are the horizontal and 
vertical action-angle coordinates. 


(a) Using the generating function 
Falz, oz, Ji, J2) = (be 2oz £0 t EJI t ozJ2, 


transform the phase-space coordinates from (Jz, x, Jz, Q2) to (Ji, 61, J2, Q2) of 
the resonance rotating frame, and show that the new Hamiltonian becomes 


H = Hı + Hb, 
H(A, 1) = ðJ + gP (Je = 2Jı)cosġı, Ha(J2, 62) = vzJ2, 
where 6] = Vg — 2v; — £ is the resonance proximity parameter. Since the Hamil- 


tonian H is independent of ” time” or 0, the Hamiltonian is a constant of motion. 
In the resonance rotating frame, the equation of motion is given by 


OH . OH . OH . OH 
a ATT ae) PT T 


Show that 2J, + Jz is also a constant of motion. 


b= 


(b) In passing through the resonance for a particle with an initial Jọ and Jzo, the 
particle has a constant J2 = 2Jzo + Jzo. The resonance can cause exchange of Jy 
and Jz, while maintaining a constant Jo = 2J, + Jz. Particle motion depends 
essentially only on the Hamiltonian Hı. Show that the unstable fixed points 
(UFP) of the Hamiltonian Hj are located at 


J 61 ‘ 
iS P= , where € = —— with |é| <1. 
( 1,ufp 5 P1,ufp = arccos ©) where £ Jah with |£ 
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Bifurcation occurs at |€| = 1. The UFPs do not exist at |€| > 1. The separa- 
trix is the Hamiltonian flow passing through the UFP. Show that the UFP is 
V2J1 cos ¢ = E- J2, which is a line cut through the phase space ellipse circle 
of 2J, = Jo. At the UFP, Ji =0 and ¢, = 0, particles take long time to move 
away from it. The particle frequency map may appears to lock on the coupling 
line in the tune space. However, the instantaneous tune can vary widely around 
the resonance line. 


Show that the stable fixed points (SFP) of the Hamiltonian Hı are 


1 7 F 
V Jist = 6g {#5 + \/d? 4 aye} F (1 = Oand 7 respectively). 


We can express the SFP as: 


QWistp 1 5 O1 
—— = -4I Sean th = ——. 
J al el } i 1 W 


Two SFPs are inside the the Courant-Snyder (CS) circle at |ņ| < 1 on each 
side of the coupling line. At 6; = 0, the SFP is located at a radius A from 


the the origin inside the Courant-Snyder circle. At |61| > g/2J2, we note 
that its SFP is not zero, i.e. there is still J, and J, exchange such that Jə is 
constant! An example of the Poincaré maps of 10 particles in a beam, plotted 
in every 5 revolutions for 1500 revolutions in the resonance rotating frame: 
X = 28, J; cos ġı and P = —,/28, J, sin ¢, is shown in the Figure below. The 
proximity parameters are 6 = +0.001,0, and —0.001 respectively. At 6 =, the 
resonance line cut through the middle of the beam phase space. The resonance 
strength is g = 0.42 (m~!/?). When the resonance line cut through the beam, 
particle phase space map changes. Since these particles have different J, and 
Jz, their Poincaré maps may appear to cross each other in 1-D projection, where 
the resonance line and the SFPs depend on Jy is the particle. 


20F DEEN eam (an ae pany aag aA T ] TTTT | Wy [7 i a ae 9 a Vo I i a PPY Q 
Bie ts 6=0.001+ i ô=0. “a=-—0.00 H 
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H i ; J 
-0 j + E 
E a$ + io w J 
“80 erat li thee ed lorerik goons beter lines le PR ra Ta 
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Since the beam in isochronous cyclotrons may encounter or cross the sextupo- 
lar coupling resonance (called Walkinshaw resonance), we examine the effects 
of crossing this resonance. The beam emittance obeys the conservation law: 
2e, + €z = constant. The beam distribution function of a 2D-Gaussian beam is 

P(Jz, Jz) = = L exp{2 + +}, which is a function of 2 ar ze Expressing the 


Er 


distribution function in J and J2, show that p(Jı, J2) is independent of J, if 
€z = 2e,. This means that there is no emittance exchange in passing through 
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the resonance when the emittances obey e, = 2e€,.99 Any beam distribution 
that depends on = + L, e.g. KV beam distribution of Eq. (2.71), will have a 
similar conclusion, i.e. when a beam with €, = 2€, passes through a Walkinshaw 
resonance, there is no emittance exchange. A beam in the presence of quantum 
fluctuation and dissipation will also reach this equilibrium emittance condition. 


3. Near a sum resonance at Vg + 2v, = £, the Hamiltonian can be approximated by 


H = va Jr + vJ; + gJ}? J; cos(ġr + 262 — L0 + £), 


where vz, v> are betatron tunes, g = G1,+2, and € = 1,2, are the effective resonance 
strength and phase of Eq. (2.233), and (Jz, @x,Jz,@z) are horizontal and vertical 
action-angle phase-space coordinates. Discuss the difference between the sum and 
difference resonances. 


. In general, betatron motion in storage rings can encounter many nonlinear resonances. 
Normally only low-order resonances are important. If the betatron tune of the ma- 
chine is chosen such that mv, + nv, ~ l, where m > 0,n, and £ are integers, the 
Hamiltonian can be approximated by 


H = Ho(Je, Jz) + gJ 2J cos(mobz + nbz — 20 + €) + AH. 


This is called a sum resonance if mn > 0, and a difference resonance if mn < 0. 
Here g and € are the resonance strength and phase. Neglecting the perturbing term 
AH that includes contributions from other resonances, derive the invariants of the 
approximated Hamiltonian. 


Transform the phase-space coordinates from (Jz, Øx, Jz, 62) to (Ji, 61, J2, 62) by using 
the generating function 


Fo(¢x, bz, Ji, J2) = (Moz t noz 40 t ¿Ji t obzJ2, 


and find the new Hamiltonian. Show that the new Hamiltonian is a constant of 
motions, and show that the action J2 is invariant, i.e. nJy— mJ, = constant. Discuss 
the difference between the sum and the difference resonances. 


. The Hamiltonian (2.242) can be transformed to a “time independent” or “resonance 
rotating” form: 


1 
H=6J+ 50d" + GJ? cos 4y, 


where J = Jz, Y = Wz £0 } A A= Age, G = Gaoe > 0, € = E40,¢ and 6 = Vg — f is 
the resonance proximity parameter. 


(a) Show that the stable and unstable fixed points of the Hamiltonian are 


m 30 5r Tr 


a>Oandd<0: ere aag vsr = 7 = 4,4 for a > 2G 
Jurp = a+ 2G’ pure = 0, ae 
Jits ò See 30 5r TT 
a<0andôĝ>0: ee ii Fl 4 
Jspp = aon SP =0, UET for |a| > 2G 


90S.Y. Lee, K.Y. Ng, H. Liu, and H.C. Chao, PRL 110, 094801 (2013). 
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Note that stable 4th order resonance islands exists only if |a| > 2G. If the Stable 
resonance islands exist, we have Jgrp > Jurp. The actions of both fixed points 
are proportional to the proximity parameter ô. To estimate the resonance width, 
we set Jr UFP = Jurp = 6€ms. The betatron tune width of unstable motion is 
resonance width: Av wiath = 6(\a| + 2|G|)ems. 


The separatrix is obtained by setting H = H(wurp, Jurp): 


62 
-= ifa>0Oandd <0 
Lg = i 
6J + =aJ* + GJ? cos4y = ala = 
eee eee if œ < 0 and ô > 0 
2(a + 2G) 


for |a| > 2G > 0. Show that the area of 4th order resonance islands is 


m/4 = 
4 f J(y)dy = AA tan”! 4c ; 
—7/4 / (a — 2G) (a + 2G) a+2G 


Furthermore, if we define the phase space coordinates: (X = VJ cosy, P = 
VJ sin W), the separatrix can be decomposed into two ellipses: 


5 
Ale + /B? — 1)X2 4 P24 o T cal x 


ô 
|B- VED + Ps ee] =O 


a+G, B = (a — 6G)/2A. The UFPs are intersections of these two 


where A = 
ellipses. 


1 
2 


6. The Hamiltonian in the action-angle variables near a single resonance (mv = £) can 


(a) 


(b) 


be approximated by 


H =vJ+ sou? pOJ cos(m@ — £0 + £), 


where J and ¢ are the conjugate action-angle variables for the betatron oscillations, 
0 is the orbital angle serving for the time coordinate, v is the betatron tune (either 
horizontal or vertical), œ is the nonlinear betatron detuning parameter arising from 
higher order multipoles, G in unit of (7m) 
and phase of the 1D resonance at mv = ¢ with integer m and £. 


~(m—2)/2 and € are the resonance strength 


Using the generating function, Fh = (¢ — “9 + SI show that the new Hamil- 
tonian is 


~ 1 m 
H =I + 5 + GI? cos my. 


where the new action-angle coordinates are J = J and w = ġ — “9 + 2, and 


ô=v— £ is the proximity of the betatron tune to the resonance line. 


Show that the fixed points (fp, Wp) of the Hamiltonian are 


sinmypp =0, and 6+ al + —GI,? 
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(c) 


In particle accelerators, the betatron tunes may be time dependent due to 
quadrupole current supply ripple. With a small tune modulation, the param- 
eters a and G do not vary appreciably. Show that the equation for the phase 
oscillations becomes, 


Ym + F sin Ym = mo, 


where Ym = my signifies the island phase angle and F is the spring constant 
for the phase oscillation given by 


3 2 m 
F= T EGI? + T(m — 4)aGI?. 


Using Hamilton’s equation, show that the actual island tune Ďistana of a given 
torus is 


-1 
Vj = 2mm f ual 
island = (G2ym — [B == dal?]2)1/2 


tadas ; m %2 a 
The small amplitude island tune is VF=2 [2m BuipGl, +(m—A)aGT | : 


When the resonance strength G is small, the resonance island is small. The reso- 
nance Hamiltonian above can be approximated by H ~ $a(I-—I,)?+gcos(mv), 
where I;  |5/a| is the resonance action, g ~ GRP x G(|6/a|)/? is the effec- 
tive resonance strength. The equations of motion of this Hamiltonian resemble 
Eqs. (2.167) and (2.168) of the synchrotron motion. It has m resonance islands. 
Show that the small amplitude island tune, the island width, and the total phase 
space area of m islands, in the unit of (7m), are 


Visland = My Qg, AI=4 g/a, 
= 16 iy 16 1/2 om/4_. —(m+2)/4 
A= —yv\g/a| = |G ona |. 


7. Near an integer tune, the Hamiltonian Eq. (2.231) can be approximated by 


HS vJ + gJ”? cos(¢ — 20 + £), 


where J and ¢ are the conjugate action-angle variables for the betatron oscillations, 
0 is the orbital angle serving for the time coordinate, v is the horizontal betatron 
tune, g = |91,0,3,0,¢| and € are the resonance strength and phase given in Eq. (2.232). 
Using the generating function, Fh = (¢ — £6 + €)I, we find the new Hamiltonian in 
the “resonance rotating frame” as 


H = 61 +91? cos Ww. 


where the new action-angle coordinates are [= J andw = ġ — £0 + £, and ô = v — £ 
is the proximity of the betatron tune to the resonance line. 


(a) 


Show that the fixed point of the Hamiltonian is JY = | Fw and Wurp = 0 for 
6 < 0 and Wurp = 7 for 6 > 0. where w = 6/9. 
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(b) Show that the separatrix is given by the Hamiltonian Torus 
x 3 A 4 
H = ôI + gI? cosy = -z ilw 


If one define the X = VJ cos Y and P = — vJ sin y, the separatrix orbit becomes 


1 4 1 1 2 \? 
P= X? +wX? + —w?) = Xg-uj)| X= ü 
wie 27 wir 3 3 


(c) Explain the difference between the nonlinear integer resonance above and the 
linear integer resonance of Sec. III.1, where the Hamiltonian can be approxi- 
mated by 


H =vJ+gJ"/? cos(¢ — 40 + £). 


Transform the coordinates to the resonance rotating frame, the new Hamiltonian 
becomes H = 8I +gI*/? cos, where I = J, y = 6—00+€, and 6 = v— £l. Define 
X = VI cosy and P = -vT sin y, show that the betatron motion becomes 


(X — Xo) + P? = E/ô + X2, 


where the “closed orbit” is Xeo = —g/ [28] and E is the value of the Hamiltonian 


H. Let g= v fe/V2, where fe is the stopband integral of Eq. (2.94), show that 
Xeo is equal to £eo/vV28r of Eq. (2.96) in the single stopband approximation. 


8. Canonical Perturbation method: The 1D resonance Hamiltonian of (2.231) due 


to sextupoles can be approximated by 
H = VyJ_y + Ga cos(3¢, — 030) + gJ? cos(x — £19), 


where G3 = G30, and gı = 91,0,3,0,¢, With phases €39¢ = 0 and €1030,, = 0. 
Examples of these 1D resonances are shown in Fig. 2.51 for 3v, ~ fa = 11 and 
Vy, ~ lı = 4 for the Exercise 2.7.7. Using Eq. (2.232), we find G3 = ARP (Ky AL) 
and gı = 3G3, where K2A¢ is the integrated sextupole strength. The example shown 
in Fig. 2.51 gives G = 0.8388 (mm)~!/?, and gı = 3G3 for 6, = 20 m and K2Al = 0.5 
m~?. We would like use this example to illustrate the combination of 3v, = ¢3 and 
Vy, = ¢, resonances can produce a combined resonance 3v, + vz, = ls + 41 or 4v, = 15 
resonance of shown in Fig. 2.54. Consider the canonical transformation: 


Fo(r, J) = rJ + B3(J) sin(3¢z — 30) + Bi (J) sin(x — 410). 
The coordinates are transformed according to: 


$ = Qr + B3(J)sin(3¢. — £30) + BY (J) sin(o. — 410) 
J, = J+3B3(J)cos(3¢, — €30) + Bi (J) cos(x — 40). 


or 


A= r-o 


Q 


— B; sin(3¢ — £30) — By sin(¢ — 410) 
—3B; cos(3¢ — £30) [Bs sin(3@ — £30) + Bi sin(¢ — £,0)] 
— B; cos(¢ — 410) |B; sin(3¢ — £30) + By sin(¢ — 410)] 
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AJ=J,—J =~ +3Bs3cos(3¢ — £30) + Bı cos(¢ — £10) 
+9B3 sin(3¢ — 430) [Bs sin(3¢ — £30) + Bi sin(¢ — 410)] 
+B, sin(¢ — 410) [Bs sin(3¢ — 430) + By sin(¢ — 410)] 
ae —t3B3 cos(3¢ — £30) — 4 Bı cos(¢ — 410) 


+33 B3 sin(3¢ — £30) [- B; sin(3¢ — £30) — Bi sin(¢ — 410)] 
+4 By sin(¢ — 410) |- B; sin(3¢ — £30) — Bi sin(d — 410)] . 


Let C3 = cos(3¢ — £30), S3 = sin(3¢ — 430), Cı = cos(¢@ — 40), Sı = sin(d — 48), 


363 = 3v, — l3, 6) = Vr — 41, the transformed Hamiltonian becomes 


H = J+ 383 B3C3 + 6,ByC, + 983 B353 [B3 S3 + B; Sı] + 6,B,S; [B3S3 + Bi Si] 
+63 F971 + SAJ)(Cy — 38346) + F921 + SAIC) — S144) 


Now, we choose B3 and Bı to cancel the first order terms: 


G3J3/2 gJ? 


- p 3J? 3? 
5° = a 2 i. > 1 2 


3= 


Take the “time” average to obtain (C3C3) = $ (S393) = 5, (C101) = 3, (S191) = 4. 
Finally collect terms that drive the 4v, = ¢; + b3 resonance and obtain 


1 : 
H x% wydt xed + [GaJ? + 94,0,6,0F° cos 412, — (41 + £3)0] +.. 


Using 6, © —0.25, 363 ~ 0.25, gı = 3G3, we find 
a =~ +36G3, Ga ~ 18G,  g4,0,6,0 = —972G4. 


For a single sextupole, the strengths of all resonances at different ¢3 or — 1 are 
identical. Including these ¢; and ¢3 terms in the Hamiltonian, one can sum up all 
terms to give a + Sa and G4 > 4G4, where | = 1— + + + — + +--+. Our results 
can be summarized as follows. 


e The detuning parameter in the second order perturbation is positive, a > 0, the 
resonance islands appears in Vy < 3.75 for the 4th order resonance and 1, < 3.8 
for the 5th order resonance in Fig. 2.54. 


e Since G4 = 5a, the stable fixed points should not exist as discussed in Exer- 
cise 2.7.5. However, Fig. 2.54 shows clearly the existence of 4 resonance islands. 
The term g4,0,6,0 reduces the effective resonance strength to guarantee the ex- 
istence of resonance islands, and gives rise to non-symmetric islands. Because 
a Z 2G4, we find Jspp > Jurp. 


The 5th order resonance in Fig. 2.54 arises from a higher order term in the above 
canonical perturbation expansion as a combination of 3v, = b3, vz = 4, and vy, = %4 
resonances, i.e. a resonance at 5v, = bs + 4 + 44. 
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VIII Collective Instability and Landau Damping 


So far we have discussed only single-particle motion in synchrotrons, where each 
particle can be described by a simple harmonic oscillator. In reality, a circulating 
charged particle beam resembles an electric circuit, where the impedance plays an 
important role in determining the induced voltage on circulating current. Likewise, 
the impedance of an accelerator is related to the voltage drop with respect to the 
motion of charged particle beams. The impedance is more generally defined as the 
Fourier transform of the electromagnetic waves induced by the passing charged par- 
ticle beam, called wakefield. The induced electromagnetic field can, in turn, impart 
a force on the motion of each individual particle. Thus, particle motion is governed 
by the external focusing force and the wakefield generated by beams, and the beam 
distribution is determined by the motion of all particles. A self-consistent distribution 
function may be obtained by solving the Poisson-Vlasov equation. 

Particle motion in an accelerator is classified into the transverse betatron motion 
and the longitudinal synchrotron motion. Wakefields are also classified into trans- 
verse or longitudinal modes. Likewise, the impedance is classified as longitudinal 
or transverse respectively. The effect of longitudinal impedance will be discussed 
in Chap. 3, Sec. VII. Here, we discuss some basic aspects of transverse collective 
beam instabilities and Landau damping. For a complete treatment of the subject, see 
Ref. [5, 6, 7]. In Sec. VII.1, some properties of impedance are listed. In Sec VIII.2 
we discuss transverse wave modes, where waves are classified as fast, backward, or 
slow waves. In Sec. VIII.3, we will show that a slow wave can become unstable in a 
simple impedance model. Landau damping and dispersion relation will be discussed 
in Sec. VIII.A. 


VIII.1 Impedance 


The impedance that a charged-particle beam experiences inside a vacuum chamber 
resembles impedance in a transmission wire. For beams, there are transverse and 
longitudinal impedance. The longitudinal impedance has the dimension ohm, and by 
definition, is equal to the voltage drop per revolution in a unit beam current. The 
corresponding energy loss per revolution is equal to the voltage drop times the charge 
of a particle. The transverse impedance is related to the transverse force on betatron 
motion, and has a dimension of ohm/meter. 

The transverse impedance arises from accelerator components such as the resistive 
wall of vacuum chamber, space charge, image charge on vacuum chamber, broad-band 
impedance due to bellows, vacuum ports, and BPMs, and narrow-band impedance 
due to high-Q resonance modes in rf cavities, septum and kicker tanks, etc. Without 
deriving them, we list these impedance as follows. 
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A. Resistive wall impedance 


The transverse resistive wall impedance for a cylindrical vacuum chamber with radius 
b is related to the longitudinal resistive wall impedance via Panofsky-Wenzel theorem. 
With Eq. (3.290) for a vacuum chamber circumference 27r R, the transverse resistive 
wall impedance is?! 

o 2c Z] ||, rw 2Re 1 


= ties -A 2.24 
Row 7. + jsenw)) Boe 7 (2.246) 


Zw (w) 


where c is the speed of light, dskin = \/2/(@e{c|w|) is the skin depth of electromagnetic 
wave in metal, o, is the conductivity of the vacuum chamber materials, ju. is the 
permittivity in the vacuum chamber, w is the wave frequency, and sgn(w) is the sign 
function of the frequency w. 


B. Space-charge impedance 


Let a be the radius of a uniformly cylindrical distributed beam inside a cylinder 
vacuum chamber of radius b. Let xo be an infinitesimal displacement from the center 
of the cylindrical vacuum chamber. The resulting beam current density is 

Io 


Toxo Cos ® 
Tta? 


i(r,d) = a 
where O(x) = 1 if x > 0 and 0 otherwise, d(x) is the Dirac ô-function, and ¢ is the 
angle measured from the x-axis. Here, the first term is unperturbed beam current, 
and the second term arises from an infinitesimal horizontal beam displacement. The 
perturbing current is a circular current sheet with cosine-theta current distribution. 
Using the result of Exercise 1.9, we find the induced dipole field inside the beam 
cross section to be AB,» = Holozo/ 2ra?. Similarly the induced image current is (see 
Exercise 1.16) Iv = —(Ipxo cos dy /b?)d(r — b), and the induced dipole field due to 
the image wall current is AB, w = —polp%o/27b?. The total induced vertical dipole 
field due to the beam displacement is AB, = — (4 a x) , and, by definition, the 
resulting impedance per unit length become 


O(a—r)+ (r-a), (2.247) 


Z mag — J =ja—\7za = 
1ymag J BIpxo Ir a b2 


where fc is the velocity of the beam, and Zo = poc is the vacuum impedance. Sim- 


ilarly, the impedance due to the electric field is Z, lee = — ife (4 — x) , and the 
resulting total impedance in one revolution becomes 
RZ (1 1 
Zig =9 palp BR)? (2.248) 
°lThe imaginary number j = —i in engineering convention is used throughout this textbook. Here, 


the resistive wall impedance consists of a resistive and an inductive component. 
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where a is the beam transverse radius, b is beam-pipe radius, R is the average radius 
of accelerator, and y is the Lorentz relativistic factor. Because of the 677? factor in 
the denominator, the space-charge impedance is important for low energy beams. 

Note that the space charge impedance is capacitive because the beam radius a is 
less than the vacuum chamber radius b. However, when the oscillatory amplitude xo 
is large, the perturbation current of Eq. (2.247) is invalid, and the self space-charge 
force term may disappear. The remaining space charge impedance is the image current 
term, which is inductive. 


C. Broad-band impedance 


All vacuum chamber gaps and breaks, BPMs, bellows, etc., can be lumped into a 
term called broad-band impedance, which is usually assumed to take the form of a 


RLC circuit: 
2c Z| bb = 2c Rs 


Zibb = = ‘ 

tbb p w bw 1 + jQ (w/w, — w,/w) 

where Q ~ 1 is the quality factor, Rs is the shunt resistance, w, ~ (R/b)w is the cut- 
off frequency of vacuum chamber, R is the average radius of accelerator, and b is the 


(2.249) 


beam pipe radius. The space-charge impedance can be considered as a broad-band 
impedance because it is independent of wave frequency. 


D. Narrow-band impedance 


Narrow-band impedance is usually represented by a sum of Eq. (2.249), where the 
corresponding Q-factor is usually large. Narrow-band impedance may arise from 
parasitic rf cavity modes, septum and kicker tanks, vacuum ports, etc. 


E. Properties of the transverse impedance 


When the beam centroid is displaced from the closed orbit, the motion can be ex- 
pressed as a dipole current. The dipole current will set up a wakefield that acts on 
the beam. The transverse impedance of a ring is 


Zi (w) = T f Fıds = a pE B).ds = £ [wo eiT dr, (2.250) 
where J; = Jp(y) is the dipole current, (y) is the centroid of the beam in the betatron 
motion, and C is the circumference of the accelerator. The imaginary number j 
included in the definition of the impedance is needed to conform a real loss for a real 
positive resistance. This occurs because the driving force is leading the dipole current 
by a phase of 7/2. The factor @ in the denominator is included by convention. The 
wake function is related to the impedance with the causality condition by 

W(t) = IÊ Zi (wje dw with Wi(t)=0 (t<0). (2.251) 


—oo 
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Thus, the impedance can not have singularities in the lower half of the complex w 
plane; however, it may have poles in the upper half plane. For example, the impedance 
of RLC resonator circuit in Eq. (2.249) has two poles located at 


=u [evi —(1/2Q) + 5(1/2Q)] (2.252) 


The analytic properties of impedance provide us with the Kramer-Kronig relation, 
i.e. the real and imaginary parts are related by a Hilbert transform 


1 Im Z, (w 
Re Z (w) = -1f a (2.253) 
T Jpy w! — w 
1 Zi (w 
Im Zi (w) = f yo) : (2.254) 
T JPN. W = yw 


where P.V. means taking the principal value integral. Since the wake function is real, 
the impedance at a negative frequency is related to that at a positive frequency by 
Zi (—w) = -Zï (w), or 


ReZ,(—w) = —ReZ,(w), ImZ,(—w) = +ImZ, (w). (2.255) 


Thus the real part of the transverse impedance is negative at negative frequency. 

To summarize, various components of the transverse impedance Z; (w) are schemat- 
ically shown in Fig. 2.61, where the real part of the impedance is an odd function of 
w, and the imaginary part is an even function. 


2.(®)Broad band 


Figure 2.61: A schematic drawing of 
the transverse broad-band and narrow-band 
impedance. The real parts are shown as solid 
lines and the imaginary parts as dashed lines. 
A broad-band and a narrow-band impedance 
are represented by peaks in the real parts. 
The resistive wall impedance is important in 
the low-frequency region, and the space-charge 
impedance is independent of frequency. 


VIII.2. Transverse Wave Modes 


A coasting (DC) beam is defined as a beam made of particles continuously fill accel- 
erator. The transverse coordinate at any instant of time is 


ulto b) = XO me, (2.256) 


n=—00 
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where @ is the orbiting angle, and n is the mode number. At a fixed azimuth angle 
0o, the betatron oscillation of the transverse motion is 


co 


eo J mere, (2.257) 


n=—co 


where Q is the betatron tune, and wo is the angular revolution frequency. Since 
0 = ho + wot, the nth mode of transverse motion and its angular phase velocity are 


y(t, 0) = yell inte) wot—ne] 


One = (1 + 2) Wo. (2.258) 
n 


There are three possible transverse wave modes: the fast wave, the backward wave, 
and the slow wave. The corresponding angular phase velocity is 


(1 + 2) Wo, ifn>0: fast wave 
n 
Ong =< = (£ — 1) wo, ifn<Oand |n|<@Q: backward wave (2.259) 
n 


(: — 2) wo, ifn < 0 and |n| >Q: slow wave. 
The phase velocity of a fast wave is higher than the particle velocity, that of a slow 
wave is slower than the particle velocity, and a backward wave travels in the back- 
ward direction. The signal picked up at a transverse beam position monitor (BPM) 
is composed of frequencies located at |n + Q|wo (n integer), sidebands of rotation 
harmonics nwo. Figure 2.62 shows a schematic drawing of a transverse beam spectra 
for a betatron tune of 3.2. 


Ph bb hb e hi 
-1 


l 
0O 12 3 4 Figure 2.62: Top: a schematic drawing 


w/wg 

n= -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 of transverse beam spectra for a beam 

aoe with betatron tune 3.2, showing all side- 
bands (n + v)wo. The observed spectra 

Observed spectra HLL ih ili | il |(n + v)|w is shown at the bottom plot. 

w/w 0 12 3 4 


VIII.3 Effect of Wakefield on Transverse Wave 


In a global sense, the betatron motion is well approximated by simple harmonic 
motion. Let yẹ be the horizontal or vertical transverse betatron displacement of the 
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kth particle, and let Q,wo be the corresponding angular frequency of betatron motion. 
The equation of motion in the presence of a wakefield can be expressed as a force 
oscillator equation: 

BLL. 


F(t) = os 
ym ’ H ==] 2r R 


Ür + (Qrwo) yk = (y), (2.260) 
where the overdot corresponds to the derivative with respect to time t, m is the mass, 
y is the Lorentz relativistic factor, and R is the mean radius of the accelerator. The 
time-dependent transverse electromagnetic force F} comes from Eq. (2.250) due to a 
broad-band impedance, Z1. 

If beam particles encounter collective instability of mode n, and execute collective 
motion with a coherent frequency w, we have 


Yk = Yp I), (2.261) 
. OYE ; O"K : 7 2 
Yk = OE + oe j(w — nwo) yr, Ük = —(w — nwo) Yk, 


where n is the mode number, and Y; is the amplitude of collective motion for the kth 
particle. Substituting into Eq. (2.260), we obtain 


.eßbIZ 
[(Quio)? — (w — nwo)’] yk = -3 i or 
> eBlZ, 
— Wn,w = GSD aA , 2.262 
(W= wn) Y = IZ E (y) (2.262) 
n>0 fast wave, 
Wn w = (n + Q)wo, with n<0, |n|<Q_ backward wave, 


n<0, |n|>Q_ slow wave. 


where (y) = f p(€) yr dé is the centroid of the beam, p(€) is the normalized beam 
distribution function with f p(€)d& = 1, € represents a set of parameters that de- 
scribe the dependence of the betatron tune on its amplitude, wn,w is the mode wave 
frequency, and we have used the relation w — nwo + Qwo = wn w — nwo + Quy = 2Qwo. 
The real part of the slow wave frequency Wy w is negative. Averaging over the beam 
distribution, we obtain a dispersion relation for the collective frequency w 


IZ 
1 = jV4 iv) f E T dé, Veg = 


(2.263) 


where U and V parameters are the scaled impedance with V is related to growth 
rate, and U is related to collective frequency shift. 

The set of parameters € represents any variables that w, and the beam distri- 
bution function depend on. Since betatron tunes depend on betatron amplitudes 
due to space-charge force, sextupoles, and other higher-order magnetic multipoles, 
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the betatron amplitude can serve as a € parameter. Since Q and wo depend on the 
off-momentum parameter 6 = Ap/p, 6 can also be chosen as a possible € parameter. 

We assign the fractional off-momentum coordinate as a € parameter. The depen- 
dence of the coherent frequency on the off-momentum variable 6 is 


Wnw = Wnwo + [Cy — nn] wo ô. (2.264) 


where 7 is the phase-slip factor and Cy is the chromaticity, A beam is made of 
particles with different off-momentum 6 and thus a spread in the coherent frequencies. 
However, the wave frequency spread vanishes at mode number 


no = as (2.265) 
n 


At this mode, the revolution frequency shift is canceled by the betatron frequency 
shift for all particles with different off-momentum 4, i.e. no mode frequency spread. 
Since Wr.w = Wno,wo, the solution of the dispersion relation in Eq. (2.263) is w = 
Wno,wo — U + jV, where U, proportional to the imaginary part of the impedance, 
produces frequency shift, and V, related to the real part of the impedance, can 
generate collective beam instability if V < 0. For a slow wave with no = C,/n < 0 
and |no| > Q, we find Wno,wvo0 < 0, where Z1 < 0. The beam may become unstable 
against transverse collective instability. Here we discuss the modes of coasting beams. 
The frequency nowo in a bunched-beam is the betatron frequency shift from the bunch 
head to tail (see Exercise 3.2.14). 


A. Beam with zero frequency spread 


For a beam with zero frequency spread, i.e. p(§) = (E — £o), we obtain 
w = wawo — U + JV. (2.266) 


The imaginary part of impedance gives rise to a frequency shift, and the resistive part 
generates an imaginary coherent frequency w. If the imaginary part of the coherent 
frequency is negative, the betatron amplitude grows exponentially with time, and the 
beam encounters collective instability. 

For fast and backward waves, wWn,wo is positive. The real part of the impedance 
Z (w) is positive (see Fig. 2.61), thus the imaginary part of the coherent frequency is 
positive, and there is no growth of collective instability. On the other hand, the col- 
lective frequency wn,wo Of a slow wave is negative, where the real part of the transverse 
impedance is negative. Since the imaginary part of collective frequency is negative, a 
beam with zero frequency spread can suffer slow wave collective instability. 


Re [weon] = Wn,w0 — U, Im [weon] =V; 
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B. Beam with finite frequency spread 


With parameters U and V, the dispersion relation for coherent dipole mode frequency 
w becomes 
p(§) 


Cu+ivyt= f 


The solution of the dispersion relation corresponds to a coherent eigenmode of collec- 
tive motion. If the imaginary part of the coherent frequency is negative, the amplitude 
of the coherent motion grows with time. On the other hand, if the imaginary part of 
each eigenmode is positive, coherent oscillation is damped. The threshold of collective 
instability can be obtained by finding the solution with w = w — j|0*|, where OF is 
an infinitesimal positive number. The remarkable thing is that there are solutions of 
real w even when —U + jV is complex. 

In general, the growth rate can be solved from the dispersion integral with known 
impedance and distribution function. Similarly, for a given growth rate, the disper- 
sion relation provides a relation between U(w) vs V(w). If the distribution function 
is symmetric in betatron frequency, the U vs V contour plot will have reflection sym- 
metry with respect to the V axis. For any beam distribution p(€) that does not have 
infinite tails, the threshold curve contains two straight vertical lines lying on the U 
axis. This means that if the coherent frequency shift is beyond the distribution tails, 
the beam can be, but may not necessarily be, unstable against collective instability, 


dé. (2.267) 


and the growth rate is proportional to the real part of the impedance. 


C. A model of collective motion 


We consider a macro-particle model of a beam with (Y) = 3° pkYk, where pp is the 
distribution function with > pp = 1. In matrix form, Eq. (2.262) becomes 


[w — wn,w(k)] Ye = wy” piXi, (2.268) 


where W = —U + jV for a broad-band impedance. If wn w(k) = wn,wo is independent 
of k, ie. no frequency spread, the collective frequency is trivially given by’? 


Weoll = Wn,w0 =F W, (2.269) 


which is identical to the solution of Eq. (2.266). The corresponding eigenvector for 
collective mode is Ykcon = pkYk. Thus any amount of a negative real part of the 
impedance can produce a negative imaginary collective frequency and lead to collec- 
tive instability. The external force is coupled only to the collective mode. All other 
incoherent solutions have random phase with eigenvalue wn wo, no frequency shift! 


92The collective mode occurs frequently in almost all many-body systems. In nuclear physics, 
the giant dipole resonance where protons oscillate coherently against neutrons presents a similar 
physical picture. 
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Now, if there is a frequency spread between different particles, we have to diag- 
onalize the matrix of Eq. (2.268). This is equivalent to solve the collective mode 
frequency from the dispersion relation of Eq. (2.267). In general, if the frequency 
spread Awp w among beam particles is larger than the coherent frequency shift pa- 
rameter W, the collective mode disappears, and there is no coherent motion. The 
disappearance of the collective mode due to tune spread is called Landau damping. 

The requirement of a large frequency spread for Landau damping is a necessary 
condition but not a sufficient one. We consider a frequency spread model 


nalk) Yh = Wn w0 Yk =F AQ(Y, = (Y)), 


where AQ is a constant frequency spread of the beam. In this model, the frequency 
shift of a particle is proportional to local beam density. This model of tune spread 
resembles space-charge tune shift. The resulting collective mode frequency is 


Weolla = Wn,w0 +W. (2.270) 


This means that the frequency spread that is proportional to the distribution function 
can not damp the collective motion. This is equivalent to the argument that the 
space-charge tune shift can not damp the transverse collective instability. Since the 
space-charge tune shift is a tune shift relative to the center of a bunch, and the 
coherent motion is relative to the closed orbit of the machine, the space-charge tune 
shift alone can not provide Landau damping against transverse collective instability. 


VIII.4 Frequency Spread and Landau Damping 


From Eq. (2.266), we see that a slow wave can suffer transverse collective instability 

for a beam with zero frequency spread. What is the effect of frequency spread on 

collective instabilities? The key is the Landau damping mechanism discussed below. 

The examples illustrate the essential physics of Landau damping. 

A. Landau damping 

The equation of collective motion (2.260) can be represented by a forced oscillator: 
y+ way = Fsinwt, (2.271) 

where w is the collective frequency, and wg = Qwo is the betatron frequency. The 


solution is 


F w, Yo 
y(t) = +- [sinwt — — sin wst | + 4 yocoswgt + — sin wst 
Wg —W WB We 


2 


F 
> += (sno — Z sinwst) ; (2.272) 
we — w wg 


VIII. COLLECTIVE INSTABILITY AND LANDAU DAMPING 219 
We remove the solution of the homogeneous equation inside {...} by setting the initial 
values yo = 0 and Yo = 0 at t = 0. We are interested in the response of the particle 
under external force. The lower plot of Fig. 2.63 shows y(t) for three particles with 


wg = 0.85 (dash-dots), wg = 0.8 (dashes), and wg = 0.76 (line) under the action of 
an external force with w = 0.75, F = 0.01. 
1.000 > : 

eae 4 Figure 2.63: Top plot: the coherent func- 

0.200- —sin®(¢)/¢2 | tion (sin? ¢)/¢?. Note that the function be- 

s0 J comes smaller as the ¢ variable increases. 

` ] This means that the external force can not 

an oe AÀ A A | coherently act on a particle if (wg — w)T 

d:düs E phi 4 becomes large. Bottom plot: y(t) vs time t 

=10 9 $ 10 due to an external sinusoidal driving force 

o5 (270.75 log=0. 76! = ‘dbts) F(t) = Fsinwt. Here the units of w and t 

qm °° fe=0.75 wg=0.80 (dashes), » are related: if w is in rad/s, t is in s, and 

rea A A & Ái Á if w is in 10 rad/s, then t is in us. The 

oe frequency differences of these three parti- 

T J cles are respectively Aw = 0.01,0.05, and 

= Fu=0.75 @g=0.85 (line) , 1 — : : 3 0.1. The particle with a larger frequency 


(0) 20 


D 


80 


time (arb. unit) 


100 


difference will fall out of coherence with the 
external force earlier. 


If wg differs substantially from the driving frequency w, the external force can 
not deliver energy to the system forever. The particle motion will be out of phase 
with the external force sooner or later, and the energy will be transferred back to the 
external force. A smaller w — wg results in a longer in-phase time, as shown in the 
lower plot of Fig. 2.63. As the time increases, the number of particles (oscillators) 
that remain in phase with the external force becomes smaller and smaller. This is 
the essence of Landau damping. 

When an external force F(t) is applied to a Hamiltonian system, the equation 
of motion is y + dV/dy = F(t), where V is the potential energy. The total energy 
imparted by the external force for a time T is AH = i yF (t)dt, where H is the 
Hamiltonian of the system. The average power delivered to our dynamic system 
(2.271) is 


Fy sin? ¢ 
A(w + we) ¢? 


w 
© 


T4 tee, 


T. 
zÍ y (F sin wt) dt (2.273) 
0 


where ¢ = E(w — wg)T. Here we retain only the leading term, proportional to time 
T. The upper plot of Fig. 2.63 shows the coherent functions (sin? Ç) / ¢?. As time T 
increases, the coherent frequency window decreases, i.e. 


lw — we| ~ 1/T, (2.274) 
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or equivalently, fewer and fewer oscillators will be affected by the external force. 
When the external force can not pump energy into a beam with a finite frequency 
spread, collective instability disappears, i.e. the system is Landau damped. 

The power dissipation to the oscillator in Eq. (2.273) comes entirely from the 
second term in parentheses in Eq. (2.272). The term y(t) that is in phase with 
the force is a reactive term, which does not dissipate energy. The second term in 
Eq. (2.272) that absorbs energy from the external force is a resistive term, which can 
induce collective instability. 

Now we consider the case that the external force arisen from a wakefield due to 
the collective motion of the beam. Even if there were an initial collective motion to 
produce an external field at the beginning, the collective motion of the beam could 
not be sustained for a long time if there were a substantial frequency spread. The 
collective instability is thus suppressed by Landau damping. 


B. Solutions of dispersion integral with Gaussian distribution 


We consider a beam with Gaussian distribution given by 


1 2 2 
6) = ——— e 1/205, 2.275 
p(d) Die ( ) 


where 6 = Ap/po is the fractional off-momentum coordinate, and øs is the rms mo- 
mentum width of the beam. With wn,w of Eq. (2.264), the dispersion relation of 
Eq. (2.267) becomes 


-1 
-u+ jv= j e (==) ; Oy = V2 |C, — nn| woos (2.276) 
Ow 
. fore) 5? U V 
w(z) =e * erfe( j)=2 f e dt, ea. y VEV. 
T Jic % — t Ow Oy 


where 0, is the rms frequency spread of the beam for mode n, w(z) is the complex 
error function, u and v are the reduced imaginary and real parts of the impedance 
of Eq. (2.263). The curves u vs v for Gaussian distribution for Im(w/o,) = 0 and 
—0.5 are shown in Fig. 2.64, where the rectangular symbols in each curve represent 
coherent frequency shifts at Re(w — wn wo) = +o, (inner ones) and +20, (outer ones). 

From Fig. 2.64, we observe that if a coherent mode frequency falls within the 
width of the spectrum, the threshold of the collective beam instability requires a 
finite resistive impedance. This is because the coherent mode excites only a small 
fraction of the particles in the beam, and most of the beam particles are off resonance. 
Thus the collective beam motion is damped. Landau damping differs in essence from 
phase-space damping due to beam cooling, or phase space decoherence due to tune 
spread (see Exercise 2.8.5). 
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Figure 2.64: The normalized u vs v for Gaus- 
sian distribution is plotted with two different 
growth rates with Im(w) = 0 and —0.50,. 
The rectangular symbols represent the coher- 
ent frequency shifts at Re(w —wnwo) = 0w 
and +2o,,. The solid line with Im(w)=0 shows 
that a beam with frequency spread can tolerate 
a finite amount of the real part of impedance 
at the threshold of collective instability. 


Pee are cea erl loro loris irlers 


We note particularly that the frequency spread can vanish for mode number no of 
Eq. (2.265). Because such modes have vanishing frequency spread, collective insta- 
bilities may not be Landau damped. However, if chromaticity Cy is negative below 
transition energy or if C, is positive above transition energy, then mode no with van- 
ishing frequency spread is a fast wave. Since the real part of a fast wave is positive, 
the imaginary part of collective frequency is positive, and thus there is no collec- 
tive instability. This has commonly been employed to overcome transverse collective 
instabilities.” 


Exercise 2.8 


1. Verify the wave angular velocity of Eq. (2.258), and show that fast, slow, and back- 
ward waves travel faster, slower, and backward relative to particle angular velocity, 
respectively. 


2. Show that the solution given by Eq. (2.266) for the dispersion relation at zero frequency 
spread is identical to the collective frequency solution by matrix diagonalization of 
Eq. (2.268), and show that the eigenvector of collective motion is Yp coll = PrYk- 


3. Using the Gaussian distribution of Eq. (2.275) to show that the dispersion relation 
becomes an algebraic equation, Eq. (2.276). 


4. The solution of Eq. (2.271) with initial condition yọ = yo = 0 is 


F nui (s i 
—+— |sinwt — — sinw . 
w2 wg B 


Yr 
We — 


(a) Plot y(t) as a function of t for w = 1, Ê = 0.01 with three particles at wg = 0.8, 
0.9, and 0.99. 


(b) Let wg = w + €, where |e| is a small frequency deviation. Show that 


sin(et 
r sin(et) 


we F É — cos(et) e 


cos wt] . 
2w 


93For bunched beams, the head-tail instability has been observed in SPS and Fermilab Main Ring 
above transition energy if the chromaticity is negative (see J. Gareyte, p. 134 in Ref. [18]). Treatment 
of head-tail instability is beyond the scope of this book. 
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Show that the first term in square brackets does not absorb energy from the 
external force but the second term can. The first term corresponds to a reactive 
coupling and the second term is related to a resistive coupling. 


(c) If a beam has a distribution function given by p(€) with f p(€)dé = 1, discuss 
the centroid of beam motion, ie. (y(t)) = f y(t)p(€)dé. For example, we choose 
€ =e and p(c) = 1/2A, if |e| < A; and 0, otherwise. 


5. Consider a beam with uniform momentum distribution 


plô) = { 1/(2A) if |6| <A, 


0 otherwise. 
(a) Show that the dispersion relation Eq. (2.267) becomes 


(—u + jv) = ln ST nmo 2 a 
W = Wn,w0 — Tw 
where u = U/20w, v = V/20,, and oy = |Cy — nn|woA. 


(b) Show that the imaginary part of the coherent frequency is 


e~" sin[v/(u? + v?)] 


I = Ow p] 2,2 . 
e= 1 + 7 2u/(u? +0?) — Qe-u/(u? +0”) cos[u/(u? + v20] 


Show that the condition that Imw = 07 is 


1 
An? 


1 
ue 2 _ 
u + (vtz) 


Plot u vs v, and compare your result with that shown in Fig. 2.64. 


6. A beam is usually composed of particles with different frequencies.°* Let plwg) be 
the frequency distribution of the beam with f p(wg)dwg = 1. If initially all particles 
are located at y = y = 0, and at time t = 0 all particles are kicked to an amplitude 
A, i.e. 

y(t) = Acos wet, 
and begin coherent betatron motion, find the centroid of beam motion as a function 
of time with the following frequency distribution functions. 


(a) If the frequency distribution of the beam is 


e7 (2B —w0)?/20? 


Wwa) = 
plwg) = 


where ø is the rms frequency spread, show that (y) = Ae~?' #/2 cos wot. 


°4This exercise illustrates the difference between Landau damping and beam decoherence (or 
filamentation). Note that coherent beam motion will decohere within a time range At ~ 1/0, where 
g is the rms frequency spread of the beam. As the coherent motion is damped, particles are not 
damped to the center of phase space. See also Fig. 2.17 for coherent betatron oscillation induced by 
an rf dipole kicker. 
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(b) If the frequency distribution is a one-sided exponential 


_ (1/a)e— 8-0/7, if wg > wo, 
pws) { 0 otherwise, 


where ø is the rms frequency spread, and (wg) = wo + g, show that 


(y) 


= ryt [cos wt — ot sin wt] . 
o 


(c) If the frequency distribution is a Lorentzian 


T 
T|(wg — wo)? +T?) 


plwg) = 


where T is the width, show that (y) = Ae" cos wt. 


(d) If the frequency distribution is uniform with 


_ [J 1/21), ifwo-T < wg < w +T, 
plws) = a otherwise, 


where T = v30 and ø is the rms width, show that 


sin [t 
=A 
(y) TE 


cos Wot. 


(e) If the frequency distribution is parabolic with 


plug) = | 3/(AL)) [1 - (os - w0) /D?], ifwo-T < wg < wo +T, 
; otherwise, 
where T = v5o and a is the rms width, show that 


sinT't cosIt 
(y) =3A (as We? cos wot. 


(f) If the frequency distribution is quadratic with 


ia (2/nT)y/1 — (wp — wo)/T)?, if wp — TP < wg < w +T, 
0, 


otherwise, 
where [ = 20 and ø is the rms width, show that 
(y) = A [Jo(Pt) + Ja(Tt)] cos wot, 


where Jo and J2 are Bessel functions. 
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IX Synchro-Betatron Hamiltonian 


So far, we have discussed particle motion only in (x, pz, z, pz) phase-space coordinates. 
The remaining phase-space coordinates (t, —H) or (t, —E) have not been mentioned. 
Here we will study the “synchrotron” equation of motion for phase-space coordinates 
(t, —E). The terminology of synchrotron motion is derived from the synchronization 
of particle motion with rf electric field. The name “synchrotron” has been broadly 
used for all circular accelerators that employ rf electric field for beam acceleration. 

This unified description has the advantage of treating synchrotron motion and 
betatron motion on an equal footing. It is particularly useful in the study of synchro- 
betatron coupling resonances.” 

To simplify algebra, we disregard vertical betatron coordinates (z, p.) and consider 
only a planar synchrotron. Neglecting vertical betatron phase-space coordinates, the 
Hamiltonian is [see Eq. (2.14)] 


3 1/2 
ee (=) me- p? J eA, 
p č 
~ (1+2) (0 2) pate) (55) — Ay, (2.277) 
p Be p 2p 
where the orbital length s is used as an independent variable, p = \/(E/c)? — (mc)? 


is the momentum of a particle, p is the bending radius of the Frenet-Serret coordi- 
nate system, ® is the scaler potential, A, is the longitudinal vector potential, and 
(£, Px, Z,Pz,t, —E) are canonical phase-space coordinates. 

The static transverse magnetic field is 


ee p___ l1 A 
“1+ (2x/p) dx’ 


7 T+ (a/p) Oz” 


and the longitudinal varying electric field can be obtained from 


OAs : 
a 5 ViOp(s — sk) sin(wtt + Qor), (2.278) 
k 


where ôp(s — sp) = 90, (s — sk — 27nR) is a periodic delta function with period 27 R, 
Vx is the rf voltage, wt is the angular frequency of the rf field, and Øo is the initial 
phase of the kth cavity. Thus the rf accelerating field can be represented by 


1 
Asst = or 5 Vidp(S — Sp) cos(wrrt + Pox): (2.279) 
"ok 


"See T. Suzuki, Part. Accel. 18, 115 (1985); see also S.Y. Lee and H. Okamoto, Phys. Rev. Lett. 
80, 5133 (1998) for the effects of space charge dominated beams. 
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The Hamiltonian is an implicit function of energy E. Let E = Ey + AE and 
p = potAp, where Ep and po are the energy and momentum of the reference particle. 
We obtain then 
Ap _ AE 1 AL yi AE AP, 1 Ap, 
p BPE 2? BP Ey’ ’ BEo py | 27 po’ ` 
Expanding the dipole field B, in power series with B, = By + Bix +---, where 
Bı = OB, /0x, we obtain 


(2.280) 


B 1 
A, = Box + at ne 5 Bala? ee ee ee (2.281) 
7 ; 


where A, , given by Eq. (2.279) stands for the vector potential of rf cavities. The space 
charge force of the beam particles gives rise to a mean field, that can be represented by 
a scaler and vector potentials ® = Vg and Ags. with As sc = B°V../B8c. Substituting 
the scaler and vector potentials into the Hamiltonian, we obtain 

AE 1 AE a AE r 


H = =n 
0 Po — Po BE Po 272 E Po B2Ep p 
2 2 
Pat Ps, POl Kg? 4 Ky2?) — Aart (2.282) 
210 2 f 


up to second order in phase-space coordinates, where K, = 1/p? — B,/Bp is the 
focusing function for the horizontal plane, and we used the identity condition Bọ = 
—po/ep, which signifies the expansion of x around the closed orbit at the reference 
energy. 

The next step is to transform the coordinate system onto the closed orbit for a 
particle with off-energy AF. This procedure cancels the cross-term proportional to 
(AE/8?Eo)- x in the Hamiltonian. Using the generating function 

D AE 

B° Eo 
D -z 1, p AE 
oa = ZPP Pol aa) ’ 
where the new phase-space coordinates are 


Pr — (E + AE)t 


F(x, pr,t, -AE) = (z 


+2 


- AE 
= — IAE = _ 
Be=Pe— DE, B= a-Dae 
- p D D! 
AE = E — Ep, t = t + (=P: — —2), 
0; tA Z 
and the dispersion function D satisfies D” + K, D = zi we obtain a new Hamiltonian, 
AE 1 /D 1 AE \? P Poo 
r= ge la 2) a 
1 = PORTE, 2m ( z) ea) = ae 


dof- D _ D. 
t z t As rf- 2.2 
(E-t Bet) ~ eA os 
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Note that z is the betatron phase-space coordinate around the off-momentum closed 
orbit, and the rf vector potential is 


- D D' 
eAs rt = — EN A S — Spk) COS fe ¢ P” H Pa) H on : (2.284) 


Now we expand the standing wave of the rf field into a traveling wave, i.e. 


dp(s z Sk) cos(Wyet + ox) = 5 [e nO twrst+ or=n0k) + et nO—wrst—don—n9r) | (2.285) 


4r R Esa 
Keeping only terms that synchronize the beam arrival time with n = +h, we obtain 
” 1 = hs 
dp(S — Sp) cos(wrrt + Gox) = ZR cos(wrft — F + dor + hk), (2.286) 


where og + hOp should be an integer multiple of 27. Using the generating function 
and coordinate transformation: 


— H 
Fy = Ups + (wrt — PW, 
AE = h 
Pr = Pr, =7, W= , Q= wyqt-— = 
Wr R 
we obtain the Hamiltonian 
wa D 1 p Po 
H. = f rf = ea Ww x Ky 2 
: WBE py” + ap, tg Bat 
1 OrPo i Vrf T 
= Ve D 
2r Rwf > Sk cos(p — Bc DS Be ) 
sin @s WrtPx 1WrfT 
eV; ( D + D ; 
-2r Rust > i Bcpo Be ) 


Making a scale change to canonical phase-space coordinates with 
ı_ Pex 
(2, De, ¢,W) > Ce aE | ,—), 


we obtain the Hamiltonian 


He 1 ; 1f/D 1\ [uW 
° Po 2l lal FI \ Big 
1 h h 
ae Ve — Dr + —D'x 
re À k COS (o R ef R z) 


sin d h h 
Nay, (ġ-ŻDr eo De), 
ThE À k (o ROTER r) 
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Since ¢ and (a, 2") are coupled through dispersion function (D, D’) in rf cavities, syn- 
chrotron and betatron motions are coupled. This is called synchro-betatron coupling 
(SBC). Ifa resonance condition is encountered, it is called synchro-betatron resonance 
(SBR). 

In general, the SBC potential must satisfy the Panofsky-Wenzel theorem, which 
relates the transverse kicks to the longitudinal energy gain. Consider a particle of 
charge e and velocity v = ds/dt experiencing a kick from a component in an acceler- 
ator. The total transverse momentum and energy changes are 


where E and B are electromagnetic fields, and t, — ta is the transit time of the kicker 
component, Sa, Sẹ are the entrance and exit azimuthal coordinates of the kicker. Then 
the Panofsky-Wenzel theorem yields a relation between the transverse kick and the 


96 
hd fAp\ _ AE 
R ð$ ( Po ) vi ( Sr) ' ee) 


where Ap, /po is the transverse kick, Ré/h is the longitudinal phase-space coordinate 
of the particle, and V1 is the transverse gradient. Thus if the transverse kick de- 
pends on the longitudinal coordinates, then the energy gain depends on the transverse 
coordinates. 


energy gain 


This synchro-betatron coupling potential, which satisfies the Panofsky-Wenzel 
theorem Eq. (2.287), can generally be expressed as a function of 6D phase-space 
coordinates. The synchrotron phase-space coordinates are chosen naturally to be 
(Ré/h, —Ap/po), and the Hamiltonian in 6D phase-space coordinates becomes 


1 1 1D 1. Ap 
H, = - x? Kar? H ae fe H z 2 ora, aa Tork... ; 
i = JOH Ka) + 52? K) = 2 = SB) 
1 i rih es 
IE X eV, cos(ġ — —D + RP x) 
sin os h h 
Ses f= = De += )'z), 2.2 
aE a a a 


It is worth noting that if RF cavities are located in a straight section, the phase factor 
—Dza' + D'x will be the same for all cavities (see Exercise 2.9.1). The driving terms 
for the synchro-betatron coupling in Eq. (2.288) coherently add up in all cavities 
arranged in one straight section. Thus it is beneficial to put rf cavities in dispersion 
free regions. 


°61).A. Goldberg and G.L. Lambertson, AIP Conf. Proc. No. 249, p. 537 (1992). 
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Neglecting synchro-betatron coupling, the Hamiltonian for canonical phase-space 
variables (a, 7’, z, 2’, Rọ/h, —Ap/po) is 


H = Hy(a,2',2,2')+ Ho, 2r) (2.289) 
H = e + Krr? +2? HK) 

1,1 a (A V, , 
a o X rar! cos 6 + ($ — ds) sin ġs]ô(0 — 0), 


where rf cavities are assumed to be at dispersion free locations. Averaging over one 
revolution around the ring, the Hamiltonian for synchrotron motion becomes 


eV 


2 . 
(H) = E = mn — cos ds + ($ — $s) sin ds] 
1 Ap,» v? . 
= —-n(—) — —> [cos ġ — cos d, + (@ — ġ.) sin œs], 2.290 
GEP — galoo- cose, + (— 6,)sind,], (2.290) 
where 7 is the phase slip factor, and v, = ae is the synchrotron tune of the 


stationary bucket with @, = 0. 
The action of the synchrotron oscillations and the linearized betatron oscillations 
can be defined on an equal footing as 


R Ap 1 1 
n I,=— ġrdr;, 1,=— Ọ zdz: 2.291 
~ Oth i zf i TE ° (aM) 


The synchrotron action p (7-mm-mrad) is related to the commonly used phase 
area A (eV-s) of the phase-space coordinates (¢, AE /hwo) by 

— Rw AleVs] 

* BP Eo 

Since the typical longitudinal phase-space area is about 0.1 — 1.0 eV-s, the correspond- 


ing longitudinal action is 100-1000 times as large as the transverse action. This result 
has important implications for the synchro-betatron coupling (SBC) resonances.” 


A =3.2 x 10°—_— 


[rum]. (2.292) 


Exercise 2.9 


1. Show that the function — Dx’ + D'z in the Hamiltonian H; is invariant in a straight 
section, where D is the dispersion function, x is the horizontal betatron function, and 
the primes are derivative with respect to the longitudinal coordinate s. Show that rf 
cavities located in a straight section contribute coherently to SBC if the dispersion 
function is not zero. 


2. Show that if the SBC potential is an analytic function of 6D phase space coordinates 
(x,x',z,z', Rọġ/h,—Ap/po), it satisfies the Panofsky-Wenzel theorem. 


°"7See e.g. S.Y. Lee, Phys. Rev. E49, 5706 (1994). 
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Chapter 3 


Synchrotron Motion 


In general, particles gain energy from electric field in longitudinal direction.! Since 
the electric field strength of an electrostatic accelerator is limited by field breakdown 
and by the length of the acceleration column, electrostatic accelerators have mainly 
been used for low energy accelerators. Alternatively, a low-loss radio-frequency (rf) 
cavity operating at a resonance condition can be used to provide accelerating voltage 
with V sin(#, + wrt), where V is the amplitude of the rf voltage, ¢, is a phase factor, 
and wr is the angular frequency synchronized with the arrival time of beam particles. 
In this chapter we study particle dynamics in the presence of rf accelerating voltage 
waves. 

Although we can derive a 6D Hamiltonian for both synchrotron and betatron 
oscillations (see Chap. 2, Sec. IX), here, for simplicity, we will derive the synchrotron 
Hamiltonian based only on the revolution frequency and energy gain relations. This 
formalism lacks the essential connection between synchrotron and betatron motions, 
but it simplifies the choice of synchrotron phase-space coordinates. 

A particle synchronized with rf phase ¢ = ¢, at revolution period Tọ and mo- 
mentum po is called a synchronous particle. A synchronous particle will gain or lose 
energy, eV sin ds, per passage through an rf cavity. Normally the magnetic field is 
ideally arranged in such a way that the synchronous particle moves on a closed or- 
bit that passes through the center of all magnets. Particles with different betatron 
amplitudes execute betatron motion around this ideal closed orbit. 

A beam bunch consists of particles with slightly different momenta. A particle 
with momentum p has its own off-momentum closed orbit, Dô, where D is the disper- 
sion function and 6 = (p—po)/po is the fractional momentum deviation. Since energy 
gain depends sensitively on the synchronization of rf field and particle arrival time, 
what happens to a particle with a slightly different momentum when the synchronous 
particle is accelerated? 


!This statement also applies to charged particle acceleration in the betatron and the induction 
linac, in which the induced electromotive force is given by the time derivative of the magnetic flux. 
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The phase focusing principle of synchrotron motion was discovered by McMillan 
and Veksler [21]: If the revolution frequency f is higher for a higher momentum 
particle, i.e. df/dd > 0, the higher energy particle will arrive at the rf gap earlier, i.e. 
$ < $s. Therefore if the rf wave synchronous phase is chosen such that 0 < 6, < 7/2, 
higher energy particles will receive less energy gain from the rf gap. Similarly, lower 
energy particles will arrive at the same rf gap later and gain more energy than the 
synchronous particle. This process provides the phase stability of synchrotron motion. 
In the case of df /dô < 0, phase stability requires 7/2 < @s < T. 

The discovery of phase stability paved the way for all modern high energy acceler- 
ators, called “synchrotrons,” and after half a century of research and development, it 
remains the cornerstone of modern accelerators. Particle acceleration without phase 
stability is limited to low energy accelerators, e.g. Cockcroft-Walton, Van de Graaff, 
betatron, etc. Furthermore, bunched beams can be shortened, elongated, combined, 
or stacked to achieve many advanced applications by using rf manipulation schemes. 
Phase-space gymnastics have become essential tools in the operation of high energy 
storage rings. 

In this chapter we study the dynamics of synchrotron motion. In Sec. I, we derive 
the synchrotron equation of motion in various phase-space coordinates. Section II 
deals with adiabatic synchrotron motion, where an invariant torus corresponds to a 
constant Hamiltonian value. In Sec. III, we study the perturbation of synchrotron 
motion resulting from rf phase and amplitude modulation, synchro-betatron coupling 
through dipole field error, ground vibration, etc. In Sec. IV, we treat non-adiabatic 
synchrotron motion near transition energy, where the Hamiltonian is not invariant. In 
Sec. V, we study beam injection, extraction, stacking, bunch rotation, phase displace- 
ment acceleration, beam manipulations with double rf systems and barrier rf systems, 
etc. Section VI treats fundamental aspects of rf cavity design. In Sec. VII, we intro- 
duce collective longitudinal instabilities. In Sec. VIII, we provide an introduction to 
the linac. 


I Longitudinal Equation of Motion 


Let the longitudinal electric field at an rf gap be 
E = Epsin(dre(t) + ds), Gre = hut, (3.1) 


where wo = boc/Ro is the angular revolution frequency of a reference (synchronous) 
particle, Eo is the amplitude of the electric field, Goc and Ro are respectively the speed 
and the average radius of the reference orbiting particle, h is an integer called the 
harmonic number, and @, is the phase angle for a synchronous particle with respect 
to the rf wave. We assume that the reference particle passes through the cavity gap 
in time t € nTo + (—g/28c, g/2Gc) (n = integer), where g is the rf cavity gap width. 
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The energy gain for the reference particle per passage is 


g/2Boc 
AE = etic | sin(hwot + ġs)dt = eEogT sin dg, (3:2) 
—g/2Boe 
sin(hg/2Ro) 
= 3.3 
(hg/2Ro) m 


where e is the charge of the circulating particles, and T is the transit time factor. 
The effective voltage seen by the orbiting particle is V = EọgT. The transit time 
factor arises from the fact that a particle passes through the rf gap within a finite 
time interval so that the energy gain is the time average of the electric field in the gap 
during the transit time (see also Exercise 3.1). If the gap length is small, the transit 
time factor is approximately equal to 1. However, a high electric field associated with 
a small gap may cause sparking and electric field breakdown. 

Since a synchronous particle synchronizes with the rf wave with a frequency of 
wr = hwo, where wo = boc/Ro is the revolution frequency and h is an integer, it 
encounters the rf voltage at the same phase angle ¢, every revolution. The acceleration 
rate for this synchronous particle is Ey = #eV sin $s, where the dot indicates the 
derivative with respect to time t. 

Now we consider a non-synchronous particle with small deviations of rf parameters 
from the synchronous particle, i.e. 


w=uptAw, ¢=¢,+Ad, 0= b: +49, 
p=potAp, E= o+ AE. 


Here s, 0s, wo, Po, Eo are respectively the rf phase angle, azimuthal orbital angle, 
angular revolution frequency, momentum, and energy of a synchronous particle, and 
ġ,0,w,p, E are the corresponding parameters for an off-momentum particle. 

The phase coordinate is related to the orbital angle by Ad = ¢ — @, = —h A0, or 


Aw = —A@ = —-=—Ag=-=—. (3.4) 


The energy gain per revolution for this non-synchronous particle is eV sin ġ, where 
@ is its rf phase angle, and the acceleration rate is E = eV sind. The equation of 
motion for the energy-difference becomes? 

d (= 


= ) = eV (sing — sin @s). (3.5) 


Wo 
?We use the relation 


l Li ea Eara [ESRR] ans. E (BEN, 


AE 
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Using the fractional off-momentum variable, we obtain 


Ap wo AE . Wo ; . 
o= Do = BE w’ 05 mpn Y — sin os). (3.6) 
The next task is to find the time evolution of the phase angle variable ¢. Using 
Eq. (3.4), we find 


ġ = —h(w — w) = —hAw. (3.7) 
Using the relation wR/woRy = 8/6o and the result in Chap. 2, Sec. IV, we obtain 
Aw £6Ro 
a RT 3.8 
Wo boR (3.8) 
R= Ro(1 + aod 4 a1 07 + ad? 4 si); 
1 dR 1 
c= Be gg T t 20S + 3a? ++ =, 3.9 
7 a ER =r (3.9) 


where R is the mean radius of a circular accelerator and a, is the momentum com- 
paction factor,’ 7,,.mc?, or simply Yp, is called the transition energy. Most accelerator 
lattices have ag > 0 and the closed-orbit length for a higher energy particle is longer 
than the reference orbit length. Some specially designed synchrotrons can achieve 
the condition ag = 0, where the circumference, up to first order, is independent of 
particle momentum. Recently, medium energy proton synchrotrons have been de- 
signed to have an imaginary y, or a negative momentum compaction (see Chap. 2, 
Sec. IV.8). The orbit length in a negative compaction lattice is shorter for a higher 
energy particle. 

Let p = mcy = po + Ap be the momentum of a non-synchronous particle. The 
fractional off-momentum coordinate 6 is 


E a (3.10) 


Po — Bovo 


Expressing 8 and y in terms of the off-momentum coordinate ô, we find 


L = 4/1 + 2625 + B26, 
Yo 


B____1+6 ekg Wip, HEHE D oo 
Bo 4/1 + 2626+ Bee +R 278 272 
Combining Eqs. (3.8) and (3.9), we obtain 
= (3.11) 
wo 


3Typically, we have ayy N ih ~ 1 for accelerators without chromatic corrections. The a; 


Vr 


term depends on the sextupole field in the accelerator. 


I. LONGITUDINAL EQUATION OF MOTION 233 


where the phase slip factor is (6) = no + mô + 207 +--+ with 


No = (ao — >), 


385 
m= 2g + a1 — aom, (3.12) 
2(5682—1 382 
m = fiaa } + az — agar 4 St + agno ae 
In linear approximation. we find Aw = —nowod = (4 — +)u06 Below the tran- 


ye 
sition energy (y < Yp) a higher energy particle with 6 > 0 has a higher revolution 
frequency. The speed of the higher energy particle more than compensates the dif- 
ference in path length. At transition energy, the revolution frequency is independent 
of particle momentum. The AVF cyclotron operates in this isochronous condition. 
The nonlinear term in Eq. (3.11) becomes important near transition energy, to be 
addressed in Sec. IV. Above transition energy (y > Yp) a higher energy particle with 
ô > 0 has a smaller revolution frequency, i.e. the particle appears to have a “negative 
mass.” Combining Eqs. (3.7) and (3.11), we obtain the phase equation of motion: 


hwn (AE 
ox hona = Hin (2E £), (3.13) 


where (¢, AE/wo) or equivalently (¢, ô) are pairs of conjugate phase-space coordi- 
nates. Equations (3.5) and (3.13) form the “synchrotron equation of motion.” 


I.1 The Synchrotron Hamiltonian 


The synchrotron equations of motion (3.5) and (3.13) can be derived from a “Hamil- 
tonian” 


1hnw? [AEN? eV 
H = a (= H = [cos ġ — cos ġs + (¢ — 5) sin ds] 


comes [cos ġ — cos d, + (¢ — ds) sin ġs] (3.14) 
with time ¢ as an independent variable and for phase-space coordinates (¢, AE /wo) 
and (¢,6) respectively. This Hamiltonian, although legitimate, is inconsistent with 
the “Hamiltonian” for transverse betatron oscillations, where s is the independent 
coordinate. To simplify our discussion, we will disregard the inconsistency and study 
synchrotron motion of Eq. (3.14). A fully consistent treatment is needed when we 
study synchro-betatron coupling resonances.* 

With this simplified Hamiltonian, we now discuss the stability condition for small 
amplitude oscillations, where the linearized equation of motion is 


= = shu? + 


hugeV no cos ds 


SE ld ~ 6): (3.15) 


L a bs) = T 


4S.Y. Lee, Phys. Rev. E49, 5706 (1994). 
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The stability condition for synchrotron oscillation is mno coss < 0, discovered by 
McMillan and Veksler [21]. Below the transition energy, with y < Yp or 7 < 0, the 
synchronous phase angle should be 0 < s, < 7/2. Similarly the synchronous phase 
angle should be shifted to 7—@, above the transition energy. This can be accomplished 
by a phase shift of 7 — 2¢, to the rf wave. The angular synchrotron frequency and 
synchrotron tune (the number of synchrotron oscillations per revolution) are 


E heV |nNo cos l _ ya cos sl 
“s = ON On PE aE oy 


Ws heV |no cos | heV |no| 
eo Se, Se =o wi oa a ai 
Q n PB Vs\/|cosds|, wi v, mE (3.17) 


where c is the speed of light and R is the average radius of synchrotron. The rf bucket 
at the synchronous rf phase ¢, = 0 or 7 is called the stationary bucket because there 
is no net change of beam energy. The synchrotron tune at the stationary bucket is 
usually denoted by v,. The rf buckets with ¢, 4 0 or m are called running buckets. 
Typically the synchrotron tune is of the order of ~ 107° for proton synchrotrons 
and 107! for electron storage rings. Figure 3.1 shows the measured synchrotron tune 
of the Fermilab Booster in a ramping cycle from 400 MeV to 8 GeV. The inset shows 
the rf voltage and the corresponding rf synchronous phase during the ramping cycle. 


0.087 


Figure 3.1: The synchrotron tune of a 
ramping cycle for the Fermilab Booster, 
which is a rapid cycling accelerator at 15 
Hz. At t = 17 ms, the beam crosses transi- 
tion energy. Rectangular symbols are re- 
sults obtained by the ICA measurement 
method (see Appendix Sec. III) and x’s 
are obtained from spectrum analyzer to 
a difference signal. The synchrotron tune 
bey sig aie A for a rapid cycling synchrotron at low en- 
ooon r ti BPE TA ergy can be large (Courtesy of X. Huang). 
10 20 Time (ms) 3° 


The stability of particle motion in rf force potential can be understood from the 
left plot of Fig. 3.2, where the rf potentials are shown in the left plots for ¢, = 
0 and ¢, = 7/6. The potential well near the synchronous phase angle provides 
restoring force for quasi-harmonic oscillations. The horizontal dashed line shows the 
maximum Hamiltonian value for a stable synchrotron orbit. The corresponding stable 
phase-space (bucket) area is shown in the middle plots in the normalized phase space 
coordinates (h|n|/Vs)ðsx vs $. Particles inside the rf bucket execute stable synchrotron 
motion, while particles fall outside the bucket will be lost. 
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0.02 


Figure 3.2: Left: schematic drawing of the rf potentials for ¢; = 0 and 7/6. The dashed line 
shows the maximum “energy” for stable synchrotron motion. Middle: the corresponding 
separatrix orbits in (A|n|/vs) x dsx vs ġ. The phase ¢, is the turning point of the separatrix 
orbit. Right: an example of stable rf buckets, called fish diagram, in ô vs ¢ at ¢, = 77/6. 


For an accelerator with a harmonic number h, there are h buckets. Particles can 
fill some of these stable buckets. The filling pattern can be arranged by injection 
schemes. The right plot of Fig. 3.2 shows a fish diagram of rf buckets at ¢, = 7/6. 


I.2 The Synchrotron Mapping Equation 


In Hamiltonian formalism, the rf electric field is considered to be uniformly distributed 
in an accelerator. In reality, rf cavities are localized in a short section of a synchrotron, 
the synchrotron motion is more realistically described by the symplectic mapping 
equation: 


eV. ; 
l On41 = On F pp” Pn — si Qs), (3.18) 
On+1 = On + 27hy(bn+1)On41- 


The physics of the mapping equation can be visualized as follows. First, the particle 
gains or loses energy at its nth passage through the rf cavity, then the rf phase 
n41 depends on the new off-momentum coordinate 6,41. Since the Jacobian of the 
mapping from (n, Ôn) to (dn41, On+1) is equal to 1, the mapping preserves phase-space 
area. 

Note that Eq. (3.18) treats the rf cavity as a single lumped element in an ac- 
celerator. In reality, the rf cavities may be distributed non-uniformly. The rf phase 
change between different cavities may not be uniform. Because synchrotron motion is 
usually slow, Hamiltonian formalism and mapping equations are equivalent. Because 
of the simplicity of the mapping equations, they are usually used in particle tracking 
calculations. 
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I.3 Evolution of Synchrotron Phase-Space Ellipses 


The phase-space area enclosed by a trajectory (¢,0) obtained from Eq. (3.18) is 
independent of energy. Therefore, Eq. (3.18) can not be used in tracking simula- 
tions of particle beam in acceleration. During acceleration, the phase-space area in 
($, AE/wo) is invariant. The phase-space mapping equation for phase-space coordi- 
nates (¢, AE/wo) should be used. The adiabatic damping of phase-space area can be 
obtained by transforming phase-space coordinates (¢, AE /wo) to (¢, 6). 

The separatrix for the rf bucket shown in Fig. 3.2 is a closed curve. In a rapid 
cycling synchrotron or electron linac where the acceleration gradient is high, the 
separatrix is not a closed curve. The mapping equations for synchrotron phase-space 
coordinates (¢, AE) are 


AF nui = AE, + eV (sin gn — sin ds), (3.19) 
2rhn 
On+1 = On + PE OP (3.20) 


The quantity 7/6? in Eq. (3.20) depends on energy, which is obtained from Eq. (3.19), 
ie. E = Eons = Eon +eV sin ds, y = E/mc’, 8 = /1—-1/7?, and n = a,.—1/7’. If 
the acceleration rate is low, the factor hn/8?E is nearly constant, and the separatrix 
orbit shown in Fig. 3.2 can be considered as a closed curve. 

When the acceleration rate is high, tori of the synchrotron mapping equations are 
not closed curves. Figure 3.3 shows two tori in phase-space coordinates (¢, AE/3?E) 
with parameters V = 100 kV, h = 1, a, = 0.04340, 6, = 30° at 45 MeV proton kinetic 
energy. Note that the actual attainable rf voltage V is about 200-1000 V in a low 
energy proton synchrotron. When the acceleration rate is high, the separatrix is not 
a closed curve. The phase-space tori change from a fish-like to a golf-club-like shape. 
This is equivalent to the adiabatic damping of phase-space area discussed in Chapter 
2, Sec. II. Since the acceleration rate for proton (ion) beams is normally low, the 
separatrix torus shown in Fig. 3.2 is a good approximation. When the acceleration 
rate is high, e.g. in many electron accelerators, the tori near the separatrix may 
resemble those in Fig. 3.3. 


0.02 r 
] Figure 3.3: Two tori in phase-space coordi- 
oop y “ nates (¢, AE/6?E) obtained from mapping equa- 
S j 1 tions (3.19) and (3.20) with parameters V = 100 
en a ] kV, h = 1, ae = 0.04340, and ds = 30° at 45 MeV 
È 1 proton kinetic energy. IUCF Cooler Ring has typi- 
TOULES “| cal rf voltage at about 1-2 kV. Note that the dashed 
„1. J line become the separatrix orbit, while the solid line 


v ını  & 3 is trapped into the bucket. This phenomenon is adi- 
g abatic damping of synchrotron motion. 
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I.4 Some Practical Examples 


A basic rf cavity requirement for beam acceleration rate is 


1. . 
Bpjs% = rede — Vsing, =2rRpb. (3.21) 
For example, proton acceleration in the IUCF cooler ring from 45 MeV to 500 MeV 
in one second requires B = ale ~ 1.1 Tesla/sec, and V sin¢, ~ 240 Volts, where we 


use p X 2.4m, R ~ 14 m. The result is independent of the harmonic number used. 

Similarly, acceleration of protons from 9 GeV to 120 GeV in 1 s at the Fermilab 
Main Injector would require B ~ 1.6 Tesla/s. The circumference is 3319.4 m with 
p = 235 m. The voltage requirement becomes V sin @, = 1.2 MV. 


I.5 Summary of Synchrotron Equations of Motion 
A. Using t as independent variable 
Using time t as an independent variable, the equations of motion and the Hamiltonian 


are listed as follows. 


e Using (¢, AE/wo) as phase-space coordinates: 


dọ hwn (=) d(AE/wo) 


1 ; : 
= zev (sine — sin s), (3.22) 


Pr BE \ wo dt 
1 hyu? (AEN? | eV i 


e Using (¢,6) as phase-space coordinates: 


de _ dô = wyeV . : 
a hwond, de pene sin @s), (3.24) 
H= hwnd? ' igloos cos ds + (6 — bs) sin s]. (3.25) 


e Using (ġ, P = —(h|n|/v,)d) as the normalized phase-space coordinates: 


dP 7 - 
WYSP, a p sin @s), (3.26) 


Ziyi? =F T ov,[cos ¢ — COS OA + (% = s) sin @s]- (3.27) 


d — 
dt 
H= 

2 In| 
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e Using (T = (¢ — ¢s)/hwo,7) as phase-space coordinates: 


dr . dt nugeV .. . 

aoe ae mE [sin(ds — hwoT) — sin dg], (3.28) 
1 

H = -7 + mr [cos(ds — hwoT) — cos ds — hwoT sin ds]. (3.29) 


2 | WhBE 


The corresponding normalized phase space is (T, 7/ws). 


B. Using longitudinal distance s as independent variable 
e Using (Ré/h, —Ap/po) as phase-space coordinates, the Hamiltonian is 


g-t (22) - vs [cos @ — cos d, + (¢ — ds) sin ds] (3.30) 
~ 2" py) Fin i oe . 


where vs = /h|nleV /276?Eo is the synchrotron tune at ¢, = 0. This syn- 


chrotron Hamiltonian is on an equal footing with the transverse betatron mo- 
tion. In particular, the negative sign in the first term corresponds to negative 
mass above the transition energy, where 7 > 0. 


Exercise 3.1 


1. An rf cavity consists of an insulating gap g across which the rf voltage is applied. The 
gap length is finite and the rf field changes with time during transit time At. The 
total energy gain of a particle passing through the gap is the time average of the rf 
voltage during the transit time, i.e. 


e pat) 
AE= x/ V(t)dt, V(t) = Vesin(¢ + hwot) 
At J_at/2 

where Vz is the peak gap voltage, and ¢ the rf phase of the particle. Show that the 
effective voltage is 
sin (hg/2R) 

(hg/2R) ° 
where R is the mean radius of the accelerator. Thus the transit time factor T is the 
same for all particles. 


V=V;T, T= 


2. Show that the relation between the rf frequency of an accelerator and the magnetic 
flux density B(t) during particle acceleration at a constant radius is given by 


he B?(t) 1/2 


Mi= Ro | B? (t) + (me /ecp}? ? 


where h is the harmonic number, p is the bending radius of the dipoles, Rọ is the 
mean radius of the accelerator, e and m are the charge and mass of the particle, and 
c is the speed of light. 
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3. Calculate synchrotron tunes for the proton synchrotrons listed in the following table 
with ¢, = 0. 


RF parameters of some proton synchrotrons 


P-synchrotron | AGS RHIC FNAL-MI | FNAL-BST | SSC Cooler 
K.E. [GeV/u] | 0.2 28 8 0.4 2000 | 0.045 
Vie [MV] 0.3 0.3 2 0.95 10 0.0001 
h 12 342 588 84 17424 | 1 

Vr 8.5 24.5 21.8 5.446 140 4.6 

C [m] 807.12 | 3833.84 | 3319.4 474.2 87120 | 86.8 
Vs 


4. Electrons in storage rings emit synchrotron radiation. The energy loss per turn is 
given by 


Uo = C48? Eô /p, 


where Fo is the beam energy, 8c is the beam velocity, p is the bending radius of 
dipoles, and 


Cy = 8.85 x 107” m/(GeV}’. 


The energy loss due to synchrotron radiation is compensated by the rf accelerating 
field, i.e. Up = eV,¢ sin gs. Calculate synchrotron tunes for the electron storage rings 
listed in the following table. 


RF parameters of some electron synchrotrons 


LEP ALS | APS | NLC DR | BEPC | TRISTAN 
C [m] 26658.9 | 196.8 | 1060 | 223 240.4 | 3018 
Energy [GeV] | 50 1.2 7.0 1.98 2.2 30. 
p m] 3096.2 | 4.01 | 38.96 | 4.35 10.35 | 246.5 
Vez [MV] 400 15 |10 | 1.0 0.8 | 400 
h 31320 328 1248 | 531 160 5120 
Vr 50.86 26.44 | 64.91 | 46.1 5.0 25.5 
Vy 76.2 14.28 | 35.22 | 23.81 6.18 36.8 
Vz 70.2 8.18 | 14.3 | 8.62 7.12 38.7 
os [deg] 
Qs 


5. The synchrotron tune of the Fermilab Booster during the ramping cycle is shown in 
Fig. 3.1. We note that the rf voltage is ramped from a low value to a high value at 
injection for adiabatic capture (see Sec. V.2 in Chap. 3). 


(a) Compare the measured synchrotron tune at the injection energy with that ob- 
tained from Exercise 5.1.3. Explain the difference. 


(b) At time t = 17 ms, what happens to the the measured synchrotron tune? What 
is the beam energy and what happens to the synchronous phase angle? 


(c) Why the synchronous phase angle is moved to 180° at extraction? 


240 


10. 
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Compare and discuss the synchrotron mapping equations of Eq. (3.18) vs Eqs. (3.19) 
and (3.20). 


Verify Eq. (3.21) of rf voltage requirement during the beam energy ramping process. 


. Find the dimension of phase space area in various phase space coordinates discussed 


in Sec. I.5 


Write a computer program to track synchrotron motion near the separatrix, explore 
the dependence of the separatrix on the acceleration rate, and verify the golf-club-like 
tori in Fig. 3.3, where the torus of the solid line is captured into the bucket, while 
the torus of dashed line is outside the bucket. 


Redefine y = h|n|6/vs. 


(a) Show that Eq. (3.18) of the symplectic mapping equation for a stationary bucket 
synchrotron motion can be transformed into the standard map: 


Yn+1 = Yn T 2rv;(sin Pn — sin ds), 


On+1 = On, =r eae 


where vs = \/h|nl|eV/278?E is the synchrotron tune. 


(b) Write a program to track the phase-space points (¢,y) such that @ € [—7, 7], 
y € [-2, 2]. Examine the symmetry of the tracking equation in (¢, y) space. 


(c) Explore the phase-space evolution at Vs = Vs, = 0.39324366, where vs, is the 
critical synchrotron tune for global chaos in the synchrotron phase space. 
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II Adiabatic Synchrotron Motion 


With time t as an independent variable, Hamilton’s equations of motion for the 
synchrotron Hamiltonian for phase-space coordinates (¢, ô) shown in Eq. (3.14) are 


. . wyeV 
b= hyd, b= SO 


(sin ọ — sin ds), (3.31) 


where the over-dots indicate derivatives with respect to time t. For simplicity in 
notation, hereafter, the subscript of the energy Ep of the beam has been neglected. If 
In| Æ 0, the small amplitude synchrotron tune is given by Eq. (3.17). The synchrotron 
period is T, = To/Qs, where To is the revolution period. 

The typical synchrotron tune in proton synchrotrons is of the order of 107°, i.e. 
it takes about 1000 revolutions to complete one synchrotron oscillation. The typical 
synchrotron tune in electron storage rings is of the order of 107'. If the rf parameters 
V and ¢, vary only slowly with time so that the gain in beam energy in each revolution 
is small, and 7 differs substantially from 0, the Hamiltonian is time independent or 
nearly time independent. 

During beam acceleration, the Hamiltonian (3.14) generally depends on time. 
However, if the acceleration rate is low, the Hamiltonian can be considered as quasi- 
static. This corresponds to adiabatic synchrotron motion, where parameters in the 
synchrotron Hamiltonian change slowly so that the particle orbit is a torus of constant 
Hamiltonian value. The condition for adiabatic synchrotron motion is 


dT; 
dt 


1 dws 
w dt 


dl 


On 


Qad = 


<1, (3.32) 


where ws is the angular synchrotron frequency and daq is called the adiabaticity 
coefficient. Typically, when aaq < 0.05, the time variation of synchrotron period is 
small and the trajectories of particle motion can be approximately described by tori 
of constant Hamiltonian values. 


II.1 Fixed Points 


The Hamiltonian for adiabatic synchrotron motion has two fixed points (¢,,0) and 
(T — os,0), where $ = 0 and 6 =0. The phase-space point (@;,0) is the stable fixed 
point (SFP). Small amplitude phase-space trajectories around the stable fixed point 
are ellipses. Therefore the SFP is also called an elliptical fixed point. 

The phase-space trajectories near the unstable fixed point (UFP) (a — ¢,,0) are 
hyperbola. Thus the UFP is also called a hyperbolic fixed point. The torus that 
passes through the UFP is called the separatriz; it separates phase space into regions 
of bound and unbound oscillations. Figure 3.4 shows the separatrix orbit in the 
normalized coordinates (h|n|/Vs)ðsx vs o for n < 0 with s = 0, 7/6, 7/3 and for n > 0 
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with @, = 27/3,52/6,7. The synchrotron phase space is divided into stable and 
unstable regions, and only particles in the stable region can be accelerated to high 
energy. Particles in synchrotrons are naturally bunched. A beam in which particles 
are grouped together forming bunches is called a bunched beam. 


J] Figure 3.4: Separatrix orbits of the normalized 
phase space coordinates (h|n|/vs)dsx vs ġ for ņn > 0 
| (above transition energy) with ¢, = 27/3,57/6,7, 
7 (top) and for 7 < 0 (below transition energy) with 
1 ¢s = 0,7/6, 7/3 (bottom). The UFP of each separa- 
] trix is m — s. The phase space area enclosed by the 
_ separatrix is called the bucket area. The maximum 
] of-momentum deviation of the rf bucket is called 
1 bucket height. The acceleration rate is zero for a 
j stationary bucket at ¢, = 0 or m. When sing, 4 0 
J or m, the bucket is called a running bucket. When 
+ an rf system has a harmonic number h applied to an 
atc —<.1.. d accelerator, there are h identical buckets and a max- 
= °% (rad) ? imum of h bunches can be stored in the accelerator. 


For a slowly time-varying Hamiltonian, particle motion adiabatically follows a 
phase-space ellipse, called a “Hamiltonian torus” at a “constant” Hamiltonian value. 
The phase-space area enclosed by a Hamiltonian torus is A = $ 6(¢)d¢. The phase- 
space area enclosed by the separatrix orbit is called the bucket area. The maximum 
momentum deviation of the separatrix orbit is called the bucket height. Particles 
outside the rf bucket drift along the longitudinal direction, and particles inside the rf 
bucket execute quasi-harmonic motion within the bucket. 


II.2 Bucket Area 


The separatrix passes through the unstable fixed point (m — ¢;,0). Therefore the 
Hamiltonian value of the separatrix and the phase-space trajectory of the separatrix, 
where H = H,,, are 


Hye Py [-2 cos $, + (m — 2¢,) sin ds]. (3.33) 
be á [cos ġ + cos 6, — (T — ¢ — ¢ġs) sin ds] = 0 
t s T s sl — U: 
~ nB? Ehn 
The separatrix has two turning points, @, and 7—@, with cos d,+¢y sin Øs = — cos ds+ 


(T — s) sings. For s = 0, the turning points are —7 and 7. 
The phase-space area enclosed by the separatrix is called the bucket area, i.e. 


7 = eV E 16Q; 
Ag = f iodo =16 InP EDN] Qp(¢s) = ERIA ar(ġs), (3.34) 
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av(¢s) = 


ae 1/2 
ne A‘ | [n] [cos ¢ + cos ¢s — (T — ġ — ds) sings]| do, (3.35) 


where the factor ap(¢s) is the ratio of bucket areas of a running bucket (¢, 4 0) to 
a stationary bucket (¢, = 0). Table 3.1 lists a,(¢;) as a function of the synchronous 
phase angle ¢;. Naturally aœ (0) = 1, and ap (7/2) = 0, i.e. the bucket area vanishes 


at 90° synchronous phase angle. We note that ay(@,) ~ (1 — sin ġs)/(1 + sin ¢@,). 
sin ds Pu | T— os | Y(ds) | nls) —— = 
0.00 | —180.00 | 180.00 | 1.0000 | 1.0000 | 1.0000 
0.10 | —118.90 | 174.26 | 0.9208 | 0.8041 | 0.8182 
Table 3.1: Turning point (¢, 0.20 —93.71 | 168.46 | 0.8402 | 0.6611 | 0.6667 
in degree), UFP (r — ¢ġ, in 0.30 —73.59 | 162.54 | 0.7577 | 0.5388 | 0.5385 
degree), Bucket length (m — | 0-40 —55.66 | 156.42 | 0.6729 | 0.4305 | 0.4286 
;—@u), bucket height factor | 9-50 —38.69 | 150.00 | 0.5852 | 0.3333 | 0.3333 
Y ($s) and bucket area factor 0.60 —21.88 | 143.13 | 0.4936 | 0.2460 | 0.2500 
alh). 0.70 —4.48 | 135.57 | 0.3967 | 0.1679 | 0.1765 
0.80 14.59 | 126.87 | 0.2919 | 0.0991 | 0.1111 
0.90 37.77 | 115.84 | 0.1731 | 0.0408 | 0.0526 
1.00 90.00 | 90.00 | 0. 0. 0. 


The corresponding invariant bucket area in (¢, AE /wọ) phase-space variables, 


2E 
Ab rms = ge rms — = hTONOAE, (3.36) 
Wo 
is the phase-space area of h buckets in accelerator, where At is the bucket width in 
time (s), AF is the bucket energy height (eV), and the resulting bucket phase-space 
area is in eV-s. Table 3.2 lists relevant formulas for rf bucket properties. 


Table 3.2: Formula for bucket area in conjugate phase space coordinates 


= ae 


) 
3 : B2EeV 
Bucket Area | 16 (Ee) an(s) | 16 = alos) | 16 ar 


2 y 1/2 eV 1/2 
Bucket Height | 2 AR Y (Qs) 2 D ET] Y (¢s) 2 Y(¢s) 


The bucket length is |(m — ¢s) — ul, and the bucket height or the maximum 


momentum width is 
dev \"? _ 2Qs 5 
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Here bucket height factors Y (¢s) and Y (¢ġs) are ratios of the maximum momentum 
height to that of a stationary bucket, i.e. 


T — 2ps 
2 


1/2 1/2 
— 2o; 
Y (ds) = |COS ds = = aot tan Ds : (3.38) 


sin Øs 


Y ($s) = i 
Table 3.1 also lists turning point and bucket height factor, Y(@), of rf bucket. 


II.3 Small-Amplitude Oscillations and Bunch Area 
The linearized synchrotron Hamiltonian around the SFP is simple harmonic with 


woeV COS ds 5 


1 2 
H= ghwond = 40 B2B 


$ — Qs ae 
dcos(wt+y), d= are +x), 


i GaN? ô eV|cosdl\"? _ Q 
© + (£) “i. 22 (ae) = (3.39) 

ô È & \2nB?Eh|n| Aln| 
where p = ¢— ġs, and the synchrotron frequency is given by Eq. (3.17) with ws = 


QsWo, and ô and ob are maximum amplitudes of the phase-space ellipse. The phase- 
space area of the ellipse is rg. 


A. Gaussian beam distribution 


The equilibrium beam distribution is a function of the invariant ellipse of Eq. (3.39). 
In many beam applications, we use the normalized Gaussian distribution given by 


2 62 
(0,0) = nam exp { ; E =|}. (3.40) 


where o5 and og are rms momentum spread and bunch length respectively. The 
corresponding rms phase-space area is Arms = nosog. The phase-space area that 
contains 95% of the particles in a Gaussian beam distribution is Aosy, = 6 Armas 
where the factor 6 depends on the distribution function. 

The synchrotron phase-space area (or emittance) A, usually measured in eV-s, is 
defined as the area in the phase space (d/h, AE /wo) for one bunch,” it is related to 


5The energy of a heavy ion beam is usually expressed as [MeV/u] or [GeV/u], the E in the 
denominator of Eq. (3.41) can be expressed as A x (£/A), where A is the atomic mass number or 
the number of nucleons in a nucleus, E/A = yuc?, and u = 0.931494 GeV/c? is the atomic mass 
unit. Thus the phase-space area is commonly defined as phase-space area per amu expressed as 
[eV-s/u] for heavy ion beams. The factors eV and E in this chapter should be modified by ZeV and 
A x (E/A) for heavy ion beams, where Z is the ion’s charge number, A is the atomic mass number, 
and E/A is the energy per nucleon. 
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A by a factor hwo /8?E. Using Eq. (3.39), we find the maximum momentum width 
and bunch length of a bunch as 


Aaa ($4). (3.41) 
A ave ( wo j egea ( Pe 
TB2E 27 8? B\n| 7 B2E|n| i 
j- 15 = air ( wo ‘el 276E] “ (4 wolnl n 
h TBE heV | cos ġs| TB EQ, ! 
ô heV | cos ġs| 50, 
i ( 2n B? E]n] In 


The invariant rms phase-space area for one bunch in eV-s is Arms = TOAtTar. The 
scaling properties of bunch length and bunch height of Eq. (3.42) become 


Ges AHY UA PMA |—U/4 3/4 oe AYYY Ah 14 41/4 (3.43) 


(3.42) 


where the adiabatic damping is also explicitly shown. As the energy approaches the 
transition energy with 7 — 0, we expect that ô — oo, and Ê —> 0. This is not true 
because the synchrotron motion around the transition energy is non-adiabatic. It will 
be discussed in Sec. IV. 

Similarly, the invariant phase-space ellipse in (0,6) phase space is 


2 2 ¢ 
(=) +(5) a4, 22% (3.44) 
ô 6 ô Inl 


where ô and 6 are the maximum amplitudes of phase-space ellipse. The normalized 
Gaussian distribution in (6,0) space becomes 


1 1f 0 
pd, 0) = 210509 exp {-3 E + an \ A (3.45) 


Here og and os are respectively the rms bunch angular width and rms fractional 


momentum spread. The bunch length is os = Rog in meters, where R is the average 
radius of the accelerator, or o, = og /wo in s. 

Now we consider Ng particles distributed in a bunch, where Ng may vary from 
108 to 10'* particles. The line distribution and the peak current (in Amperes) of the 


bunch are 
N; — 62/262 N = es 
old) = ee o pl) = Re 840) 
(o 


te Me ( 2T ja (3.47) 
V2nO: 7 V 2109 E V 2706 T ’ 


where Nge/To is the average current, and 27/(./2709) is the bunching factor. 


f= 
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B. Synchrotron motion in reference time coordinates 


In collective beam instabilities, we use the particle arrival time 7 and its time deriva- 
tive t for synchrotron phase-space coordinates, i.e. 


0-96 A 
r=- and =% = 4n. (3.48) 
Wo wo 
The linearized synchrotron Hamiltonian becomes H = z + w?r?], where ws is the 


angular synchrotron frequency shown in Eq. (3.16). The phase-space ellipse that 
corresponds to a constant Hamiltonian and the solutions are 


42 i 
P+ =P; r=Feosy, —=-fsind, Y =yo+wst, (3.49) 
w? Ws 
where 7 and w are respectively the synchrotron amplitude and phase. See Eq. (3.273) 
for its application. 


C. Approximate action-angle variables 


Expanding the phase coordinate around SFP with @ = @¢, + y, the synchrotron 
Hamiltonian becomes (see Exercise 3.2.11) 


z- 1 1 
= Ehon? Pa zog; e E tan ds B t+- e| (3.50) 


where Q, = \/heV|n cos ¢5|/27B2E = vsy/] cos ¢g| is the small amplitude synchrotron 
tune. For simplicity, we assume 7 > 0 in this section. 

We would like to transform the phase space coordinates (y,6) to action-angle 
coordinates (Y, J) by a generating function as: 


7 sJ siny. (3.51) 


With the approximate action-angle variables, the Hamiltonian for synchrotron motion 
becomes 


V2hiQs 
12 


If we apply the canonical perturbation method (see Exercise 3.2.11), the averaged 
synchrotron Hamiltonian and the amplitude dependent synchrotron tune become 


(H) = w9QsJ — etn ( + > tan? DES 
5) 1 tH) 


h 5 
Q(J)= or = Qs h — (+5 +> tan X J . (3.53) 


h 
H = woQsJ + wo tan s J? [cos 3y + 3 cos a] — wool cost. (3.52) 
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II.4 Small-Amplitude Synchrotron Motion at the UFP 


Small amplitude synchrotron motion around an unstable fixed point (UFP) is also 
of interest in accelerator physics. Expanding the Hamiltonian around the UFP, i.e. 
p =¢-— (T — $s), we obtain 


woeV cos Qs 
MPE ” 
6 = wô, g=ury. (3.54) 


b= $ = hnwoð, 


The particle motion is hyperbolic around the UFP. 

Now, we study the evolution of an elliptical torus of Eq. (3.39) at the UFP. We 
would like to find the evolution of bunch shape when the center of the beam bunch is 
instantaneously kicked? onto the UFP at time t = 0. With normalized coordinates, 
the solutions of Eq. (3.54) are 


- 6 R 
ğ=>5, ô= 7 p= ae"! + be™t, 8 = aet — be", (3.55) 


where a and b are determined from the initial condition. With the constants a and b 
eliminated, the evolution of the bunch shape ellipse is 


gp -2 (4 tanh duit) gd + 6? = (cosh Qw,t). (3.56) 


Thus the upright phase-space ellipse will become a tilted phase-space ellipse encom- 
passing the same phase-space area. The width and height of phase-space ellipse 
increase or decrease at a rate e*t, where t is the length of time that the bunch stays 
at UFP (see Exercise 3.2.5). This scheme of bunch deformation can be used for bunch 
rotation or bunch compression. At wst >> 1, the ellipse becomes a line ~ + 6=0. 
However, the nonlinear part of synchrotron Hamiltonian will distort the ellipse. 


II.5 Synchrotron Motion for Large-Amplitude Particles 


The phase space trajectory of adiabatic synchrotron motion follows a Hamiltonian 
torus H(¢, ô) = Ho, where H(¢, ô) is the synchrotron Hamiltonian in Eq. (3.14) and 
the constant Hamiltonian value Ho is 


Hy = shun’? = leos ô cos Øs + (È — dg) sin dg]. 


®Tn reality, the beam does not jump in the phase space; instead, the phase of the rf wave is being 
shifted so that the UFP is located at the center of a bunch. 
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Here ¢ and 6 are respectively the maximum phase coordinate and fractional momen- 
tum deviation of synchrotron motion. Using Hamilton’s equation ¢ = hwnd, we find 
the synchrotron oscillation period as 


-1/2 
T= $ (2h | losg cos s + (¢ d) sin) dọ, (3.57) 


where Ho is the Hamiltonian value of a torus. The angular synchrotron frequency is 
27/T. The action of the torus is 


T= f (Ho (e086 ~ coso + (0 ~ d) sind) Mabe (858) 

= cos COS Ọs + s) SIN Ms i i 
an J (huon ° 8E 

The synchrotron period of Eq. (3.57) can also be derived by differentiating Eq. (3.58) 

with respect to J, and using dHy/dJ = w(J) to find the synchrotron frequency. 


A. Stationary synchrotron motion 


For simplicity, we consider the stationary synchrotron motion above the transition 
energy with 7 > 0, or ¢, = m. The Hamiltonian value for a torus with a maximum 


phase coordinate @ (or maximum off-momentum coordinate 6) is 


= T hwon & = 21- cosd) = ô= (3.59) 


= 
The maximum off-momentum coordinate ô is related to the maximum phase co- 
ordinate ġ for a Hamiltonian torus, where the phase space trajectory is given by 


(ġ,+8(¢)): 5(¢) = #4/2(cos¢— cos ¢). The phase space area A, or the action J 


hy 
enclosed by the Hamiltonian torus is 


toma 10) i ees 


T/2 
c(h = B(k) = f Ji-Prarude. G80) 
1— sin? w 0 


where K(k) and E(k) are the complete elliptic integrals of the first and second kinds, 
and k = sin(¢/2) is the modulus of these integrals. 


B. Synchrotron tune 


The synchrotron tune of the Hamiltonian torus with maximum phase amplitude db 
becomes (see Exercise 3.2.8) 


Q) = ——— (3.61) 


II. ADIABATIC SYNCHROTRON MOTION 249 


Figure 3.5 compares the theoretical curve of Eq. (3.61) with a measured synchrotron 
tune at the IUCF Cooler. When the value of the Hamiltonian Ho approaches that 
of the separatrix H,, of Eq. (3.33), the synchrotron tune becomes zero and the 
synchrotron period becomes infinite. In the small angle approximation, we find 
QL) ¥ (1— P), which is identical to Eq. (3.53) at s = 0. 


Figure 3.5: The measured syn- 
chrotron tune obtained by taking the 
FFT of the synchrotron phase coor- 
dinate is plotted as a function of the 
maximum phase amplitude of the 
synchrotron oscillations. The solid 
line shows the theoretical prediction 
of Eq. (3.61). The inset shows an 
example of the synchrotron phase- 
space map measured at the IUCF 
Cooler, and the corresponding FFT 
spectrum. The zero amplitude syn- 
chrotron tune was vs = 5.2 x 1074. 


Vg (x107) 


10) 50 100 150 
¢ (deg) 


Since the synchrotron tune is nonlinear, particles having different synchrotron am- 
plitudes in a beam bunch can have different synchrotron tunes. If the bunch area is 
a substantial fraction of the bucket area, the synchrotron tune spread may be large. 
For a mismatched beam bunch, synchrotron tune spread can cause beam decoherence, 
a filamentation process, where beam particles spread out in the synchrotron phase 
space. Beam filamentation causes a mismatched beam bunch to evolve into spirals 
bounded by a Hamiltonian torus. The final bunch area is determined by the initial 
beam distribution and parameters of the rf system (see Fig. 3.20 in Sec. V). Filamen- 
tation can dilute the phase-space density of the beam. When the beam encounters 
longitudinal collective beam instability, or mis-injection in the rf bucket, or rf voltage 
and phase modulations, etc., the mismatched phase-space distribution will decohere 
and result in beam dilution. This process is important to rf capture in low energy 
synchrotrons during injection. On the other hand, synchrotron tune spread is useful 
in providing Landau damping for collective beam instabilities. 


II.6 Experimental Tracking of Synchrotron Motion 


Experimental measurements of synchrotron phase-space coordinates are important in 
improving the performance of synchrotrons. For example, a phase detector is needed 
in implementing a phase feedback loop to damp dipole or higher-order synchrotron 
modes. In this section we discuss the methods of measuring the off-momentum and 
rf phase coordinates of a beam. 
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The fractional off-momentum coordinate of a beam can be derived by measuring 
the closed orbit of transverse displacement Azco at a high dispersion function location. 
The off-momentum coordinate is 


ap a (3.62) 
p D 

where D is the horizontal dispersion function. Since synchrotron oscillation is rela- 
tively slow in proton synchrotrons, the signal-to-noise ratio can be enhanced by using 
a low-pass filter at a frequency slightly higher than the synchrotron frequency. 

The inset in Fig. 3.5 shows a synchrotron phase space ellipse measured at the 
IUCF Cooler Ring. The phase coordinate is obtained by a phase detector, and the 
fractional off-momentum coordinate is obtained from the displacement of the beam 
centroid measured with a beam position monitor (BPM). 

The BPM system had an rms position resolution of about 0.1 mm. By averaging 
the position measurements the stability of the horizontal closed orbit was measured to 
be within 0.02 mm. The momentum deviation is related to the off-momentum closed 
orbit, AZo, by Atco = Dô, where 6 = Ap/po is the fractional momentum deviation, 
and the horizontal dispersion function D is about 4.0 m at a high-dispersion location. 
The position signals from the BPM were passed through a 3 kHz low-pass filter before 
digitization to remove effects due to coherent betatron oscillations and high frequency 
noise. Since the synchrotron frequency at the IUCF Cooler in this experiment was 
less than 1 kHz for an rf system with h = 1, a 3 kHz low-pass filter could be used to 
average out betatron oscillations of a few hundred kHz. 

The synchrotron phase coordinate can be measured by comparing the bunch ar- 
rival time with the rf cavity wave. First, we examine the characteristics of beam 
current signal from a beam position monitor. We assume that the bunch length is 
much shorter than the circumference of an accelerator. With the beam bunch ap- 
proximated by an ideal 6-function pulse, the signal from a beam position monitor 
(BPM) or a wall gap monitor (WGM)’ is 


I(t,7) =Nge X ôt +r- lI) = == gratin), (3.63) 


£=—0o n=—0o 


where Ng is the number of particles in a bunch, Tọ is the revolution period, wọ = 27 /To 
is the angular revolution frequency, and 7 = (6 — 65) /wo is the arrival time relative 
to the synchronous particle. Equation (3.63) shows that the periodic delta-function 
pulse, in time domain, is equivalent to sinusoidal waves at all integer harmonics of 
the revolution frequency. 


TA wall gap monitor consists of a break in the vacuum chamber. The wall current that flows 
through a resistor, typically about 50 Ohms with a stray capacitance of about 30 pF, can then be 
measured. The bandwidth is about 100 MHz. 
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To measure the phase coordinate or equivalently the relative arrival time 7, we 
first select a sinusoidal wave by using the band-pass filter, or we select the fundamen- 
tal harmonic with a low-pass filter including only the fundamental harmonic. The 
sinusoidal signal is compared with the rf wave; and the phase between the beam and 
the reference rf wave can be obtained by using phase detectors. Normally, the BPM 
sum signal or the WGM signal can be used to measure the relative phase of the beam.’ 
Since the rf frequency was 1.03 MHz for the 45 MeV protons in this measurement at 
the IUCF Cooler, the BPM signal was passed through a 1.4 MHz low-pass filter to 
eliminate high harmonics noise before it was compared with an rf signal in a phase 
detector. 

The phase-space map of synchrotron oscillations can be obtained by plotting 
Ap/po vs @ in each revolution. Since the synchrotron tune of a proton synchrotron 
is small, the synchrotron motion can be tracked at N revolution intervals, where 
N <« 1/v,. The top inset in Fig. 3.5 shows the Poincaré map of the longitudinal 
phase space at 10 turn intervals; the bottom inset shows the FFT of the phase data. 
The resulting synchrotron tune as a function of peak phase amplitude is compared 
with the theoretical prediction in Fig. 3.5. 


Exercise 3.2 
1. Write a simple program to calculate ap(¢o). 


2. This exercise concerns the acceleration of protons in the AGS booster. The injection 
kinetic energy is 200 MeV from the linac. The circumference of the booster ring is 
201.78 m, the transition energy is y, = 4.5, the extraction energy is 1.5 GeV kinetic 
energy, the acceleration time is 160 ms, and the harmonic number is h = 3. 


(a) Find the rf voltage needed for acceleration of a proton bunch in the booster. 


(b) The bunch area is determined by several factors, such as line charge density, 
microwave instabilities, transition crossing in the AGS, etc. If we need a bunch 
area of about 1 eV-s per bunch in (AF/wo,¢/h) phase space, and the bucket 
area is about 1.2 times as large as the bunch area, what is the minimum rf 
voltage needed? 


(c) What is the rf frequency swing needed to accelerate protons from 200 MeV to 
1.5 GeV? 


(d) How does the rf bucket area change during the acceleration process? 


8See Roland E. Best, Phase Locked Loops, Theory, Design, and Applications, pp. 7-9 (McGraw- 
Hill, New York, 1984). The type II phase detector utilizes XOR logic, and has a range of +90°; the 
type III utilizes the edge triggered JK-master-slave flip-flop circuit, and has a range of +180°. The 
type III has a phase error of about +10° near 0°, but can adequately measure the synchrotron tune. 
For more accurate measurement of phase amplitude response, the type II can be used. To extend 
the range of beam phase detection, a type IV phase detector with a range of +360° can be used. 
9M. Ellison et al., Phys. Rev. E 50, 4051 (1994). 
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3. For a constant rf voltage and synchronous phase angle, show that the rf bucket area 
in the (AE/wo,@/h) phase space has a minimum at y = V3yr. 


4. Particle acceleration at a constant bucket is a possible “rf program” in synchrotrons. 
Find the relation between rf voltage and beam energy. 


5. Verify Eq. (3.54). Rotate the phase-space ellipse of Eq. (3.56) into the upright posi- 
tion, show that the width and height of the bunch change by a factor e*“s’, where t 
is the time the bunch stays at the UFP, and estimate the time needed to double the 
bunch height. 


6. The anti-protons produced from the Main Injector (Main Ring) pulses have the follow- 
ing characteristics: po = 8.9 GeV/c, of = 0.15 ns, op = 180 MeV, or Ap/po = +2%. 
The antiprotons are captured in the Debuncher into the 53.1 MHz (h = 90) rf bucket 
with V = 5 MV, ¢s = 180°, yp = 7.7, and circumference C = 505 mI 


(a) Find the bucket height, synchrotron tune, and synchrotron period of the De- 
buncher ring with the rf system. 


(b) At 1/4 of the synchrotron period after antiproton injection, the rf voltage is 
lowered suddenly to match the bunch shape. Show that the final rf voltage V2 
related to the initial voltage V, and the final energy spread in this debunching 
process are respectively 


V2 [vs ER =a _ [Psi 2 


Find the final matched rf voltage for the Debuncher and the final energy spread 
of the antiproton beams. 


7. Assuming stationary bucket, fill out the beam properties of the proton synchrotrons 
in the table below. 


P-synchrotron | AGS RHIC FNAL-MI | FNAL-BST | Cooler 
K.E. [GeV] 25 250 120 8 0.045 
Vic [MV] 0.3 0.3 2 0.95 0.0001 
h 12 342 588 84 1 

Vr 8.5 24.5 21.8 5.446 4.6 

C [m] 807.12 | 3833.84 | 3319.4 474.2 86.8 
Arms [eV-s] 1.5 0.5 0.15 0.15 0.0001 
oa, [MeV] 

c [ns] 


8. Show that the synchrotron tune of a particle with phase amplitude ĝ in a stationary 
bucket is 


Q:(ġ) = Tvs /2K (sin J 


where K(x) is the complete elliptical integral of the first kind given in Eq. (3.60). 


See A.V. Tollestrup and G. Dugan, p. 954 in Ref. [17] (1983). Note that 5 MV is the maximum 
voltage that the Debuncher rf system can deliver. 
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9. Define pg = hwnd, and show that the synchrotron equations of motion become 
i > _ 4, or : 
@ = Pe; Po = m (sin ġ — sin ds) 


where ws = wo./h|nleV /27 82, and the overdot indicates the derivative with respect 
to time t. The Hamiltonian for a stationary rf system with ¢; becomes 


2 
p44 w‘ (cos @ — 1). 
2e ml 
(a) Using the generating function show that phase-space coordinates are 
Fy = —S¢? tany = b= V2J/wscosy, pg = —V2Jwssiny, 


the transition energy becomes 


|2 
H = wJ +w? i d cos? y c ( Zo) ; 
Ws Ws 


(b) Using the phase averaging method, show that the synchrotron tune is approxi- 


where J and 7 are action-angle coordinates. Show that the Hamiltonian below 


mately given by 


3 


onni 29], w= yY 


Ws 
where Jı (w) is the Bessel function. 


(c) Compare the accuracy of the above approximated synchrotron tune to that of 
the exact formula given by Exercise 3.2.8 


10. Let @ be the maximum synchrotron phase amplitude. Show that the maximum off- 
momentum deviation is 


z V2Qs : cos ĝ L(A 
ò hin] | 1 1 cos ds 1 ($ Qs) na i 


11. Expanding the phase coordinate around the SFP with ¢ = ¢, + y, the synchrotron 
Hamiltonian becomes 


1 1 
H = Shuon’? ta” woQ? G — 3 tan sp” =r qe e| 
heV |n cos ġ 
Qs = ee L y yeo] 


For simplicity, we assume ņ > 0 in this exercise 


254 
(a) 
(b) 
(c) 
(d) 
12. The 
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Using the generating function to transform (vy, 6) to angle-action (w, J) coordi- 
nates, show that the coordinate transformation and the resulting Hamiltonian 
in action-angle are 


Fi(6,0) = - ee tan 


p= V2hnJ/Qs cosy, = —/2QsJ/hn siny, 
H =u 9QsJ = ams tan ġ, J?/? [cos 3 + 3 cos w] — aiy cost 4). 


Using the generating function 
Fy(, I) = UI + G3(Z) sin 3Y + Gi (J) siny, 


show that terms proportional to J°/2 in the Hamiltonian can be canceled if G3 
and G are chosen to be 


v2 vin 
* 36V0s 4/Qs 


Finding new canonical variables to cancel low-order perturbation terms is called 
the canonical perturbation technique. 


tan ds Pre, Gi = tan ds Pr, 


Show that the new Hamiltonian is 


h 
H = wQ- IP costy 


V/2hnQ 
— "~ tan øI? [cos 3W + 3 cos Y] [3G3 cos 3Y + G1 cos y). 
Now the perturbation in the new action variable is proportional to I?. 


Show that the average Hamiltonian and thus the synchrotron tune for a particle 
with a synchrotron amplitude are 


h 
(H) = woQsl aom ( H = tan? ds) T rey 


16 
Q(¢) = Qs h = = (: J > tan? 6.) d l 


where ¢ is the maximum synchrotron amplitude in the quasi-harmonic approx- 
imation. Compare your result with that of Eq. (3.61) for s = 0. 


natural rms fractional momentum spread of electron beams in a storage ring 


is og/E = /Cyy*/Tep, where Cy = 3.83 x 1071? m, p is the bending radius, and 


JE 


= 2 is the damping partition. In the NLC damping ring (DR) parameter list 


shown in Exercise 3.1.3, the rms fractional momentum spread of the electron beam 
is o5 = 0.000813. Find the bunch length and rms phase-space area in eV-s. 
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13. The equilibrium distribution in linearized synchrotron phase space is a function of 


the invariant ellipse given by Eq. (3.44), where Ê = |n|é/v,. When a mismatched 


Gaussian beam 92 2 
Npe 1 
6,0) = X + 
plô, 8) Qrao5o9 ex 2 É = } 


is injected into the synchrotron at time t = 0, what is the time evolution of the beam? 
Here og and gs are respectively the initial rms bunch angular width and fractional 
momentum spread, and the mismatch condition for the linearized synchrotron motion 


is given by og Æ |nlos/vs. 


(a) Show that the projection of the beam distribution function onto the 0 axis ist! 


0,1) = Beer g 


- = 0 cos? wst + (|nlo5/vs)? sin? wst. 
200 


Show that the peak current is I(t) = Ngew)/V 270. 


(b) For a weakly mismatched beam, show that 
of © oll — AV/2V),  (nos/vs)? ~ oF 1+ AV/2V), 


where V200 = 4/02 + (nos/vs)? is the matched rms beam width, AV is the 


mismatched voltage, and V is the voltage for the matched beam profile. Show 
that the peak current for the weakly mismatched beam is 


x Ngewo ( AV ) 
I(t) x ——— | 1- — cos 2u,t }. 
@) /2n08 4V 


Discuss your result. Because the bunch tumbles at twice the synchrotron fre- 
quency, the resulting coherent beam motion is called the quadrupole synchrotron 
mode. The nonlinear synchrotron tune will cause the mismatched injection to 
filament and the resulting phase-space area will be larger. 


14. An off momentum particle executes synchrotron motion with ô = dsin wst, where ws 


is the synchrotron tune, ô is the amplitude of synchrotron motion. Show that the 
accumulated betatron phase advance in a half-synchrotron period 


where C is the chromaticity, 27 = 2nd /ws is the time width of synchrotron motion, 
and ņ is the phase slip factor. Note that the accumulated betatron phase shift is 
proportional to the synchrotron time-width. The quantity Cwo/n is the betatron 
frequency shift from the head to tail for all particle. If C/n < 0, the frequency shift 
is negative, and beam may sample impedance in the negative frequency and cause 
transverse head-tail instability. 


"Transform the (6,6) coordinate system into the normalized coordinate system (x = 0 and 
p = |n\O/v,), where the matched beam profile is a circle. Make coordinate transformation into the 
synchrotron rotating frame. The beam profile in the x plane is equal to p(x) = f p(x, p)dp. 
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III RF Phase and Voltage Modulations 


Particle motion in accelerators experiences perturbations from rf phase and ampli- 
tude noise, power supply ripple, wakefields, etc. These perturbation sources cause rf 
phase or voltage modulations. In general, the frequency spectrum of rf noise may con- 
tain high frequency arising from random thermal (white) noise, low frequency from 
power supply ripple and ground motion, and medium frequency from mechanical vi- 
bration etc. In this section, we study the effects of a single frequency sinusoidal rf 
phase and voltage modulation on particle motion and beam distribution. Physics of 
beam response to a single frequency modulation can be applied to more complicated 
multi-frequency perturbations. In Sec. II.1, the longitudinal phase space coordinates 
($, Ap/p) will be expanded in action-angle variables (J, 7). With these results, the 
perturbed Hamiltonian of phase and voltage modulation can easily be expressed in 
action-angle variables (see Secs. II.2 and III.5). Once this is accomplished, effects of 
rf phase and voltage modulation can be readily obtained. 


II.1 Normalized Phase-Space Coordinates 


Using normalized momentum deviation coordinate P = —(h|n|/v;)(Ap/p), the Hamil- 
tonian for a stationary synchrotron motion is 


1 
Ho = zP + 2n; sin? is (3.64) 


where v, = \/h|nleV/2787E is the synchrotron tune at |cos@,| = 1, the orbital 
angle @ is the independent variable, and (¢,P) are normalized conjugate phase-space 
coordinates. The Hamiltonian has fixed points at 


(GP pas = (0, 0) and (OP Jose = (7,0). 


The synchrotron Hamiltonian is autonomous (time independent), and thus the Hamil- 
tonian value is a constant of motion. 
Expressing the synchrotron coordinates in parameters k and w as 


r 
sin $ = ksinw, ? = k cos w, (3.65) 


we obtain Hy = 21k”, where k = 0 corresponds to the SFP and k = 1 corresponds 
to the separatrix orbit that passes through the UFP. The action is 


J=- f Pas = Ë [E(k - 1- PK) (3.66) 


where the complete elliptical function integrals are [30] 


z/2 T/2 
Bi) [| VER w, KW f 
0 0 


1—k? sin? w 
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In the normalized phase-space coordinates, the maximum action (k = 1) is Jmax = 
8/m, and the maximum bucket area is A = 27 Jmax = 16 (see Table 3.2). 

For synchrotron motion with a small action, the power series expansions of ellip- 
tical integrals are 


K(k) = h + ( 


Ligh -13k 1-325 k? 
= G a a 


The action is related to the parameter k by 


1 3 
J = 2k (1+ k? + —k*4..- 3.67 
(rahe), (3.67) 
1 1 
2k? = J Beda), : 
Jt ia mr ) (3.68) 


In terms of the action, the Hamiltonian is Ho(J). The synchrotron tune becomes 


= Ho TVs JT 3 
s s 1 -ory . 
Ol) = Sy = oR "O~ 37 a6? eee 
where we have used the identities 
dE(k) . dK (k) 1 
2k? = E(k) — K(k), 2k? = E(k) — K(k). 
a = E(k) — K(b), HP? = Bk) — KC) 


Using the generating function to transform from (¢, ô) to (Y, J), ie. 
$ 7 pa oF, QLI) a dọ 

F4(¢, J) = P(¢) dé, =. 3:70 

an= f Pad — va Zea ay e 


The angle variable w, conjugate to the action J, can also be obtained by integrating 
Hamilton’s equation Eq. (3.69): 


TVs 


w= 


0+. (3.71) 


The next task is to express the normalized off-momentum coordinate P, and 
the synchrotron phase coordinate ¢, in Fourier harmonics of the conjugate angle 
parameter w. First, using Hamilton’s equation ¢ = v,P, we can relate the orbital 
angle @ to the w parameter of Eq. (3.65) as 


(o do 
v0 — A) = — =u — w, 
po I? 
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where 


w wo 
u = Í ’ ugo = 
0 y1- k?sin? w 0 1 — k? sin? w 

The Jacobian elliptical functions, cn and sn, are then defined as 
sin w =sn(ulk), cosw = cn(ulk), (3.72) 
and the synchrotron phase-space coordinates are related to the Jacobian elliptical 

function by 

P = 2k cn(ulk), sin § = k sn(ulk). (3:73) 
Thus the expansion of P and sin(¢/2) in Fourier harmonics of ~ is equivalent to the 


expansion of cn(u|k) and sn(uļ|k) in Y = mu/2K. This can be achieved by using 
Eq. (16.23.2) in Ref. [30], i.e. 


AnVk a ght? 
2ken(ulk) = =~ )  ——— cos(2n + 1) 
K(k) Sg 
(2J)3/2 (7)? 
64 4096 


P 


(2J)! cos% + cos 3Y + cos 5Y +-->, (3.74) 


where W is the synchrotron phase with the q parameter given by 
mek? k? k? k? 

= —nK'/K = 2 4 3 | 9 4 Daes 
q=e Fe + (25)? + 84( TE) + 992( TE) + ---, 


with K’ = K(/1—k?). Similarly, using the identity k?sn?(u|k) = 1 — dn?(ulk), we 
obtain 


x 2 
2 sin? £ = 2, Gna (J)e? ~ cos 2Y — L cos 4y +---, (3.75) 
1 20 F 
Gr(J) = =| (1 — cos ¢)eI" dap, (3.76) 
27 Jo 


where G-n = G*. Because 1 — cos@ is an even function, Ga = 0 for odd n. The 
expansion of normalized coordinates in action-angle variables is useful for evaluating 
the effect of perturbation on synchrotron motion, discussed below. 


Sum rule theorem 


The solutions of many dynamical systems can be obtained by expanding the pertur- 
bation potential in action angle variables. For the case of rf phase modulation, the 
expansion of the normalized off-momentum coordinate is 


P= 3 fice, (3.77) 


n=—-c 
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where f_n = f* and, from Eq. (3.74), the strength functions fn are 


IV kg? t/2 
Qm-+-l = AAA adeeb)? m = 0. 
fo +1 K(k)(1 + @"*1) fo 


Because P is an odd function, only odd harmonics exist. Furthermore, the sum of all 
strength functions is (see Exercise 3.3.2) 


co 


X hP = Sy (3.78) 


We observe that the strength functions are zero at the center of the rf bucket where 
J = 0 and at the separatrix where Qs(Jsx) = 0. 


II.2 RF Phase Modulation and Parametric Resonances 


If the phase of the rf wave changes by an amount (0), where 6 = wot is the orbiting 
angle serving as time coordinate, the synchrotron mapping equation is 


On+1 = On + 2rhnon Tr Ay(0), (3.79) 
On+1 — On + asin On+1 — sin Qs), (3.80) 
where Ay(0) = y(O, + 27) — (0n) is the difference in rf phase error between succes- 


sive turns in the accelerator. In this section, we consider only a sinusoidal rf phase 
modulation with” 
p = asin(UmO + xo), 


where Vm is the modulation tune, a is the modulation amplitude, and yo is an ar- 
bitrary phase factor. The resulting rf phase difference in every revolution is Ay = 
2TVma COS(Vmð + Xo). 

For simplicity, we consider the case of a stationary bucket with @, = 0 for 7 < 0. 
Using the normalized off-momentum coordinate P = —(h|n|/vs)ð, we obtain the 
perturbed Hamiltonian 


1 
H = H + Hı = gar + 2n; sin? + VmaP cos(Um9 + Xo), (3.81) 


where the perturbation potential of rf phase modulation is 


Hy, = vmaP cos(Vm0 + Xo). (3.82) 


12M. Ellison et al., Phys. Rev. Lett. 70, 591 (1993); M. Syphers et al., Phys. Rev. Lett. 71, 
719 (1993); H. Huang et al., Phys. Rev. E48, 4678 (1993); Y. Wang et al., Phys. Rev. E49, 1610 
(1994). 
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Expressing the phase-space coordinate P in action-angle coordinates with Eq. (3.74), 
we can expand the perturbation in action-angle variables 


Hı = Vma J/2 [cos(% H VnO H Xo) H cos(w NG Xo)] 


2J)3? ; ; 

198 [cos(3W + Yn + Xo) + cos(3Y — Vm — xXo)] +.--, (3.83) 
where J and w are conjugate action-angle variables. The rf phase error generates 
only odd order parametric resonances because P is an odd function. However, two 
nearby strong parametric resonances can drive secondary and tertiary resonances. For 
example, the 1:1 and 3:1 parametric resonances driving by a strong phase modulation 
can produce a secondary 4:2 resonance at Vm ©% 2vs. In the following, we discuss only 
the primary parametric resonances, particularly the 1:1 dipole mode. 


— 


+i yy) 


A. Effective Hamiltonian near a parametric resonance 


When the modulation tune is near an odd multiple of synchrotron sideband, i.e. 
Vm = (2m + 1)v,, stationary phase condition exists for a parametric resonance term. 
We neglect all non-resonance terms in H, to obtain an approximate synchrotron 
Hamiltonian 


1 ; 
H x nJ — ee + Vm fomer I+ Y? cos ((2m + 1) — UO — Xo), (3.84) 


where fı = a/ V2, fs = a/32v/2, etc. The effect of rf phase modulation on phase-space 
distortion can be solved by using the effective parametric resonance Hamiltonian, that 
resembles the Hamiltonian for 1-D betatron resonances discussed in Sec. VII, Chap. 2. 
This primary parametric resonance is called (2m + 1):1 resonance. In this section, we 
consider only the dominant dipole mode below. 


B. Dipole mode 


If the phase modulation amplitude is small, the dominant contribution arises from 
the m = 0 sideband. Near the first-order synchrotron sideband with Ym œ% vs, the 
Hamiltonian for the dipole mode is 


1 s 
H x nọJ — er + aie cos(W — Um — Xo). (3.85) 


The Hamiltonian can be transformed into the resonance rotating frame: 
Foly, T) = (Y is VO — Xo — T) I, 
X=Y- mb- X07, L=J; 
( I"? cosy. (3.86) 
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where (7), J) are transformed to the new phase-space coordinates (x, I). Since the new 
Hamiltonian H is “time” independent in the resonance rotating frame, a torus of par- 
ticle motion will follow a constant Hamiltonian contour, where Hamilton’s equations 
of motion are 


: a 

X= Ys — Un — =n] —v.—= 

8 2V/2I 

The fixed points of the Hamiltonian, which characterize the structure of resonant 

islands, are given by the solution of J = 0, x = 0. Using g = V2J cos x, with x = 0 

or 7, to represent the phase coordinate of a fixed point, we obtain the equation for g 
as 


cos y, I= —15V21 sin x. (3.87) 


g —16 (1 a) g+8a=0. (3.88) 
Vs 
When the modulation tune is below the bifurcation tune vypit given byt? 
Vm a Voit = Vs h — = (1a) " (3.89) 


Eq. (3.88) has three solutions: 


g(x) = a sin(= — 7 (y =0) (3.90) 
g(x) = = sin(* + 3 (q) = 0) 


where 


3 
T= l1—Vm/Vs;, ric =1—Mir/vs, € = arctan (=) — 1, xr = 3 (4q)2/3. 
Lit 16 

Here ga and g are respectively the outer and the inner stable fixed points (SFPs) 
and ge is the unstable fixed point (UFP). The reason that ga and g are SFPs and 
gc is the UFP will be discussed shortly. Particle motion in the phase space can be 
described by tori of constant Hamiltonian around SFPs. The lambda-shaped phase 
amplitudes of the SFPs (|ga| and |g], solid lines) and UFP (|ge|, dashed line) shown 
in the left plot of Fig. 3.6 vs the modulation frequency is a characteristic property of 
the dipole mode excitation with nonlinear detuning. In the limit Vm << Mir, we have 
&— 1/2, thus ga > —4a/?, ge > 421/2, and g —> 0. 

The Hamiltonian tori in phase space coordinates P=— V2I sin y vs X=v2] cos y 
are shown in the right plot of Fig. 3.6. The actual Hamiltonian tori rotate about the 


13Find the root of the discriminant of the cubic equation (3.88). 
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Bog Bee 
4E EP = 1.08168MHz 


BE 
4e 8o/(4a) 7 a J Figure 3.6: Left: fixed point am- 
E ] plitudes |ga|, |go|, and |gc| (in unit 
SF a 4a)” p lal, 9b]; l 
[ss / 2) ] of (4a)'/3). Right: Poincaré sur- 
2 


1 faces of section for fm =245 Hz and 
| o2 | fs=262 Hz at a=0.02. The SFPs 
Lf ayn =262Hz f moa 24512 ] are gq and gy, and the UFP is ge. 


pá 
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center of the phase space at the modulation tune vm, i.e. the phase space ellipses 
return to this structure in 1/1, revolutions. The torus passing through the UFP is 
the separatrix, which separates the phase space into two stable islands. The intercept 
of the the separatrix with the phase axis is denoted by gı and gp. 

When the modulation frequency approaches the bifurcation frequency from below 
(x/apie > 1), the UFP and the outer SFP move in and the inner SFP moves out. At 
the bifurcation frequency, where x = xpi¢ and € = 0, the UFP collides with the inner 
SFP with gp = ge = (4a)!/3; and they disappear together. Beyond the bifurcation 
frequency, Vm > pit («© < Xpig), there is only one real solution to Eq. (3.88): 


1/3 1/3 


3 3 
ga(x) = - (4a)! 1- (=) -1 1 (=) -1 . (3.91) 
Upit Tpit 
In particular, ga = —(8a)'/3 at x = 0 (Vm = vs), and gg = —2(4a)! at x = Tpit. 


The characteristics of bifurcation appear in all orders of resonances with nonlinear 
detuning. As the modulation tune approaches the bifurcation tune, resonance islands 
can be created or annihilated. 


C. Island tune 


Let y, py be the local coordinates about a fixed point of the Hamiltonian, i.e. 

y = V2I cosx — g, Py = —V2Isin x, (3.92) 
where g is a fixed point of the Hamiltonian. With a local coordinate expansion, the 
Hamiltonian (3.86) becomes 
3 


J \ 9, Ua o 
1 H perty ; 
-gW ig (3.93) 


va 
4g 
Therefore the fixed point g is a stable fixed point if (1 — g*/4a) 
g3/4a < 0 and 0 < gł/4a < 1, ga and g are SFPs. Since g3/4a 


H; island — 


) > 0. Because 
> i 


, ge is the 
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UFP. The equilibrium beam distribution (see Appendix A, Sec. II.3), which satisfies 

the Fokker-Planck-Vlasov equation, is generally a function of the local Hamiltonian, 

Eq. (3.93) can also provide information on the local distortion of the bunch profile. 
The island tune for the small-amplitude oscillations is 


2 3\ 1/2 
g g 
Vs (1 5) Von (: Z) (3.94) 


The island tune around the inner SFP given by g at Vm & Mir is approximately given 
by Mislana & |Vs(1— 4 9°)—Vm|. This means that the solution of the equations of motion 
can be approximated by a linear combination of the solution of the homogeneous 
equation with tune v,(1— 169°) and the particular solution with tune y,.14 Thus the 
island tune is the beat frequency between these two solutions. When the modulation 
tune Vm approaches vit, with (1 —g?/4a)!/? — 0, the island tune for small-amplitude 
oscillation about the inner SFP approaches 0 and the small-amplitude island tune 
for the outer SFP at Vm = Mir iS Vislana = 3|vs(1 =I’) Vm|. In this region of the 
modulation frequency, the linear superposition principle fails. When the modulation 
frequency becomes larger than the bifurcation frequency so that [1 — (g?/4a)]'/? > 1, 
we obtain again Vislanda = |Ys(1 — ig”) —V»|, and the linear superposition principle 
is again applicable. The island tune for large-amplitude motion about a SFP can be 
obtained by integrating the equation of motion along the corresponding torus of the 
Hamiltonian in Eq. (3.86). 


Visland = 


D. Separatrix of resonant islands 


The Hamiltonian torus that passes through the UFP is the separatrix. With the UFP 
ge Substitutes into the Hamiltonian (3.86), the separatrix torus is 


1 1 
= agel , (3.95) 


H b) = k 
(Jp) =v 54T? 


2 
gI 
where x = 1 — Vm/vs. The separatrix orbit intersects the phase axis at g; and gə. 
These intercepts, shown in Figs. 3.6 and 3.7, are useful in determining the maximum 
phase amplitude of synchrotron motion with external phase modulation. With the 
notation h; = g;/(4a)'/3, the intercepts of the separatrix are 


The intercepts of the separatrix with the phase axis, hı and hg, and the fixed points, 
ha, hy and he are shown in 3.7. 


14M. Ellison et al., Phys. Rev. Lett. 70, 591 (1993). 
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Figure 3.7: The fixed points in units of (4a)!/3 
are plotted as a function of the modulation fre- 


quency in £/£pif, where x = 1 — Vm/Vs and 
pit = B (4a)? with a as the amplitude of 


the phase modulation. The SFPs are ha = 
Ja/(4a)!/3 and hy = g/(4a)"/3 and the UFP is 
he = ge/(4a)"/3. The intercepts of the separatrix 
with the phase axis are shown as hy = gi/(4a)'/2 
and hz = go/(4a)'/3. 


X/Xp 


II.3 Measurements of Synchrotron Phase Modulation 


Here we discuss an example of experimental measurements of rf phase modulation at 
the IUCF Cooler. The experimental procedure started with a single bunch of about 
3 x 108 protons with kinetic energy 45 MeV. The corresponding revolution period 
was 969 ns with an rf frequency of 1.03148 MHz. The cycle time was 10 s. The 
injected beam was electron-cooled for about 3 s. The full width at half maximum 
bunch length was about 5.4 m (or 60 ns). The low-frequency rf system of the IUCF 
Cooler at h = 1 was used in this experiment. 


For the longitudinal rf phase shift, the beam was kicked longitudinally by a phase 
shifter and the data acquisition system was started 2000 turns before the phase kick. 
The principle of the phase shifter used is as follows. The rf signal from an rf source 
is split into a 90° phase shifted channel and a non-phase shifted channel. A separate 
function generator produces two modulating voltages, each proportional to the sine 
and cosine of the intended phase shift Ymoa. As a result of the amplitude modulation, 
the two rf channels are multiplied by sin Ymoq and cos Ymoa respectively. These two 
modulated signals were added, using an rf power combiner, resulting in an rf phase 
shift moa in the rf wave. The control voltage versus actual phase shift linearity was 
experimentally calibrated. Both the phase error due to control nonlinearity and the 
parasitic amplitude modulation of the IUCF Cooler rf systems were controlled to less 
than 10%. 

The phase lock feedback loop was switched off in our experiment. The response 
time of the step phase shift was limited primarily by the inertia of the resonant cavity. 
At 1 MHz, the quality factor Q of the rf cavity was about 40, resulting in a half-power 
bandwidth of about 25 kHz. The corresponding response time for a step rf phase 
shift was about 40~50 revolutions. In this experiment, the synchrotron oscillation 
frequency was chosen to be about 540 Hz, or about 1910 revolutions (turns) in the 
accelerator. Measurements of subsequent beam-centroid displacements have been 
discussed in Chap. 3, Sec. II.6. 
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A. Sinusoidal rf phase modulation 


When the bunch, initially at œ; = 0, 6; = 0, experiences the rf phase sinusoidal mod- 
ulation with Ynoq = 4a SİN Vm, where Vm is the modulation tune and a the modulation 
amplitude with a < 1. The synchrotron motion, in terms of a differential equation, 
is 

b = hn + Vma cos vmb, È= T ae sing — Xd, (3.96) 
where ¢ is the particle phase angle relative to the modulated rf phase, the overdot 
indicates the derivative with respect to the variable 6, and A is the damping decrement 
due to electron cooling. Thus the synchrotron equation of motion becomes 


$ + g + 2 sind = —av? sin Vm + — 2 — Vma COS Uy, 9). (3.97) 
wo 


The measured damping coefficient a at the IUCF Cooler was a = wpA/4r ~ 3+1 
s71. Since the measurement time was typically within 150 ms after the phase kick or 
the start of rf phase modulation, the effect of electron cooling was not important in 
these measurements. 

The subsequent beam centroid phase-space coordinates are tracked at 10 revolu- 
tion intervals. The left plots of Fig. 3.8 show examples of measured ¢ and P = H ae 
vs turn number at 10-turn intervals for an rf phase modulation amplitude of i ‘45° 
after an initial phase kick of 42° at modulation frequencies of 490 Hz (upper) and 520 
Hz (lower). The resulting response can be characterized by the beating amplitude and 
period. The beating period is equal to To/Visiana, where To is the revolution period 
and Visiang is the island tune, and the beating amplitude is equal to the maximum 
intercept of Poincaré surface of section with the phase axis. 


B. Action angle derived from measurements 
For small-amplitude synchrotron motion, Eq. (3.51) can be used to deduce the action 
and angle variables, i.e.!° 


J= se +P’), tany = -Z (3.98) 


in the (¢,P) phase space. 

For large-amplitude synchrotron motion, we need to use the following procedure 
to deduce the action-angle variables from the measured synchrotron phase-space co- 
ordinates. This procedure can improve the accuracy of data analysis. 


Note that the action in the (¢,6) phase space is related to the action in the (¢,P) space by a 


constant factor h|n|/(vs./| cos sl). 


266 CHAPTER 3. SYNCHROTRON MOTION 


ly i 


Ete ey lly | Aa i of 2 f f n =490Hz 4 Figure 3.8: Left plots: normal- 
3 | ized off-momentum coordinate P 


E | 
aT AITT J ; 
$ of i} With vA In i <i — and the phase ¢ vs revolutions 
Ml mann i ] at 10-turn intervals. Right plots: 
Fool -hamuaa aaa annad the corresponding Poincaré sur- 
0 2000 4000 AT -2 =1 0 1 2 n 
Turns (x10) X faces of section. The upper and 
mee apo t tt t+] lower plots correspond to fm = 


490 and 520 Hz respectively. The 
modulation amplitude was a = 
1.45°, and the initial phase kick 
amplitude was 45°. The solid 
line shows the Hamiltonian torus 
of Eq. (3.85). 


Ei ilii piiitit 1 4 = Ciir oe a Li I pout 
O 1000 2000 3000 4000 5000 6000 —2 -1 o 1 2 
Turns (x10 X 


1. The k value at the phase-space coordinates (¢, P) is 


ks Pr + sin” r (3.99) 


The action can be obtained from Eq. (3.66) or Eq. (3.67). 


2. The synchrotron phase, w, can be obtained from the expansion 


P T = 
ae IK sz nl os 


2sin 5 


2n 


~ sin 2y. (3.100) 


For synchrotron motion with relatively large k, a better approximation for data 
analysis can be obtained through polynomial approximation of Eqs. (17.3.34) and 
(17.3.36) of Ref. [30] to evaluate K(k), E(k) and q functions and obtain J and w. 
For each data point (¢,P), Eq. (3.99) is used to calculate k, and finally, the action 
J is obtained from Eq. (3.66). The corresponding angle variable 4% is obtained from 
Eq. (3.100). 


C. Poincaré surface of section 
The Poincaré map in the resonance frame is formed by phase-space points in 
( y 2J cos(a =T Vn), =V 2J sin(y = Vm0)). 


The resulting invariant tori are shown in the right plots in Fig. 3.8. It becomes 
clear that the measured response period corresponds to the period of island motion 
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around a SFP, and the response amplitude is the intercept of the invariant torus with 
the phase axis. The trajectory of a beam bunch in the presence of external rf phase 
modulation traces out a torus determined by the initial phase-space coordinates of the 
bunch. Since the torus, which passes through fixed initial phase-space coordinates, 
depends on the rf phase modulation frequency, the measured tori depend on the 
driven frequency. Figure 3.8 shows invariant tori deduced from experimental data. 
The solid lines are invariant Hamiltonian tori of Eq. (3.86), where the synchrotron 
frequency was fitted to be about 535+3 Hz. 


II.4 Effects of Dipole Field Modulation 


Ground motion of quadrupoles and power supply ripple in dipoles can cause dipole 
field modulation. Equation (2.102) in Chap. 2, Sec. III, shows that the change of path 
length of a reference orbit is AC = D,0, where @ is angular kick resulting from dipole 
field errors and D, is the dispersion function. If the dipole field is modulated, the path 
length and thus the arrival time at rf cavities of particles are also modulated. This 
effect is equivalent to rf phase modulation, which gives rise to parametric resonances 
in synchrotron motion. The effect is a special type of “synchro-betatron coupling” 
that may limit the performance of high energy colliders. 

Here we discuss experimental measurements of dipole field modulation at the 
IUCF Cooler. For this experiment, the harmonic number was h = 1, the phase 
slip factor was 7 ~ —0.86, the stable phase angle was ¢o = 0, and the revolution 
frequency was fo = 1.03168 MHz at 45 MeV proton kinetic energy. The rf voltage 
was chosen to be 41 V to obtain a synchrotron frequency of fs = w;/2n = 262 
Hz in order to avoid harmonics of the 60 Hz ripple. The synchrotron tune was 
Vs = W/w = 2.54 x 1074. We chose v, = 3.828, v, = 4.858 to avoid nonlinear 
betatron resonances. The corresponding smallest horizontal and vertical betatron 
sideband frequencies were 177 and 146 kHz respectively. 

With horizontal dipole (vertical field) modulation at location so, the horizontal 
closed-orbit deviation is 2o(s,50,t) = G(s, 59)@(t) (see Chap. 2, Sec. II), where 
G(s, 8) is the Green’s function, O(t) = Osin(wmt + xo), Ô = Bné/Bp, and Ba is 
the peak modulation dipole field. Furthermore, if the dispersion function at the 
modulating dipole location is not zero, the path length is also modulated. The change 
in the circumference is 


AC = D,6(t) = DzO sin (wmt + Xo), (3.101) 


where D, is the dispersion function at the modulation dipole location. The corre- 
sponding rf phase difference becomes Ag = 27h(AC/C), where C = 86.82 m is the 
circumference of the IUCF Cooler. In our experiment, the maximum rf phase shift 
per turn Ad was 0.78 x 105 Ém radians, where the magnetic field Bun is in Gauss. 
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The longitudinal phase-space coordinates (¢, Ap/po) at the nth and (n + 1)th 
revolutions are transformed according to mapping equations: 


Ap Ap eV . Ap 
a] n+1 C : BPE sin @n41 — A (5); (3.103) 


where the fractional momentum deviation of particles (Ap/po) is the conjugate co- 
ordinate to synchrotron phase angle ¢, and A is the phase-space damping parameter 
related to electron cooling. Thus the synchrotron equation of motion, in the presence 
of transverse dipole field modulation, becomes 
2 

1e + 2af + w? sind = wa COS Wmt + 2aW.a SIN Wmt, (3.104) 
where the damping coefficient is a = Aw9/4m. With an electron current of 0.75 A, 
the damping time for 45 MeV protons was measured to be about 0.33 + 0.1 s or 
a =3+1s7!, which was indeed small compared with ws = 1646 st. 

Because the synchrotron frequency is much smaller than the revolution frequency 
in proton storage rings, the phase errors of each turn accumulate. The equivalent 
phase modulation amplitude is enhanced by a factor wo/2mWm, ie. the effective 
phase modulation amplitude parameter a is 


o hwo D,ô _ Wo K 


a = 
WmC 2TWy, 


(3.105) 


Although the cooling was weak, the transient solution of Eq. (3.104) was damped 
out by the time of measurement. We therefore measured the steady state solution, 
in contrast to the experiment discussed in the previous section, where we measured 
the transient solutions. Let the steady state solution of the nonlinear parametric 
dissipative resonant system, Eq. (3.104), be 


@ gsin(wmt — x), (3.106) 


where we used the approximation of a single harmonic. Expanding the term sin @ 
in Eq. (3.104) up to the first harmonic, we obtain the equation for the modulation 
amplitude g and the phase y as 


[—w2.g + 2u2Ji(9)]? + 2owmg]? = [wmwsa]” + Pawsa]? (3.107) 
Gum (wr, + 4a?) E 2w wmd (g) 
= t all 
x = arctan TERRA) i (3.108) 


where J; is the Bessel function [30] of order 1. Steady state solutions of Eq. (3.107) 
are called attractors for the dissipative system. The existence of a unique phase 
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factor x for solutions of the dissipative parametric resonant equation implies that the 
attractor is a single phase-space point rotating at modulation frequency wm. 
When the modulation frequency is below the bifurcation frequency, wir, which is 
given by 
Own 


Og Wm =Wpif E Á 
Eq. (3.107) has three solutions. A stable solution with a large phase amplitude ga 
and phase factor Xa * 7/2 is the outer attractor. The stable solution at a smaller 
phase amplitude g, with yẹ ~ —7/2 is the inner attractor. The third solution ge with 
Xe & —1/2 corresponds to the unstable (hyperbolic) solution, which is associated with 
the UFP of the effective non-dissipative Hamiltonian. When the damping parameter 
a is small, these two stable solutions are nearly equal to the SFPs of the effective 
Hamiltonian, and are almost opposite to each other in the synchrotron phase space, 
as shown in Fig. 3.6. They rotate about the origin at the modulation frequency 
[see Eq. (3.106)]. When the damping parameter a is increased, the stable solution 
(ga; Xa) and the unstable solution (ge, Xc) approach each other. At a large damping 
parameter, they collide and disappear, i.e. the outer attractor solution disappears. 
When the modulation frequency is larger than the bifurcation frequency, only the 
outer attractor solution exists. 
When the modulation frequency is far from the bifurcation frequency, the response 
amplitude for the inner attractor at wm < whit, or for the outer attractor at wm > wir, 
can be approximated by solving the linearized equation (3.107), i.e. 


g= (; (Wintus)? + a y a. (3.109) 


w? ~ we)? + (2awm 2 


A. Chaotic nature of parametric resonances 


In the presence of a weak damping force, fixed points of the time-averaged Hamiltonian 
become attractors. A weak damping force does not destroy the resonance island 
created by external rf phase modulation. Because of phase-space damping, these 
fixed points of the Hamiltonian become attractors. Particles in the phase space are 
damped incoherently toward these attractors, while the attractors rotate about the 
center of the bucket at the modulation frequency. As the damping force becomes 
larger, the outer SFP and the UFP may collide and disappear. 

Numerical simulations based on Eq. (3.103) were done to demonstrate the coher- 
ent and incoherent nature of the single particle dynamics of the parametric resonance 
system. One of the results is shown in Fig. 3.9, where each black dot corresponds 
to initial phase-space coordinates that converge toward the outer attractor. Comple- 
mentary phase-space coordinates converge mostly to the inner attractor except for 
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a small patch of phase-space coordinates located on the boundary of the separatrix, 
which will converge toward two attractors located near the separatrix. 


x 000293 Attractors, 230 Hz, 4 Gauss, outer 


2| 


Figure 3.9: Initial normalized 
phase-space coordinates, obtained 
from a numerical simulation of 
Eq. (3.103), which converge to 
the outer attractor are shown for 
Bm = 4 Gauss and fm = 230 Hz. 
The synchrotron frequency is 262 
Hz. The number of phase-space 
points that converge to the inner 
or the outer attractors can be used 
to determine the beamlet inten- 
sity. 
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The basin of attraction for the inner and the outer attractors forms non-intersecting 
intervolving spiral rings. To which attractor a particle will converge depends sen- 
sitively on the initial phase-space coordinates, especially for particles outside the 
bucket. The orientation of initial phase-space coordinates converging toward the in- 
ner or the outer attractor depends on the initial driving phase yo of the dipole field in 
Eq. (3.101). Numerical simulations indicate that all particles located initially inside 
the rf bucket will converge either to the inner or to the outer attractor. However, 
initial phase-space coordinates in a small patch located at the separatrix of the rf 
bucket converge toward two attractors moving along the separatrix. 


B. Observation of attractors 


Since the injected beam from the IUCF K200 AVF cyclotron is uniformly distributed 
in the synchrotron phase space within a momentum spread of about (Ap/p) ~ +3 x 
1074, all attractors can be populated. The phase coordinates of these attractors could 
be measured by observing the longitudinal beam profile from BPM sum signals on an 
oscilloscope. Figure 3.10 shows the longitudinal beam profile accumulated through 
many synchrotron periods with modulation field B,, = 4 G for modulation frequencies 
of 210, 220, 230, 240, 250, and 260 Hz; it also shows the rf waveform for reference. 
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Figure 3.10: Modulation fre- 
quencies of left panel: 210, 
220, 230 Hz; of right panel: 
240, 250, 260 Hz. Syn- 
chrotron frequency is 262 Hz. 
Oscilloscope traces of accu- 
mulated BPM sum signals 
showing the splitting of a 
beam bunch into beamlets be- 
low the bifurcation frequency. 
The modulation amplitude 
was Êm = 4 G. The sine 
waves are the rf waveform. 
The relative populations of 
the inner and outer attrac- 
tors can be understood quali- 
tatively from numerical simu- 
lations of the attractor basin. 


200 ns/dtv 


362, 5000av stop sarkar -348.000ns 


It was puzzling at first why the longitudinal profile exhibited gaps in time domain, 
as if there were no synchrotron motion for the beam bunch located at a relatively large 
phase amplitude. However, using a fast sampling digital oscilloscope (HP54510A) for 
a single trace, we found that the beam profile was not made of particles distributed 
in a ring of large synchrotron amplitude, but was composed of two beamlets. Both 
beamlets rotated in the synchrotron phase space at the modulating frequency, as 
measured from the fast Fourier transform (FFT) of the phase signal. If the equilibrium 
distribution of the beamlet was elongated, then the sum signal, which measured 
the peak current of the beam, would show a large signal at both extremes of its 
phase coordinate, where the peak current was large. When the beamlet rotated to 
the central position in the phase coordinate, the beam profile became flat with a 
smaller peak current. Therefore the profile observed with the oscilloscope offered an 
opportunity to study the equilibrium distribution of charges in these attractors. 

If we assume an equilibrium elliptical beamlet profile with Gaussian distribution, 
the current density distribution function becomes 


pay _ Pl ___~[6—¢1 (t)]?/20? P2 .-[o-42(t)]? /203 : 
sjaa p P 2 3.110 
) V2T0 2702 


where pı and pz represent the populations of the two beamlets with pı +p2 = 1. Since 
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each particle in the two beamlets rotates in the phase space at modulating frequency 
Wm, the parameters ¢1,2 and 01, are 


Q(t) = gasin(wmt — Xa), a(t) = gosin(wmt — Xo), 


and 
2 2 


of =o2)(ltrisin? wt), of = oh (l + resin? wt). 

Here ga and Xap are the amplitudes and phases of the two beamlets, obtained by 
solving Eqs. (3.107) and (3.108). Since the profile observed on the oscilloscope was 
obtained by accumulation through many synchrotron periods, it did not depend on 
the parameters Xa, i.e. these profiles were not sensitive to the relative positions of 
the two beamlets. The eccentricity parameters rı and rg signify the aspect ratio of the 
two beamlets, and cio and g2 represent the average rms bunch length. For example, 
the aspect ratio, given by 1: 1+ rı of the outer beamlet at modulation frequency 
220 Hz was found to be about 1:3 from the profile in Fig. 3.10. This means that the 
peak current for the outer beamlet was reduced by a factor of 3 when this beamlet 
rotated to the center of the phase coordinate. The relative populations of the two 
beamlets was about 75% for the inner and 25% for the outer, obtained by fitting the 
data. As the modulating frequency increased toward the synchrotron frequency, the 
phase amplitude of the outer beamlet became smaller and its population increased. 
When the modulating frequency was higher than the bifurcation frequency wpir, the 
center peak disappeared (see 260 Hz data of Fig. 3.10). 


C. The hysteretic phenomena of attractors 


The phase amplitudes of attractors shown in Fig. 3.11 also exhibited hysteresis phe- 
nomena. When the modulation frequency, which was initially above the bifurcation 
frequency, was ramped downward, the phase amplitude of the synchrotron oscilla- 
tions increased along the outer attractor solution. When it reached a frequency far 
below the bifurcation frequency, the phase amplitude jumped from the outer attrac- 
tor to the inner attractor solution. On the other hand, if the modulation frequency, 
originally far below the bifurcation frequency, was ramped up toward the bifurcation 
frequency, the amplitude of the phase oscillations followed the inner attractor solu- 
tion. At a modulation frequency near the bifurcation frequency, the amplitude of the 
synchrotron oscillations jumped from the inner to the outer attractor solution. 

The hysteresis depended on beam current and modulation amplitude a. Since a 
large damping parameter could destroy the outer attractor, the hysteresis depended 
also on the dissipative force. The observed phase amplitudes were found to agree well 
with the solutions of Eq. (3.107). Similar hysteretic phenomena have been observed in 
electron-positron colliders, related to beam-beam interactions, where the amplitudes 
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of the coherent 7-mode oscillations showed hysteretic phenomena.!® At a large beam- 
beam tune shift, the vertical beam size exhibited a flip-flop effect with respect to the 
relative horizontal displacement of two colliding beams.!” 


D. Systematic property of parametric resonances 


The formalism discussed so far seems complicated by the transformation of phase- 
space coordinates into action-angle variables. However, the essential physics is rather 
simple. In this section, we will show that the global property of parametric resonances 
can be understood simply from Hamiltonian dynamics. 

The circles in Fig. 3.11 show a compilation of beamlet phase amplitude vs mod- 
ulation frequency for four different experimental phase modulation amplitudes. The 
solid lines show the synchrotron tune and its third harmonic. We note that the bifur- 
cation of the 1:1 resonance islands follows the tune of the unperturbed Hamiltonian 
system, and the measured third order 3:1 resonance islands fall on the curve of the 
third harmonic of the synchrotron tune. The sideband around the first order syn- 
chrotron tune corresponds to the 60 Hz power supply ripple. Because the rf phase 
modulation does not excite 2:1 resonance, we did not find parametric resonances at 
the second synchrotron harmonic. 


Figure 3.11: The phase amplitudes of beamlets 
excited by rf phase modulation, measured from 
. the oscilloscope trace, are compared with the the- 
a ` 4 oretical synchrotron tune. The bifurcation of the 
= ] resonance islands follows the unperturbed tune of 
~| the synchrotron Hamiltonian, shown as the lower 
4 solid line (see also Fig. 3.6 on the bifurcation of 
y 1:1 parametric resonance). The third order res- 

onance island falls also on the third harmonic of 
the synchrotron tune. 
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When an external time dependence perturbation is applied to a Hamiltonian 
system, the perturbed Hamiltonian contains a perturbing term similar to that in 
Eq. (3.83). On the basis of the Kolmogorov-Arnold-Moser (KAM) theorem, many 
Hamiltonian tori are mildly perturbed and survived, while some tori encountering 
resonance condition are destroyed. Thus the external perturbation excites only parti- 
cles locally in the phase space where the amplitude dependent synchrotron tune falls 
exactly at the modulation tune, where the particle motion can be described by the 


16See T. Ieiri and K. Hirata, Proc. 1989 Part. Accel. Conf. p. 926 (IEEE, New York, 1989). 
See M.H.R. Donald and J.M. Paterson, IEEE Trans. Nucl. Sci. NS-26, 3580 (1979); G.P. 
Jackson and R.H. Siemann, Proc. 1987 Part. Accel. Conf. p. 1011 (IEEE, New York, 1987). 
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effective parametric resonance Hamiltonian (3.84).18 The size of a resonance island 
depends on the slope of tune vs amplitude, strength function g,(J), and amplitude 
of perturbation. 

In fact, the external perturbation creates a local minimum in the potential energy 
at the SFP locations. When a weak damping force is applied to the dynamical system, 
the SFP becomes an attractor, and the local potential well becomes the basin for 
stable particle motion. Thus a beam inside an rf bucket can split into beamlets. 

When the modulation frequency is varied, SFPs (attractors) are formed along the 
tune of the unperturbed Hamiltonian, i.e. 


Va = nQ; ( Jore): (3.111) 


The measurement of attractor amplitude vs modulation tune is equivalent to the mea- 
surement of synchrotron tune vs synchrotron amplitude, as clearly seen in Fig. 3.11. 
Since the rf phase modulation does not excite even synchrotron harmonics, we do 
not observe a 2:1 attractor in Fig. 3.11. If, however, a stronger phase modulation is 
applied to the dynamical system, a 2:1-like (4:2) parametric resonance can be formed 
by 1:1 and 3:1 resonances through second order perturbation. 

An important implication of the above parametric excitation theorem is that chaos 
at the separatrix orbit is induced by overlapping parametric resonances. This can be 
understood as follows. Let Q(J) be the tune of a dynamical system, where the tune 
is zero at the separatrix, i.e. Q(Jsx) = 0. Now a time dependent perturbation can 
induce a series of parametric resonances in the perturbed Hamiltonian. These para- 
metric resonances, located at nQ(J) with integer n, can be excited by time dependent 
perturbation. Since nQ(J,.) ~ 0 for all n near the separatrix, a perturbation with low 
frequency modulation can produce many overlapping parametric resonances near the 
separatrix and lead to local chaos. This result can be applied to synchrotron motion 
as well as to betatron motion, where higher order nonlinear resonances serve as the 
source of time dependent modulation. 

Now, we apply this result to evaluate the effect of low frequency modulations on 
particle motion. If the amplitude of low frequency modulation is not large, it will 
induce overlapping parametric resonances only near the separatrix. If the beam size 
is relatively small, the stochasticity at the separatrix will do little harm to the beam 
motion. However, when the modulation frequency approaches the tune of particles at 
the center of the bucket, particle orbits near the center of the bucket will be strongly 
perturbed, forming islands within the bucket. 

In reality, the perturbation arising from wakefields, rf phase error, dipole field 
error, ground vibration, etc., consists of a spectrum of frequency distributions. The 


18The remaining terms play the role of time dependent perturbations to the effective Hamiltonian 
of Eq. (3.84). Based on KAM theorem, many higher order resonance islands exist within each 
parametric resonance island. 
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mean field of the perturbation gives rise to the effect called potential well distor- 
tion, which, solved self-consistently in the Vlasov equation, modifies the unperturbed 
tune of the system. The remaining time dependent perturbation can generate further 
bunch deformation, bunch splitting, hysteresis, etc., depending on its frequency spec- 
trum. The complicated collective instability phenomenon is in fact closely related 
to nonlinear beam dynamics. A series of beam transfer function measurements were 
made at electron storage rings. Sweeping the rf phase modulation frequency and 
measuring the response by measuring either the centroid of the beam, or the beam 
profile from a synchrotron light monitor using a streak camera, the response of the 
beam to external rf phase modulation can be obtained.!® 


II.5 RF Voltage Modulation 


The beam lifetime limitation due to rf noise has been observed in many synchrotrons, 
e.g., the super proton synchrotron (SPS) in CERN.” There has been some interest 
in employing rf voltage modulation to induce super slow extraction through a bent 
crystal for very high energy beams,?! rf voltage modulation to stabilize collective beam 
instabilities, rf voltage modulation for extracting beam with a short bunch length, etc. 
Since the rf voltage modulation may be used for enhancing a desired beam quality, 
we will study the physics of synchrotron motion with rf voltage modulation, that may 
arise from rf noise, power supply ripple, wakefields, etc. Beam response to externally 
applied rf voltage modulation has been measured at the IUCF Cooler.” 


A. The equation of motion with rf voltage modulation 


In the presence of rf voltage modulation, the synchrotron equations of motion are 


On+1 = On = mw Pr (3.112) 
yj 
: 3 4ra 
Panyi = Fa = 2rv,[1 + bsin(YnOn+1 + x)] sim On+1 = p e (3.113) 


0 


where P = —h|n|d/v, is the normalized off-momentum coordinate conjugate to ¢; 
ð = Ap/po is the fractional momentum deviation from the synchronous particle; 


n is the phase slip factor; vs = Wh|nleV/2782E 9 is the synchrotron tune at zero 


See e.g. M.H. Wang, et al., Proc. 1997 Part. Accel. Conf. (1997); J. Byrd, ibid. (1997); M.G. 
Minty et al., ibid. (1997); D. Rice, private communications. 

2D, Boussard, et al., IEEE Trans. Nucl. Sci. NS-26, 3484 (1979); D. Boussard, et al., Proc. 
11th Int. Conf. on High Energy Accelerators, p. 620 (Birkhauser, Basel, 1980); G. Dome, CERN 
87-03, p. 370 (1987); S. Krinsky and J.M. Wang, Part. Accel. 12, 107 (1982). 

21H.J. Shih and A.M. Taratin, SSCL-389 (1991); W. Gabella, J. Rosenzweig, R. Kick, and S. 
Peggs, Part. Accel. 42, 235 (1993). 

221). Li et al., Phys. Rev. E48, R1638 (1993); D.D. Caussyn et al., Proc. Part. Acc. Conf. p. 29 
(IEEE, Piscataway, NJ, 1993); D. Li et al., Nucl. Instrum. Methods A 364, 205 (1995). 
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amplitude; Æo is the beam energy; b = AV/V is the fractional rf voltage modulation 
strength (b > 0); Vm is the rf voltage modulation tune; y is a phase factor; 0 is the 
orbital angle used as time variable; wọ = 27 fp is the angular revolution frequency; 
and a is the phase-space damping factor resulting from phase-space cooling. 

At the IUCF Cooler, the phase-space damping rate was measured to be about 
a & 3.0 + 1.0 s7}, which is much smaller than wo, typically about 1500 s7! for the 
h = 1 harmonic system. Without loss of generality, we discuss the case for a particle 
energy below the transition energy, i.e. 7 < 0. 

Neglecting the damping term, i.e. a = 0, the equation of motion for phase variable 


dis 


b+v2[1 + bsin(vm) + x)] sind = 0, (3.114) 


where the overdot indicates the time derivative with respect to 0. In linear approxima- 
tion with sin @ ~ ¢, Eq. (3.114) reduces to Mathieu equation. By choosing x = —1/2 
and z = Em0, p = 4v2/v2,, and q = 2bv2/v2, we can linearize Eq. (3.114) into 
Mathieu’s equation [30] 
— + (p — 2q cos 2z)¢ = 0. (3.115) 
In accelerator physics applications, p and q are real with q < 1. The stable 
solutions of Mathieu’s equation are obtained with the condition that the parameter 
p is bounded by the characteristic roots a,(q) and b,41(q), where r = 0,1,2,---. In 


other words, unstable solutions are in the region b,(q) < p < a,(q), where r = 1,2,---. 
The first order unstable region and the second order unstable region respectively 


1 1 
2v.(1— 7) < Um < 24, (1+ 7): (3.116) 


Pree Zo) EE =) 
which can be obtained from the second order perturbation theory.” The width of the 
instability decreases rapidly with increasing order for small b. In our application, we 
need to consider only the lowest order Mathieu instability. Since synchrotron motion 
is nonlinear, the linear Mathieu instability analysis can be extended to nonlinear 
synchrotron motion as follows. 


B. The perturbed Hamiltonian 
The synchrotron equation of motion with rf voltage modulation can be derived from 
the Hamiltonian H = Hp) + Hı with 
1 
Hy = zP + v(1 — cos ġ), (3.117) 
Hı = vb sin(mð + x) [1 — cos ġ], (3.118) 


L.D. Landau and E.M. Lifschitz, Mechanics, 3rd. ed. (Pergamon Press, Oxford, 1976). 
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where Hp is the unperturbed Hamiltonian and H; the perturbation. For a weakly 
perturbed Hamiltonian system, we expand H; in action-angle coordinates of the un- 
perturbed Hamiltonian 


A, = vb > IGn(J)| sin(Vmð — nw — Yn), (3.119) 
where we choose y = 0 for simplicity, and |G,,(J)| is the Fourier amplitude of the 
factor (1 — cos @) with y, its phase, defined in Eq. (3.76). 

Since (1 — cos¢@) is an even function of w in [—7,7], the Fourier integral for Gn 
from Eq. (3.76) is zero except for n even with G-n = G*. Thus rf voltage modulation 
generates only even-order synchrotron harmonics in H4. Expanding G',(./) in power 
series, we obtain 


al P 1 
Go 57 + mun” * oo =< AQ, x qusbsin VO. 


= =n ae ak ~ am 2 — a a T x —— 3 4 
Ga taht Can 7 ++ » Ga amt 


Note that the Go(J) term in the perturbation contributes to synchrotron tune mod- 
ulation AQ. 


C. Parametric resonances 


When the modulation frequency is near an even harmonic of the synchrotron fre- 
quency, i.e. Um * nQs (n = even integers), particle motion can be coherently per- 
turbed by the rf voltage modulation resulting from a resonance driving term (station- 
ary phase condition). The resonances, induced by the external harmonic modulation 
of the rf voltage, are called parametric resonances. Using the generating function 


F, = (Y — Yn 


v, 
Te Ue m $ e 
we obtain the Hamiltonian in a resonance ae frame as 


2n 


= B(J)- PF + v.blGn (J)| cosn + AA (J, u, 9), (3.120) 


where the remaining small time dependent perturbation term AH oscillates at fre- 
quencies Vm, 2%m,-+:. In the time average, we have (AH) = 0. Thus the time 
averaged Hamiltonian (H) for the nth order parametric resonance becomes 


=~ OY, 
(A) = E(J) - ras Usb|Gn(J)| cos nib. (3.121) 
The phase-space contour may be strongly perturbed by a parametric resonance. Since 
|Gni2/Gn| ~ J for n > 0, the resonance strength is greatest at the lowest harmonic 
for particles with small phase amplitude. The system is most sensitive to the rf 
voltage modulation at the second synchrotron harmonic. 
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D. Quadrupole mode 


When the rf voltage modulation frequency is near the second harmonic of synchrotron 
frequency, particle motion is governed by the n = 2 parametric resonance Hamiltonian 
~ Um, y Vs zo Vg, ~ 
Hy = (v, — =) J — =P? + =bJ cos 2y 3.122 
(Hy = m- B)F- BP + AbFcosad (3.122) 


in the resonance rotating frame. Since the Hamiltonian (3.122) is autonomous, Hamil- 
tonian is a constant of motion. For simplicity, we drop the tilde notations. Hamilton’s 
equations are 


ao SbJ sin 2, (3.123) 
j = p I eo 
E J+ 1 bcos 24). (3.124) 


The fixed points that determine the locations of islands and separatrix of the 
Hamiltonian are obtained from J = 0, w = 0. The stable fixed points (SFPs) (y = 0 
and 7) and the unstable fixed points (UFPs) (y = 7/2 and 37/2) are 


2vs = .12 
0, if, > Qu, + brs (3.125) 


J — 8( = 2) — 2b, if Vm < 2v; — sbi, 
an 0, if 2v; T ibis < Vm S 2Vs + bns 


8(1— #2) + 2b, if Vm < 2v + bus 
Jgpp = 


(3.126) 


Examples of Hamiltonian Tori around SFPs are shown in Fig. 3.12. 
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Figure 3.12: The separatrix and 

: tori of the Hamiltonian (3.122) in 

the resonance rotating frame. The 

= synchrotron frequency is fs = 263 

- Hz, the voltage modulation ampli- 

tude is b = 0.05, and the modula- 

tion frequencies are fm = 526 Hz 

EE EAE (left plot) and fm = 490 Hz (right 
-2 0 2 -2 0 2 plot). 
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We note that the second harmonic rf voltage modulation can induce an instability 
at Jupp = 0 in the frequency domain 2v, — tbus < Vm < 2V; + tbus. This is the first 
order Mathieu resonance of Eq. (3.116). Nonlinear synchrotron motion extends the 
instability to lower modulation frequency at larger synchrotron amplitude, according 


to 
Jurp 


1 
Vm = 2v(1 — ) — gets (3.127) 
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which is a nonlinear extension of Mathieu instability. 

Modulation of rf voltage at the second harmonic of the synchrotron tune had 
been found useful in damping the multi-bunch instabilities for the damping ring at 
the Stanford linear collider (SLC), and stabilizing coupled bunch instabilities induced 
by parasitic rf cavity modes with high brightness beams at the Taiwan Light Source.”4 
By adjusting the amplitude and phase of the rf voltage modulation, the collective in- 
stability of high brightness electron beams in the SLC damping ring can be controlled. 
The damping mechanism may be understood as follows. When the voltage modu- 
lation at Vm = 2v, is applied, the Mathieu resonance gives rise to an UFP at the 
origin of the phase space and the SFP is displaced to Jgrp = 2b. Since electrons are 
damped incoherently into the SFP by the synchrotron radiation damping, the beam 
distribution becomes dumbbell-shaped in phase space, rotating in the longitudinal 
phase space at half the modulation frequency, i.e. the synchrotron frequency. The 
size and orientation of the dumbbell can be controlled by parameter b and phase y. 


E. The separatrix 


The separatrix torus, which passes through the UFPs, is given by 
H(J, b) = H(Jurp, purp). (3.128) 


The separatrix intersects the phase axis at the actions Jı and Jz given by 
JIgpp + 4/ Jeep — JZ if Yn < 2v, — tbv, 
ye SFP UFP m > árs — 90s 3.129 
7 { 2Jsfp if 2v, — bns < Vm < 2V; + bus ( ) 
and 
Jore — \/ Jérp — Jé if Vm < 2v, — tbn, 
h= SFP — “UFP m > Ps — 20's 3.130 
a { 0 if 2v, — sbi, < Vm < 2V; + bns. ( ) 
The intercepts can be used to determine the maximum synchrotron phase oscillation 


due to rf voltage modulation. Figure 3.12 shows also the intercepts of separatrix with 
phase axis. The island size Adistang is V2J1 — V 2J2. 


F. The amplitude dependent island tune of 2:1 parametric resonance 


For an autonomous dynamical system governed by the Hamiltonian (3.122), the 
Hamiltonian is a constant of motion. The Hamiltonian value is Es = EVs Jérp at 
SFP, and Ey, = EVsJerp at UFP. Using Hamilton’s equations of motion, we obtain 
J = f(J, E), where 


J E Vm b Ua 0 E J 
, E) = 21 ' 1 1 i . (3.131 
FUE) „ig a ae D4] K ta ge el ee 


24M.H. Wang, and S.Y. Lee, Journal of Applied Physics, 92, 555 (2002); J.D. Fox and P. Corre- 
doura, Proc. European Part. Accel. Conf. p. 1079 (Springer-Verlag, Heidelberg, 1992). 
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For a given Hamiltonian value Æ, the action J is limited by Jmin and Jmax given by 
rai = a =y I= x) Jsrp, Jax = (1 TV 1— £)JSFP, 


where x = E/E,, with x € [J rp/Jrp, 1]. Note that Jsrp = $(Jmin + Jmax). The 
island tune becomes 


Qn dJ |) ru /2bIgrp ; 
island — = 2 = - G 3.132 
Qua = Fm =2"|f soy] = oe 
k= 1 tJgrp — Jurp 


1 
V2 V2(Jsrp _ Jurp) 


where K(k) is the complete elliptical integral of the first kind [30]. At z = 1, the 
island tune becomes vs y/bJsrp/8. At the separatrix with x = Jépp/Jépp, the island 
tune is zero. 


II.6 Measurement of RF Voltage Modulation 


We describe here an rf voltage modulation measurement at the IUCF Cooler. The 
experiment started with a single bunch of about 5 x 10° protons with kinetic energy 
45 MeV. The cycle time was 10 s, with the injected beam electron-cooled for about 
3 s, producing a full width at half maximum bunch length of about 9 m (or 100 ns) 
depending on rf voltage. The low frequency rf system used in the experiment was 
operating at harmonic number h = 1 with frequency 1.03168 MHz. 


A. Voltage modulation control loop 


The voltage control feedback of the IUCF Cooler rf system works as follows. The 
cavity rf voltage is picked up and rectified into DC via synchronous detection. The 
rectified DC signal is compared to a preset voltage. The error found goes through 
a nearly ideal integrator that has very high DC gain. The integrated signal is then 
used to control an attenuator regulating the level of rf signal being fed to rf amplifiers. 
Because of the relatively low Q of the cavity at the IUCF Cooler, the effect of its 
inertia can be ignored if the loop gain is rolled off to unity well before fo/2Q, where fo 
is the resonant frequency of the rf cavity and Q © 50 is the cavity Q value. Thus, no 
proportional error feedback is needed to stabilize the loop. The overall loop response 
exhibits the exponential behavior prescribed by a first order differential equation, i.e. 
dV /dt = —V/r, where V is the rf voltage and the characteristic relaxation time 7 is 
about 10 — 200 ų s. 

The amplitude modulation is summed with the reference and compared to the 
cavity sample signal. The modulation causes a change in the error voltage sensed by 
the control loop and results in modulation of the attenuator around a preset cavity 
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voltage. The maximum modulation rate is limited by the loop response time of 
about 10 kHz. The modulation rates in our experiments are well within this limit. 
The modulation amplitude was measured and calibrated. 


a ny ~~ Figure 3.13: The beam bunch was ob- 


served to split into three beamlets in a 

single rf bucket measured from a fast 
| | | sampling scope in (ys). The voltage 
\ | (i modulation amplitude is b = 0.05 at 
V modulation frequency fm = 480 Hz with 
-0.10 | synchrotron tune fs = 263 Hz. Note that 

\ the outer two beamlets rotated around 
the center beamlet at a frequency equal 
to half the modulation frequency. 


-0.05 


Channel (V) 


-0.15 


04 05 06 07 08 09 10 11 12 13 
Time (usec) 


B. Observations of the island structure 


Knowing that the beam bunch will be split into beamlets, as shown in Sec. II.2, we 
first measured the phase oscillation amplitude of the steady state solution by using 
the oscilloscope. The beam was injected, the rf voltage was modulated, and the beam 
was cooled with electron current 0.75 A. Then the steady state bunch distribution 
was measured. Figure 3.13 shows that the sum signals from a beam position monitor 
(BPM) on a fast oscilloscope triggered at the rf frequency exhibited two peaks around 
a central peak. A fast 1 x 10° sample per second oscilloscope was used to measure 
the profile of the beam in a single pass. The profile shown in Fig. 3.13 indicated 
that there were three beamlets in the h = 1 rf bucket. The beam particles were 
damped to attractors of the dissipative parametric resonant system. Thus the phase 
amplitude of the outer peaks measured from the oscilloscope can be identified as the 
phase amplitude of the SFP. 

Since the attractors (or islands) rotate around the origin of the rf bucket with 
half the modulation frequency, the observed beam profile in an oscilloscope is a time 
average of the BPM sum signal. Because the equilibrium beamlet distribution in a 
resonance island has a large aspect ratio in the local phase-space coordinates, the 
resulting beam profile will exhibit two peaks at the maximum phase amplitude, re- 
sembling that in Fig. 3.13. This implies that when a beamlet rotates to the upright 
position in the phase coordinate, a larger peak current can be observed. On the other 
hand, when a beamlet rotates to the flat position, where the SFPs are located on the 
P axis, the aspect ratio becomes small and the line density is also small. 

The measured action J of the outer beamlets as a function of modulation fre- 
quency is shown in Fig. 3.14, where Jspp of the Hamiltonian (3.122) is also shown 
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a a a Ca A 

2.0 Fitted fy=263 Hz + Figure 3.14: The measured action J of outer 
F beamlets as a function of modulation frequency. 
oR J Here J & Lg? with œ as the peak phase amplitude 
g ] of attractors. Different symbols correspond to mea- 

ea ‘| surements at different times for an almost identical 

is J rf voltage. The solid line for Jgrp obtained from 

i ] Eq. (3.125) fits data with fs = 263 Hz. The ac- 

60 tions of UFP Jyrp and intercepts J; and Jz of the 


440 460 480 500 520 540 separatrix with the phase axis are also shown. 
Modulation Frequency (Hz) 


for comparison. Experimentally, we found that the action of the outer attractor var- 
ied linearly with modulation frequency. Similarly, Jspp is also a linear function of 
modulation frequency, where the slope depends sensitively on synchrotron frequency. 
Using this sensitivity, the synchrotron frequency was determined more accurately to 
be about 263+1 Hz for this run. Our experimental results agreed well with the the- 
oretical prediction except in the region fm € [510,520] Hz, where we did not observe 
beam splitting. A possible explanation is that the actual beam size was larger than 
the separation of islands. In this case, the SFPs were about 100 ns from the center 
of the bucket. Once fm reached 2f, — tbf ~ 520 Hz, where Jupp = 0, the beam 
was observed to split into only two beamlets. It was also clearly observed that all 
parametric resonance islands ceased to exist at fm = 2f, + 3b fs ~ 532 Hz. 


Exercise 3.3 
1. Prove the identity of the action integral in Eq. (3.66). 
2. We consider a general Hamiltonian 
H= InP +V(¢), 
where (¢,P) are conjugate phase-space variables with orbiting angle @ as time vari- 


able, vs is the small amplitude synchrotron tune, and V(¢@) is the potential.” The 
action is J = (1/27) $ Pdd. Using the generating function 


$ 
F = | Pdd, 
0 
show that the coordinate transformation between phase variable ~ and coordinate @ 
is 
J 
dy = QW) ag, 
Vs 
25Tn linear approximation, the potential can be expressed as V(¢) = sus" +--+. However, small 


amplitude behavior of the potential is not a necessary condition for the sum rule theorem stated in 
this exercise. 
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where w is the conjugate phase variable to the action J. Expanding P in action-angle 
variables with 


0° 
P= Ly fn”, 


n=— o0 
prove the sum rule theorem 
co 
: J 
Y InP = Ys. 
n=—0oo s 


3. From Exercise 2.4.8, we find that the change of orbit length due to a modulating 
dipole kicker is given by 


AC = D(s0) 0(t) = D(so) Ê sin(wmt + xo), 


where D(so) is the dispersion function at the dipole location, 6 is the maximum dipole 
kick angle, wm is the modulating angular frequency, and xo is an arbitrary initial 
phase. The modulating tune is ym = Wm/wo, where wo is the angular revolution 
frequency. 


(a) Show that the modulating dipole field produces an equivalent rf phase error 


o 2rhD(so)ĝ 


Ad T 


sin(wmt + xo) = Ad sin(Wmt + Xo), 


where C is the circumference of the synchrotron, and h is the harmonic number. 


(b) Show that the amplitude of the equivalent rf wave phase error is 
a= Ad/ Wm. 
Give a physical argument that the amplitude of the equivalent rf wave phase 


error a is amplified as the modulation tune Vm becomes smaller. 


(c) Evaluate the effective rf modulation amplitude a for the accelerators listed in 
the table below, where C is the circumference, AB is the integrated dipole 
field error, fmoa is the modulation frequency, D is the dispersion function at the 
dipole, y is the Lorentz relativistic factor, and h is the harmonic number. 


IUCF Cooler | RHIC | MI Recycler 


C (m) 86.8 3833.8 | 3319.4 | 3319.4 

ABé (Gm) | 1 1 1 1 

faoa (Hz) | 262 60 60 4 

D (m) 4 1 1 1 
1.04796 24 21.8 9.5 


Y 
h 1 342 588 1 
a 
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4. Using the conjugate phase space coordinates 


Q= V2J cos(y) — 5nd) P= —V2J siny — smd) 


show that the Hamiltonian (3.122) for the quadrupole mode is 


l bho, 81 


Vs 


24 2)\2 
ae HPY, 


where 6 = vs — (Vm/2) and, without loss of generality, we assume b > 0. Show that 
the fixed points of the Hamiltonian are located at 
Pspp = 0, QSFP =0 (Um > 2V T vsb/2) 
Pspp =0, Qspp = V/16(1 — Vm/2vs) + 4b (Vm > 25 + vsb/2) 
QUFP = 0, Purp =0 (2v = Vsb/2 < Vm < 2Vs F vsb/2) 
( 


1 
QUFP = 0, Purp = 16(1 = Vm /2Vs) — 4b Vm < 2Vs = zb). 


Compare this result with Eqs. (3.125) and (3.126). Show that the separatrix for 
Vm < 2Vs — vsb/2 is given by two circles 


Q-Q +P =r, (QHQ +P =r 


with 
Qe = V4, r = y 16ô/vs. 


The separatrix in the betatron phase space for slow beam extraction that employs 
a half integer stopband is identical to that given in this exercise. Quadrupoles are 
used to provide resonance driving term b, and octupoles are used to provide nonlinear 
detuning &rs. The resulting effective Hamiltonian is 


1 £ 
Heg = Vr Ja 4 ZOreJe + bJy cos(Ye — 5): 


where axe = (—1/167Bp) $ 62Bds is the detuning parameter, B3 is the octupole 
strength, and b is the half integer stopband width. 


Show that the equation of motion for rf dipole on betatron motion in Eq. (2.107) near 
a betatron sideband can be cast into an effective Hamiltonian 


awe 
Ag =vJ + ser + gJ"? cos(q) — Vm + X), 


where v, (J,@), œa are the tune, the action-angle coordinates, and the detuning pa- 
rameter of the betatron motion, g is proportional to the rf dipole field strength, and 
Vm is the rf dipole modulation tune. Find the fixed points of the Hamiltonian and 
discuss the dependence of the fixed point on parameters Vm — v, and a. 
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IV Nonadiabatic and Nonlinear Synchrotron 
Motion 


Transition energy has been both a nuisance in machine operation and a possible bless- 
ing for attaining beam bunches with some desired properties, such as enhanced beam 
separation for filtering ion beams having nearly equal charge to mass ratios, and beam 
bunches with ultra-small beam width.?® However, the synchrotron frequency spread 
vanishes at transition energy, and the circulating beams can suffer microwave insta- 
bilities and other collective instabilities for lack of Landau damping, to be discussed 
in Sec. VIL. 


Near the transition energy region, the adiabaticity condition (3.32) is not satisfied, 
i.e. the Hamiltonian is time dependent and is not a constant of motion. This results 
in non-adiabatic synchrotron motion, where the bucket area increases dramatically, 
and the phase-space area occupied by the beam bunch is a small fraction of the bucket 
area. The linearized rf potential is a good approximation. If the phase slip factor is 
independent of the off-momentum variable, we will obtain analytic solutions for the 
linearized synchrotron motion near transition energy in Sec. IV.1. The integral of the 
linearized Hamiltonian is also an ellipse, and the action is a constant of motion. We 
will discuss the scaling properties of the beam at the transition energy crossing. 


However, when the phase slip factor 7 of Eq. (3.11) becomes small, the nonlinear 
phase slip factor term 7, can be important. This again raises another nonlinear 
problem in synchrotron motion, i.e. parts of a beam bunch can encounter a defocusing 
force during transition energy crossing. In Sec. IV.2 we study nonlinear synchrotron 
motion due to nonlinearity in phase slip factor. Although the action of a Hamiltonian 
flow is invariant, the torus is highly distorted and particles in a beam may be driven 
out of the rf bucket after crossing the transition energy. In Sec. IV.3 we examine 
beam manipulation techniques for particle acceleration through transition energy. In 
Sec. IV.4 we study the effects of nonlinear phase slip factor and examine the properties 
of the so-called a-bucket, and in Sec. IV.5 we study problems associated with quasi- 
isochronous (QI) storage rings, which may provide beam bunches with ultra-short 
bunch length. 


6Since the bunch width becomes very short and the momentum spread becomes large at transition 
energy, transition energy may be used to generate short bunches. See e.g., R. Cappi, J.P. Delahye, 
and K.H. Reich, IEEE Trans. Nucl. Sci. NS-28, 2389 (1981). Using the sensitivity of the closed 
orbit to beam momentum at transition energy, one can filter beam momentum from nearly identical 
Z/A (charge to mass ratio) ion beams. Oxygen and sulfur ions have been filtered at transition energy 
in the CERN PS. 
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IV.1 Linear Synchrotron Motion Near Transition Energy 


Since the energy gain per revolution in rf cavities is small, we assume y = Yp + ït, 
where +) = dy/dt is the acceleration rate, and t is the time coordinate. The phase slip 
factor becomes 


No = A —Y? & —. (3.133) 


Here we have neglected the dependence of the phase slip factor on the off-momentum 
coordinate 6, and assume that all particles in a bunch pass through transition energy 
at the same time. Substituting Eq. (3.133) into Eq. (3.17), we obtain 


1/3 
2_ L rB mey 
ad = | — é 3.134 
j i aT — cos @s| ( ) 


Here Taq is the adiabatic time. At |t| > Taq, the adiabaticity condition (3.32) is 
satisfied. At |t| > Maa the adiabatic condition is approximately fulfilled because 
aaa = |d(wz')/dt| = $(Taa/|t|)?/? ~ 0.06. Table 3.3 lists the adiabatic time for some 
proton synchrotrons. “Typically Tad is about 1-10 ms. Note that the beam parameters 
for RHIC correspond to those of a typical gold beam injected from the AGS with 
charge number Z = 79, and atomic mass number A = 197. The injection energy for 
proton beams in RHIC is above transition energy. 


Table 3.3: The adiabatic and nonlinear times of some proton synchrotrons. 

FNAL | FNAL | AGS | RHIC | KEKPS | CPS 
Booster | MI 

C (m) 474.2 3319.4 | 807.12 | 3833.8 | 339.29 | 628.32 

V (kV) 950 4000 | 300 300 90 200 

h 84 588 12 360 9 6-20 

Vr 5.4 20.4 8.5 22.5 6.76 6.5 

y (s7!) 200 190 70 1.6 40 60 

A (eVs/u) | 0.04 0.04 1. 0.3 0.3 0.5 

ô (x10-8) | 6.4 2.5 6.7 4.5 5.4 6.6 

Taq (ms) 0.2 2.0 2.5 36 1.8 1.5 

Tm (ms) 0.13 0.19 0.61 63 0.7 0.5 


In linear approximation, the synchrotron equations of motion near the transition 
energy region become 


wyeV 
~ BE 


Zhuo , 
73 


cos¢.(Ag), (Ad) = t6, (3.135) 
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where the overdot indicates the derivative with respect to time t, and 6 = Ap/po and 
A@é = ¢-— ġ; are the fractional off-momentum and phase coordinates of a particle. 
Taking into account the synchronous phase change from @, to 7 — ¢, across transition 


energy, we obtain 
d (73, d 
dt \ je] dt 


Defining a new time variable y as 


ao) + Ad =0. (3.136) 


a 2 t 
y= | olde = 2g? with «= fl (3.137) 
0 3 Tad 
Eq. (3.136) can be transformed into Bessel’s equation of order 2/3, 
1 2/3)? 
eee ( — lost: (3.138) 


where y = y~?/2A@, and the primes indicate derivatives with respect to time variable 
y. The solution of Eq. (3.138) can be written readily as 


Ad = ba [cos x J2/3(y) + sin x No/3(y)] , (3.139) 


where y and b are constants to be determined from the initial condition. Here the 
Neumann function is N,(z) = [J,(z) cos tv—J_,(z)]/ sin 7v. It is also called the Bessel 
function of the second kind. In Ref. [30], the notation is Y,(z). The off-momentum 
coordinate ô can be obtained from Eq. (3.135), ie. 


f Ihui A br2/3 D Jaja 2N: 
Ad = a a (cos | 22 Jya] + sin | re Naf), 


ye Taq% Tad 3y 


Combining this with Eq. (3.139), we obtain the constant of motion 
agl AP)? + 2agsAd6 + ass = 1, (3.140) 


where 


mr |/3 e 3 2 
Age = Jbz (Suns 2Naj) + (24% = Suys) | , 


T? ( Qhywor? 3 3 
agi = Opp (7S) [Ms (Suse = 2N) — Jay3 (2.4 = suds) : 
T 


T? 2 (H 
9b? a 


2 
) [J33 + N33]. 


There is no surprise that the constant of motion for a time dependent linear 
Hamiltonian is an ellipse. In (¢,6) phase-space coordinates, the shape of the ellipse 
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changes with time. The phase-space area enclosed in the ellipse of Eq. (3.140) is a 
constant of motion given by 


. 302 3 
ee ey yee (3.141) 


= 5ps 2 V E D2 2? 
aggass _ 03, 2hyworig B? rme 


where A is the phase-space area of the bunch in eV-s. Thus the parameter b is 


2 Ah2w2y7r2 1/2 
p= (2AM Wotan) (3.142) 
3mc? B2y4 


A. The asymptotic properties of the phase space ellipse 


The phase-space ellipse is tilted in the transition energy region. Using a Taylor series 
expansion around y = 0, we obtain 


cep eee 3.143 
Te (Qhywot2,\ V3 
= = $ .144 
Qg 9b2 ( “3 ) m’ (3 
n? ( Mhywor?, 2 34/3 rE) (3.145 
O55 = : . 
8 gp 73 T? 


The tilt angle, the maximum momentum spread, and the maximum bunch width of 
the ellipse are 


2 
Y= -tan L (3.146 
2 Age = O55 
A 2A \1? AY 
yy 8/8 BT ($) \3me?y BTaa \e?+ 
| (me _ PPG) (ira) (3.148 
y=1p V gga — 08; T 3mc? p74 i : 


Note that ô is finite at y = 7, for a nonzero acceleration rate. At a higher acceler- 
ation rate, the maximum momentum width of the beam will be smaller. Substituting 
the adiabatic time Taq of Eq. (3.134) into Eq. (3.147), we obtain the following scaling 
property: 

ô me hB VIBANA y T1, (3.149) 
=r 


The scaling property is important in the choice of operational conditions. 


IV. NONADIABATIC AND NONLINEAR SYNCHROTRON MOTION 289 


In the adiabatic region where x >> 1, we can use asymptotic expansion of Bessel 
functions to obtain 


zr T? ap =, f T? (2hjrh\? ija 
a —T , Q , Q ; al. 
go 3b2 $6 66 32 43 


The phase-space ellipse is restored to the upright position. 


B. The Gaussian distribution function at transition energy 


The distribution function that satisfies the Vlasov equation is a function of the in- 
variant ellipse (3.140). Using the Gaussian distribution function model, we obtain 


3Np(agstiss — 02,;)!/? e 3 
Wo(Ad, ô) = B( tp = 3s) 631064 (AG)? +20.455(Ad) +0555" 
= NgGi(Ad)Go(0d), (3.150) 


where Np is the number of particles in the bunch, the factor 3 is chosen to ensure 
that the phase-space area A of Eq. (3.141) corresponds to 95% of the beam particles, 
and the normalized distribution functions G(A@) and G2(0) are 

3(a15955 — O55) 3(agga55 — O45) 
TASS A565 


/3 
rere ye a exp{—3a55(6 4 Mey}. 


Note here that G(A@) is the line charge density, and the peak current is still located 
at Ad = 0. Using the ellipse of Eq. (3.140), we can evaluate the evolution of the peak 
current at the transition energy crossing. 


Gi(Ad) = (Ad)”} 


IV.2 Nonlinear Synchrotron Motion at y © yp 


In Sec. IV.1, all particles were assumed to cross transition energy at the same time. 
This is not true, because the phase slip factor depends on the off-momentum coordi- 
nate ô. Near the transition energy region, the nonlinear phase slip factor of Eq. (3.11) 
becomes quite important. Expanding the phase slip factor up to first order in 6, the 
synchrotron equations of motion become 


) 5, A wyeV cos ds 


aE (AQ), (3.151) 


. yt 


T 


where the synchronous particle crosses transition energy at time t = 0, and, to a good 
approximation, the phase slip factor has been truncated to second order in 6. At time 
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= I" "| Figure 3.15: Schematic plot of 7 vs 6 near the 
= osH E= eg + transition energy region for the Fermilab Booster, 
° 4 2 

aera j where 7, = 5.446, ya, = 0.5, and a phase-space 
he oad j] area of 0.05 eV-s are used to calculate 7(6) for the 
-0.5 Z + beam. A beam bunch is represented by a line of 

E= 5.1 Gev |- < $ 
aot aa (6) vs ô. The synchrotron motion corresponds 
E = 5.05 GeV eo 1 to particle motion along this line. At the beam 
SS _-—T E=5GeV JF synchronous energy of E = 5.1 GeV, which is be- 
-20 fe 4] |..4 low the transition energy of 5.11 GeV, particles at 
= 008. pe 0 pog ô > 0.0018 will experience unstable synchrotron 


motion due to the nonlinear phase slip factor. 


t = 0, the synchronous phase is also shifted from øs to m — ¢, in order to achieve 
stable synchrotron motion. 

Figure 3.15 shows the phase slip factor 7 vs the fractional off-momentum coor- 
dinate 6 near transition energy for a beam in the Fermilab Booster. A beam bunch 
with momentum width +ô is represented by a short tilted line. At a given time (or 
beam energy), particles are projected onto the off-momentum axis represented by this 
line. Since the phase slip factor is nonlinear, the line is tilted. When the beam is 
accelerated (or decelerated) toward transition energy, a portion of the beam particles 
can cross transition energy and this leads to unstable synchrotron motion, as shown 
in the example at 5.1 GeV beam energy in Fig. 3.15. Since the synchrotron motion 
is slow, we hope that the unstable motion does not give rise to too much bunch 
distortion before particles are recaptured into a stable bucket. 


To characterize nonlinear synchrotron motion, we define the nonlinear time T as 
the time when the phase slip factor changes sign for the particle at the maximum 
momentum width 6 of the beam, i.e. no + mô = — (24T / 72) + mô = 0, or 


(3.152) 


where ô is the maximum fractional momentum spread of the beam, 7 is obtained 
from Eq. (3.11), and the a, term can be adjusted by sextupoles. For a lattice without 
sextupole correction, we typically have oy ~ 1. Within the nonlinear time +7, 
some portions of the beam could experience unstable synchrotron motion. Note that 
the nonlinear time depends on the off-momentum width of the beam. Table 3.3 lists 
the nonlinear time of some accelerators, where a, = 0 is assumed. Note that the 
nonlinear time for RHIC is particularly long because superconducting magnets can 
tolerate only a slow acceleration rate. 
When the beam is accelerated toward transition energy to within the range 


Ve 7 Val < Y < Yr + VF's 
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the phase equation begins to change sign for particles at higher momenta while the 
phase angle @, has not yet been shifted. Therefore these particles experience defocus- 
ing synchrotron motion. After the synchronous energy of the bunch reaches transition 
energy and the synchronous phase has also been shifted from ¢, to 7 — ¢s, lower mo- 
mentum portions of the bunch will experience defocusing synchrotron motion. The 
problem is most severe for accelerators with a slow acceleration rate. 

The relative importance of non-adiabatic and nonlinear synchrotron motions de- 
pends on the adiabatic time of Eq. (3.134) that governs the adiabaticity of the syn- 
chrotron motion, and the nonlinear time 71, within which some portion of the beam 
particles experiences unstable synchrotron motion. Using Eq. (3.151), we obtain 


ff = -rô + L, (3.153) 


where the primes indicate derivatives with respect to x = |t|/Taa. Note that when the 
nonlinear time 7, vanishes, the solution of Eq. (3.153) is an Airy function, discussed 
in Sec. [V.1. Since the solution of the nonlinear equation is not available, we estimate 
the growth of momentum width by integrating the unstable exponent. The growth 
factor is 


Tnl/Tad 1/2 3/2 
G = exp T (-« + =) a} = exp É (=) ) (3.154) 
0 Tad 3 Tad 


for a particle with 6 = ô. The maximum momentum height is increased by the 
growth factor G, which depends exponentially on T1/Taa. Depending on the adiabatic 
and nonlinear times, important beam dynamics problems are nonlinear synchrotron 
motion and of microwave instability to be discussed in Sec. VII. 

We have seen that the momentum width will increase due to the nonlinear phase 
slip factor. However, we should bear in mind that the synchrotron motion can be 
derived from a Hamiltonian 

H= hw [w $ mð fa poy cos ¢,(A¢d)’, (3.155) 
where no = 24t/ nf. Expressing Hamilton’s equation as a difference mapping equation, 
we can easily prove that the Jacobian is 1. Therefore the area of the phase-space 
ellipse of each particle is conserved, and the 1D dynamical system is integrable. The 
action integral is a distorted curve in phase-space coordinates. When the bunch is 
accelerated through transition energy, some portions of the phase-space torus may lie 
outside the stable ellipse of the synchrotron Hamiltonian. They may be captured by 
other empty buckets of the rf system, or may be lost because of the aperture limitation. 
For a modern high intensity hadron facility, the loss would cause radiation problems; 
therefore efforts to eliminate transition energy loss are important. 
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IV.3 Beam Manipulation Near Transition Energy 


Near the transition energy, the revolution frequencies of all particles are nearly iden- 
tical, i.e. the beam is isochronous or quasi-isochronous. Since there is no frequency 
spread for Landau damping, the beam can suffer microwave instability. The tolerance 
of microwave instability near transition energy will be discussed in Sec. VII. 

The nonlinear phase slip factor can cause defocusing synchrotron motion for 
a portion of the bunch. The growth of the bunch area is approximately G? = 
exp{ $(T™m/Taa)*/?} shown in Eq. (3.154). The 5% beam loss at transition energy found 
for proton synchrotrons built in the 60’s and 70’s may arise mainly from this nonlinear 
effect. Bunched beam manipulation are usually needed to minimize beam loss and 
uncontrollable emittance growth. Minimizing both Taq and 7 provides cleaner beam 
acceleration through the transition energy. 


A. Transition energy jump 


By applying a set of quadrupoles, transition energy can be changed suddenly in order 
to attain fast transition energy crossing (see Chap. 2, Sec. IV.8). The effective yp 
crossing rate is Jef = Y — Yp. For example, if y, is changed by one unit in 1 ms,” 
the effective transition energy crossing rate is 1000 s~!, which is much larger than the 
beam acceleration rates listed in Table 3.3. 

Transition y, jump has been employed routinely in the CERN PS. The scheme 
has also been studied in the Fermilab Booster and Main Injector, the KEK PS, and 
the AGS. The minimum y, jump width is 


Ay, = 24 x Max(Taa, Tni). (3.156) 


B. Momentum aperture for faster beam acceleration 


The synchronization of dipole field with synchronous energy is usually accomplished 
by a “radial loop,” which provides a feedback loop for rf voltage and synchronous 
phase angle. In most accelerators, the maximum B is usually limited, but the rf 
voltage and synchronous phase angle can be adjusted to move the beam across the 
momentum aperture. The radial loop can be programmed to keep the beam closed 
orbit inside the nominal closed orbit below transition energy, and to attain faster 
acceleration across transition energy so that the beam closed orbit is outside the 
nominal closed orbit above transition energy. For an experienced machine operator 
to minimize the beam loss with a radial loop, the essential trick is to attain a faster 
transition energy crossing rate. 


27The 7, jump time scale is non-adiabatic with respect to synchrotron motion. However, the time 
scale can be considered as adiabatic in betatron motion so that particles adiabatically follow the 
new betatron orbit. 
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C. Flatten the rf wave near transition energy 


Near transition energy, partial loss of focusing force in synchrotron motion can be 
alleviated by flattening the rf wave. This can be done by choosing ¢, = 7/2 or 
employing a second or third harmonic cavity.?* In the flattened rf wave, all particles 
gain an equal amount of energy each turn, and thus 6 of each particle is approximately 
constant in a small energy range. The solution of Eq. (3.151) with 6 = 0 is 


hwoyd 


3 
T 


Ad = Ag, + (P — E) + mhuyd” (t — ti), (3.157) 


where ¢ is the rf flattening period, (A¢@j, 61) are the initial phase-space coordinates 
of the particle, and 6 = ô}. 

Figure 3.16 shows the evolution of the phase-space torus when the rf wave is 
flattened across the transition energy region; the parameters used in this calculations 
are yp = 22.5, wo = 4.917 x 10° rad/s, y = 1.6 s™t, h = 360, tı = —63 ms, and 
ne nı ~ 2. Note that the ellipse evolves into a boomerang shaped distribution function 
with an equal phase-space area. The rf flattening scheme is commonly employed in 
isochronous cyclotrons. 


1.005 
F yr=22.5  dy/dt=1.6 /s 


ny ype=2 


Figure 3.16: The evolution of a phase-space 
ellipse in the flattened rf wave near the tran- 
sition energy region. Note that the off- 
momentum coordinates of each particle are 
unchanged, while the bunch length elongates 
along the ¢ axis. 


IV.4 Synchrotron Motion with Nonlinear Phase Slip Factor 


In the production of secondary beams, very short proton bunches are needed for at- 
taining small emittance. Very short electron bunches, e.g. sub-millimeter in bunch 
length, have many applications such as time resolved experiments with synchrotron 
light sources, coherent synchrotron radiation, and damping rings for the next linear 
colliders. Since the ratio of bunch length to bunch height is proportional to Jin ; 
a possible method of producing short bunches is to operate the accelerator in an 


8See e.g., C.M. Bhat et al., Phys. Rev. E 55, 1028 (1997). The AVF cyclotron has routinely 
employed this method for beam acceleration. This concept was patented by G.B. Rossi, U.S. Patent 
2778937 (1954). 
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isochronous condition for proton synchrotrons, or to reduce the momentum com- 
paction factor for electron storage rings. Because of its potential benefit of the low 7 
condition, we carefully study the physics of the QI dynamical system.?° 

Table 3.2 and Eq. (3.43) show that the synchrotron bucket height and momentum 
spread become very large when |7| is small. This requires careful examination because 
when the phase slip factor 7 is small, its dependence on the fractional momentum 
deviation ô becomes important. The synchrotron Hamiltonian needs to take into 
account the effects of nonlinear phase slip factor. 

Expanding the phase slip factor as 7 = no + mô +--+ and using the orbiting angle 
0 as the independent variable, we obtain the Hamiltonian for synchrotron motion as 


sR [cos @ — cos d, + (d — ds) sin ds], (3.158) 
where we have truncated the phase slip factor to the second order in 6. The fixed 
points of the nonlinear synchrotron Hamiltonian are 


(Q, Ô)sFP = (ds, 0), (a = Ps, =no/m), (3.159) 
(ġ,ô)ure = (T — ps, 0), (s; —no/m). (3.160) 


Note that the nonlinear phase slip factor introduces another set of fixed points in 
the phase space. The fixed points with dep = 0 are the nominal fixed points. The 
fixed points with ôpp = —no/m arising from the nonlinear-phase-slip factor are called 
nonlinear-phase-slip-factor (NPSF) fixed points. These fixed points play important 
role in determining the dynamics of synchrotron motion. 

We define vs = /h|noleV/276?E for small amplitude synchrotron tune, and use 
the normalized phase space coordinates œ and P = (hno/vs)ô. The Hamiltonian of 
synchrotron motion becomes 


1 1 ‘ 
H= zP + ue + v,[cos ġ — cos ds + (¢ — ds) sin dg]. (3.161) 
yY 
The parameter 


y = 3h /2Mvs (3.162) 


signifies the relative importance of the linear and nonlinear parts of the phase slip 
factor. If |y| > 1, the nonlinear phase slip factor is not important, and if |y| is small, 
the phase space tori will be deformed. 


29A. Riabko et al., Phys. Rev. E54, 815 (1996); D. Jeon et al., Phys. Rev. E54, 4192 (1996); M. 
Bai et al., Phys. Rev. E55, 3493 (1997); C. Pellegrini and D. Robin, Nucl. Inst. Methods, A 301, 
27 (1991); D. Robin, et. al., Phys. Rev. E48, 2149 (1993); H. Bruck et al., IEEE Trans. Nucl. Sci. 
NS20, 822 (1973); L. Liu et al., Nucl. Instru. Methods, A329, 9 (1993); H. Hama, S. Takano and 
B. Isoyama, Nucl. Instru. Methods, A329, 29 (1993); S. Takano, H. Hama and G. Isoyama, Japan 
J. Appl. Phys. 32, 1285 (1993); A. Nadji et al., Proc. EPAC94 p. 128 (1994); D. Robin, H. Hama, 
and A. Nadji, LBL-37758 (1995). 
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Figure 3.17 shows the separatrix of the nonlinear Hamiltonian in normalized phase 
space coordinates for ¢, = 150° and 180° respectively, where, without loss of gener- 
ality, we have assumed 7) > 0 and 7, > 0. The separatrix that passes through the 
nominal fixed points are nominal separatrix. When the nominal separatrix crosses 
the unstable NPSF fixed point, the separatrix of two branches will become one (see 
the middle plots of Fig. 3.17 and Exercise 3.4.6). This condition occurs at y = Yer, 


given by 
Yer = V 27[(a/2 — os) sin bs — cos dg]. (3.163) 


For y > Yer, the stable buckets of the upper and lower branches are separated by a 
distance of AP = 2y/3. Particle motion can be well described by neglecting the P? 
term in the Hamiltonian. 
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o E J E 3 Figure 3.17: Left: Sep- 
E J -26 3 aratrix in the normalized 
-2 E 4-4 phase space (¢, P = P) for 
-4  -6E the synchrotron Hamilto- 
E4 H -8 ETA nian with parameters s = 
iE 4 as 150° and y = 5 (top), y = 
P ob 4 OF Yer = 3.0406 (middle) and 
-1È 4 aE 1 (bottom); Right: Separa- 
-2E 4 -á k trix with parameters ¢, = 
-36 = E 180° and y = 8 (top), y = 
al Es Yer = 5.1962 (middle), and 
E 7 le 3 (bottom). In this exam- 
oe 3 OF (>) ple, we assume 79 > 0 and 
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-1.0 E 4 dence of the Hamiltonian 
peer biiitiiitli =e sata rarer war LEO tori on the parameter y. 
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For y < Yer, the separatrix (“fish”) is deformed into up-down shape (see lower 
plots). They are called “a-bucket.” Since the a-bucket is limited in a small region 
of the phase coordinate ¢, small angle expansion is valid. The particle motion inside 
such a quasi-isochronous (QI) dynamical system can be analytically solved as follows. 


IV.5 The QI Dynamical Systems 


The synchrotron equation of motion for the rf phase coordinate ¢ of a particle is 
ġ = hnô, n=m+ mi +, (3.164) 


where h is the harmonic number, 6 = Ap/po is the fractional momentum deviation 
from a synchronous particle, the overdot indicates the derivative with respect to the 
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orbiting angle 6 = s/Ro, and 7 is the phase slip factor, 7 and m are the first order 
and second order phase slip factors. In many storage rings, truncation of the phase 
slip factor at the 7, term is a good approximation. Similarly, the equation of motion 
for the fractional off-momentum deviation is 
oe [sin(d + $s) — sin d,] ~% ——— 
where Vo and @, are the rf voltage and synchronous phase angle, 8c is the speed, and 
E is the energy of the beam. Here, the linearized phase coordinate in Eq. (3.165) 
is a good approximation because the (up-down) synchrotron bucket is limited in a 
small range of the phase coordinate (see Fig. 3.17). 

With t = vð as the time variable, where vs = y/ he Volno cos ¢5| /27/3? Ep is the small 
amplitude synchrotron tune, and with (x,p) as conjugate phase-space coordinates, 
where 


$, (3.165) 


A s 
r=- pa hy, (3.166) 
To Po hn 
the synchrotron Hamiltonian for particle motion in QI storage rings becomes 
1 1 des 
Ay = SP +V(x), V(a) = d — 3° (3.167) 


This universal Hamiltonian is autonomous and the Hamiltonian value EF is a constant 
of motion with E € (0, H for particles inside the bucket. 

The equation of motion for the QI Hamiltonian with Hp = E is the standard 
Weierstrass equation, 


(coe 


2 
) = 4(9 — €1)(@ — e2)(— — e3), (3.168) 
where u = t//6, p = 2, and the turning points are 
1 1 1 
a=3 + cos(£), e = E + cos(£ — 120°), e3 = 5 + cos(€ + 120°) 


with € = % arccos (1 — 12E). The € parameter for particles inside the bucket varies 
from 0 to 7/3. Figure 3.18 shows the separatrix of the QI bucket QI potential, and 
the turning points, where e and e3 are turning points for stable particle motion. 

The Weierstrass elliptic -function is a single valued doubly periodic function of 
a single complex variable. For particle motion inside the separatrix, the discriminant 
A = 648E(1 — 6E) is positive, and the Weierstrass p function can be expressed in 
terms of the Jacobian elliptic function [30] 


a(t) = e3 + (e2 — e3) sn? ( / an) , (3.169) 


e2— €3 sin € 


k= - ; 
eı— e3  sin(€ + 60°) 


(3.170) 
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'] Figure 3.18: Schematic plots of the 
] QI bucket (left) and the QI poten- 
] tial (right). The dotted lines are the 
J] lower and upper limits of the ”en- 
| ergy” 0 and 1/6 respectively. The 
] turning points e,, e2, and e3 are also 
34 shown for energy E = 0.1, associated 
3 with the dashed-line beam bunch at 
Blot thiitiitls the left plot. The separatrix of the QI 
705 0.0 05° 10 15 bucket is one of the separatrix, plot- 
ted side-way, shown in Fig. 3.17. 
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The separatrix orbit, which corresponds to k = 1, is 


3 3sinht 
Usx(t) = 1 — ————-, a(t) = ———. AL 
Txt) cosht+ 1’ P ) (cosh t + 1)? eee 
The tune of the QI Hamiltonian is 
sis 0)\]1/2 
QE) = m[V3sin(€ + 60°)] (3.172) 


V6K(k) 


where K(k) is the Jacobian Elliptical function. The normalized tune of the QI Hamil- 
tonian is compared with that of the normal synchrotron Hamiltonian in Fig. 3.19. 


Figure 3.19: The synchrotron tune 
of the QI dynamical system (up- 
per curve) is compared with that 
of the nominal rf potential (lower 
curve); plotted in relative Hamil- 
tonian value, or "energy” E/Esep- 
Note that the sharp drop of the QI 
synchrotron tune at the separatrix 


0.2 | | can cause chaotic motion for par- 
ticles with large synchrotron ampli- 
0.955 yz oz 55 a's To tudes under the influence of the low- 
E/Esep frequency time-dependent perturba- 

tion. 


Here, we note that the synchrotron tune decreases to zero very sharply near the 
separatrix. Because of the sharp decrease in synchrotron tune, time dependent pertur- 
bation will cause overlapping parametric resonances and chaos near the separatrix.°? 


30H, Huang, et al., Phys. Rev. E48, 4678 (1993); M. Ellison, et al., Phys. Rev. Lett. 70, 591 
(1993); M. Syphers, et al., Phys. Rev. Lett. 71, 719 (1993); Y. Wang, et al., Phys. Rev. E49, 1610 
(1994). D. Li, et al., Phys. Rev. E48, R1638 (1993); D. Li, et al., Nucl. Inst. Methods, A364, 205 
(1995). 
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The action of a torus is 


a __ 1 j2 2 1/2 OF de a: , 
Ja5 pie = 5/2 le es)*(er—es)"?F(5,-3:8:k), (3.173) 


where F is the hypergeometric function [30]. The action of the separatrix orbit is 
Jsx = 3/57, or equivalently the bucket area is 6/5. Using the generating function 


F(a, J) = L p dx, (3.174) 


e3 


the angle variable is Y = OF)/0J = Qt. The resulting Hamiltonian is 
5 
H(I) x J- >+- 
(J) x J i 57 + 


Because of the synchrotron radiation damping, the equation of motion for QI 
electron storage rings is x” + Ax’ +a — x? = 0,where the effective damping coefficient 
is 

Aa, 
Vs MEV; 


(3.175) 


Here A is the damping decrement, Up is the energy loss per revolution, and Jz is the 
damping partition number. In QI storage rings, the effective damping coefficient is 
enhanced by a corresponding decrease in synchrotron tune, i.e. A ~ |no|~!/?, where 
the value of A can vary from 0 to 0.5. 

Including the rf phase noise, the Hamiltonian in normalized phase-space coordi- 


nates is 


2 
_P lei 13, ake 
H x tat z7 + Wy Bx COS Wt, (3.176) 
where P 
=e (3.177) 
Nos 


is the effective modulation amplitude, a is the rf phase modulation amplitude, wm = 
Vm/Vs is the normalized modulation tune, and Vm is the modulation tune of the 
original accelerator coordinate system. Note that the effective modulation amplitude 
B is greatly enhanced for QI storage rings by the smallness of no, i.e. B ~ |m|/|no|*/2. 
Including the damping force, the equation of motion becomes 


a" + Aa! ta — 2? = —wy B cos wnt. (3.178) 


The stochasticity of such a dynamical system has been extensively studied.*! Experi- 
mental verification of the QI dynamical system has not been fully explored. Detailed 
discussions of this topic is beyond this introductory textbook. 


31A. Riabko et al., Phys. Rev. E54, 815 (1996); D. Jeon et al., Phys. Rev. E54, 4192 (1996); M. 
Bai et al., Phys. Rev. E55, 3493 (1997). 
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Exercise 3.4 


1; 


or 


Verify the adiabatic time, the nonlinear time, and the momentum spread of the beam 
ô at y = Yp for the accelerators listed in Table 3.3. 


Show that Eq. (3.135) can be reduced to 
ð +26 =0 


where the primes indicate derivatives with respect to the variable x = |t|/Taa, where 
Tad is the adiabatic time of Eq. (3.134). 


(a) Express the solution in terms of Airy functions and find the equation for the 
invariant torus. 


(b) Verify Eq. (3.140). 


Show that Tn1/Tad X 475/ ta 2/3. Discuss the effects of high vs low y, lattices on the 
dynamics of synchrotron motion near the transition energy. 


The Fermilab Main Injector accelerates protons from 8.9 GeV to 120 GeV in 1 s. 
Assuming y, = 20.4, calculate the characteristic time and the maximum momentum 
spread for a phase space area of 0.04 eV-s. 


Show that the phase space area enclosed by (A@,65) of Eq. (3.157) is equal to the 
phase space area enclosed by (A@,, 61) of the initial ellipse. 


Using the normalized phase space coordinates @ and P, show that the Hamiltonian 
(3.158) with nonlinear phase slip factor depends only on a single parameter y = 
3hnê/2vsnı. Show that the separatrices of the Hamiltonian are 


vP? + yP? + 2y[cos ġ + cos bs + ($ + ds — 7) sin gs] = 0, 
vP? + yP? + 2y[cos ¢ — cos ds + ($ — bs) sin ds] — = = 0). 


Show that when y = yer of Eq. (3.163) the separatrix of the upper branch passes 
through the UFP of the lower branch. 


Show that the QI Hamiltonian can be reduced to Eq. (3.167) and that the solution 
is given by the Weierstrass elliptical function. 
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V Beam Manipulation in Synchrotron Phase Space 


A charged particle beam is usually produced by an intense ion source, pre-accelerated 
by an electrostatic Cockcroft-Walton or an RFQ, prebunched and injected into a linac 
to reach an injection energy for low energy synchrotrons, called booster synchrotrons 
or boosters. The beam is accumulated, phase-space painted, stacked in a low energy 
booster, and accelerated toward higher energies by a chain of synchrotrons of various 
sizes. The reasons for this complicated scheme are economics and beam dynamics 
issues. Since dipole and quadrupole magnets have low and high field operational 
limits, the range of beam energy for a synchrotron is limited. The mean-field Coulomb 
force can also have a large effect on the stability of low energy beams in boosters, 
where the space-charge tune shift, proportional to circumference of the synchrotron, 
is limited to about 0.3-0.4. 

For the acceleration of ion beams, the fractional change of beam velocity in low 
energy boosters can be large. The rf frequency for a low energy booster has to be tuned 
in a wide range. The rf voltage requirement is determined by technical issues such as 
rf cavity design, rf power source, and the requirements in the momentum aperture and 
phase-space area. During beam acceleration, phase-space area is normally conserved. 
The beam distribution function can thus be manipulated to some desirable properties 
for experiments. Careful consideration is thus needed to optimize the operation and 
construction costs of accelerators. 

On the other hand, electrons are almost relativistic at energies above 10 MeV, 
and the required range of rf frequency change is small. However, electrons emit syn- 
chrotron radiation, which must be compensated by the longitudinal rf electric field 
in a storage ring. Since synchrotron radiation power depends on particle energy, and 
the mean energy loss of a beam is compensated by the rf field, particle motion in syn- 
chrotron phase-space is damped. The synchrotron radiation emitted by a relativistic 
electron is essentially concentrated in a cone with an angular divergence of 1/7 along 
its path, and the energy compensation of the rf field is along the longitudinal direc- 
tion; the betatron motion is also damped. Equilibrium is reached when the quantum 
fluctuation due to the emission of photons and the synchrotron radiation damping 
are balanced. The resulting momentum spread is independent of the rf voltage, and 
the transverse emittance depends essentially on the lattice arrangement. 

In this section we examine applications of the rf systems in the bunched beam 
manipulations, including phase displacement acceleration, phase-space stacking, adi- 
abatic capture, bucket to bucket transfer, bunch rotation, and debunching. We care- 
fully study the double rf systems, that have often been applied in the space charge 
dominated beams and high brilliance electron storage rings for providing a larger 
tune spread for Landau damping. We also study the barrier rf systems that have 
been proposed for low energy proton synchrotrons. In general, innovative bunched 
beam manipulation schemes can enhance beam quality for experiments. 
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V.1 RF Frequency Requirements 


Particle acceleration in synchrotrons requires synchronism between rf frequency and 
particle revolution frequency. Thus the rf frequency is an integer multiple of the 
revolution frequency wt = hwo(B, Ro), where h is the harmonic number, and the 
angular revolution frequency wo is a function of the magnetic field B and the average 
radius of the synchrotron Rọ. The momentum po of a particle is related to the 
magnetic field by pọ = epB, where p is the bending radius, and e is the particle’s 
charge. Thus the rf frequency is 


Be  hepB he B? (t) 1/2 
r h> = 3s = > lan nnal > Jl 
a "Ro Roym Ro | B2(t) + (me?/ecp)? ene) 
me f 3.1273/p [m] Tesla for protons, 
ecp | 0.001703/p[m] Tesla for electrons, 


where m is the particle’s mass. The rf frequency is a function of the dipole magnetic 
field, particularly particularly important for low energy proton or ion accelerators. In 
low to medium energy synchrotrons, the rf system is usually limited by the range of 
required frequency swing. Table 3.4 lists parameters of some proton synchrotrons. 


Table 3.4: RF parameters of some proton synchrotrons 


AGS BST | AGS RHIC FNALBST | FNALMI 
Inj. K.E. [GeV/u] | 0.001/0.2 | 0.2(15) | 12 0.2(0.4) |80 
Acc. Rate [GeV/s] | 100 60 3.7 200 100 
Max. K.E. [GeV] | 1.5 30 250 8 500 
fre [MHz] 0.18-4.1 2.4-4.6 | 26.68-26.74 | 30.0-52.8 | 52.8-53.1 
Av. Radius [m] | (1/4)Rags | 128.457 | (19/4) Rags | 75.47 528.30 
h 1-3(2) |12(8) | 6x60 84 7x84 
Vie [kV] 90 300 300 950 4000 


In some applications, the magnetic field can be ramped linearly as B = a + bt, or 
resonantly as B = (B/2)(1 — coswt) = Bsin?(wt/2), with ramping frequency w/2r 
varying from 1 Hz to 50 Hz; the rf frequency should follow the magnetic field ramp 
according to Eq. (3.179), for which cavities with ferrite tuners are usually used. On 
the other hand, electrons are nearly relativistic at all energies, and the rf frequency 
swing is small. High frequency pill-box-like cavities are usually used. Normally the 
frequency range can be in the 200, 350, 500, and 700 MHz regions, where rf power 
sources are readily available. In recent years, wideband solid state rf power sources 
and narrowband klystron power sources have been steadily improved. New methods 
of beam manipulation can be employed. 
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Requirements of rf systems depend on their applications. To achieve high beam 
power in meson factories and proton drivers for spallation neutron sources, a fast 
acceleration rate is important. For example, the ISIS at the Rutherford Appleton 
Laboratory has a 50 Hz ramp rate, whereas the rf systems in the Spallation Neutron 
Source (SNS) provide only beam capture. On the other hand, acceleration rate is less 
important in storage rings used for internal target experiments. 


A. The choice of harmonic number 


The harmonic number determines the bunch spacing and the maximum number of 
particles per bunch obtainable from a given source, which can be important for col- 
liding beam facilities. The harmonic numbers are related by the mean radii of the 
chain of accelerators needed to reach an efficient box-car injection scheme, which is 
equivalent to bucket to bucket transfer from one accelerator to another. For exam- 
ple, the average radius of the AGS Booster is 1/4 that of the AGS, and the ratio of 
harmonic numbers is 4. Similar reasoning applies to the chain of accelerators. 


Since the damping time of electron beams in electron storage rings (see Table 4.2, 
Chap. 4, Sec. 1.4) is short, the injection scheme of damping accumulation at full 
energy is usually employed in high performance electron storage rings. The choice of 
harmonic number for high energy electron storage rings is determined mainly by the 
availability of the rf power source, efficient high quality cavity design, and the size of 
the machine. Since rf power sources are available at 200, 350, 500, 700 MHz regions, 
most of the rf cavities of electron storage rings are operating at these frequencies. 
The harmonic number is then determined by the rf frequency and circumference of 
the storage ring. 


B. The choice of rf voltage 


High intensity beams usually require a larger bunch area to control beam instabilities. 
Since the rf bucket area and height are proportional to y V;ț, a minimum voltage is 
needed to capture and accelerate charged particles efficiently. 


In electron storage rings, the choice of rf voltage is important in determining the 
beam lifetime because of quantum fluctuation and Touschek scattering, a large angle 
Coulomb scattering process converting the horizontal momenta of two electrons into 
longitudinal momenta. 

In general, the rf voltage is limited by the rf power source and the Kilpatrick limit 
of sparking at the rf gap. The total rf voltage of synchrotrons and storage rings is 
usually limited by the available space for the installation of rf cavities. 
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V.2 Capture and Acceleration of Proton and Ion Beams 


At low energy, the intensity and brightness of an injected beam are usually limited 
by space-charge forces, intrabeam scattering, microwave instability, etc.; phase-space 
painting for beam distribution manipulation can be used to alleviate some of these 
problems (see Chap. 2, Sec. III.8, for transverse phase-space painting). 

Since the injected beam from a linac normally has a large energy spread, the rf 
voltage requirement in booster synchrotrons needs enough bucket height for beam 
injection. The peak voltage is usually limited by the power supply and electric field 
breakdown at the rf cavity gap. A debuncher or a bunch rotator in the transfer 
line can be used to lower the momentum width of injected beams. The resulting 
captured beam brightness depends on the rf voltage manipulation. The following ex- 
ample illustrates the difference between adiabatic capture and non-adiabatic capture 
processes. 


A. Adiabatic capture 


During multi-turn injection (transverse or longitudinal phase-space painting or charge 
exchange strip injection), very little beam loss in the synchrotron phase-space can 
theoretically be achieved by adiabatically ramping the rf voltage with ¢, = 0. The 
right plots, (e) to (h), of Fig. 3.20 show an example of adiabatic capture in the IUCF 
cooler injector synchrotron (CIS). The proton beam was accelerated from 7 to 200 
MeV at 1 Hz repetition rate, and the rf voltage V,s(¢) was increased from a small 
value to 240 V adiabatically, plots (e) and (f), while the synchronous phase was kept 
at zero. The adiabaticity coefficient of Eq. (3.21) becomes 


— Ty, dV Ts dAg 
— AnV. dt 2n7Ap dt’ 


(3.180) 


Qad 


where T; is the synchrotron period and Ag is the bucket area. In order to satisfy the 
adiabatic condition, the initial rf voltage should have a small finite initial voltage Vo, 
and the rf voltage is ramped to a final voltage smoothly (see also Exercise 3.5.1). 

After beam capture, the synchronous phase was ramped adiabatically to attain 
a desired acceleration rate. Good acceleration efficiency requires adiabatic ramping 
of V and ¢, while providing enough bucket area during beam acceleration. In this 
numerical example, we find that the capture efficiency is about 99.6%. In reality, 
the momentum spread of the injected beam is about 0.5% instead of 0.1% shown 
in this example. The maximum voltage is only barely able to hold the momentum 
spread of the injected beam from linac. The actual capture efficiency is much lower. 
A possible solution is to install a debuncher in the injection transfer line for lowering 
the momentum spread of the injected beam. 
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ò 
(e). T=7MeV, T 0 =0", Effi.=99.6% 
ò 
-0.01 (b). T=7MeV, m: 6,=0", Effi.=95.6% (f). T=7MeV, = 6,=0", Effi.=99.6% 
ò 
-0.01 (c). T=7.7MeV, aa 0 =16", Effi =58.8% (g). T=7.7MeV, ae .=16", Effi =99.6% 
ò 


(d). T=200MeV, V=240V, o=16, Effi.=58.8% (h). T=200MeV, V=240V, o=16, Effi.=99.6% 


6 


Figure 3.20: The left plots, (a) to (d), show non-adiabatic beam capture during injection 
and acceleration. The right plots, (e) to (h), show adiabatic capture of the injected beam: 
the rf voltage is ramped from 0 to 240 V adiabatically to capture the injected beam with 
a momentum spread of 0.1%. The rf synchronous phase is then ramped adiabatically to 
achieve the required acceleration rate. The actual momentum spread of the injected beam is 
about +0.5%, and thus the actual adiabatic capture efficiency is substantially lower. Space- 
charge force and microwave instability are not included in the calculation. This calculation 
was done by X. Kang (Ph.D. Thesis, Indiana University, 1998). 
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B. Non-adiabatic capture 


The left plots, (a) to (d), of Fig. 3.20 show an example of non-adiabatic capture 
with nonzero initial rf voltage. When the rf voltage is set to 240 V to capture the 
injected beam, the beam fills up the entire phase-space, as shown in plot (b). Beam 
loss occurs during acceleration, the final phase-space area is larger, and the capture 
efficiency is low. With microwave instability and space-charge effects included, the 
capture efficiency may be even lower. 

As seen in plots (b) and (f), the injected beam particles decohere and fill up the 
entire bucket area because of synchrotron tune spread. The decoherence results in 
emittance growth. 


C. Chopped beam at the source 


Many fast cycling synchrotrons require nonzero rf voltage and nonzero rf synchronous 
phase s > 0 to achieve the desired acceleration rate. In this case, capture efficiency 
is reduced by the nonadiabatic capture process. To circumvent low efficiency, a beam 
chopper consisting of mechanical or electromagnetic deflecting devices, located at the 
source, can be used to paint the phase-space of the injected beam and eliminate beam 
loss at high energy. 


V.3 Bunch Compression and Rotation 


When a bunch is accelerated to its final energy, it may be transferred to another 
accelerator or used for research. When the beam is transferred from one accelerator 


to another, the beam profile matching condition is 
1 [hV 1 [RAV 
RY Inl RY Inl 
This matching condition may be higher than the limit of a low frequency rf system. 
Similarly, the bunch length of a beam may need to be shortened in many applications. 
A simple approach is to raise the voltage of the accelerator rf system. However, the 
peak voltage of an rf system is limited by the breakdown of electric field at the 


acceleration gap. According to the empirical Kilpatrick criterion, the rf frequency f 
[MHz] is related to the peak electric field gradient Ex [MV /m] by 


ca 


RÔ 


ô 
RÔ 


= (3.181) 


t 


acc.1 acc.2 acc. 1 acc.2 


f = 1.64 c=. (3.182) 


Because of this limitation, we have to use different beam manipulation techniques 
such as bunch compression by rf gymnastics, etc. 

Bunched beam gymnastics are particularly important for shortening the proton 
bunch before the protons hit their target in antiproton or secondary beam production. 
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Generally, the emittance of secondary beams is equal to the product of the momentum 
aperture of the secondary-beam capture channel and the bunch length of the primary 
beam. When the bunch length of a primary proton beam is shortened, the longitudinal 
emittance of the secondary antiproton beam becomes smaller. The antiproton beam 
can be further debunched through phase-space rotation in a debuncher by converting 
momentum spread to phase spread, and the final antiproton beam is transported to 
an accumulator for cooling accumulation (see Exercise 3.5.3). 

Beam bunch compression is also important in shortening the electron bunch in 
order to minimize the beam breakup head-tail instabilities in a linac (see Sec. VIII). 
A few techniques of bunch compression are described below. 


A. Bunch compression by rf voltage manipulation 


The first step it to lower the rf voltage adiabatically, e.g. Vo — Vi, so that the 
bucket area is about the same as the bunch area. Then the rf voltage is increased 
non-adiabatically from V, to V2. The unmatched beam bunch rotates in synchrotron 
phase-space. At 1/4 or 3/4 of the synchrotron period, a second rf system at a higher 
harmonic number is excited to capture the bunch, or a kicker is fired to extract beams 
out of the synchrotron. Figure 3.21 shows schematic phase-space ellipses during the 
bunch compression process. The lower-left plot shows the final phase-space ellipse in 
an idealized linear synchrotron motion. In reality, the maximum attainable rf voltage 
is limited, and the final phase-space ellipse is distorted by the nonlinear synchrotron 
motion that causes emittance dilution. 


> 4 F T | TTT j TTTtT | T J 4 F T | aa pia Ges | Tree ] T J 
5 = = 2 ant Ye J a Yep Vo/ ees Figure 3.21: Schematic drawings 
e E Sae dt ł (clockwise) of bunch compression 
Z oK C> A opse OOOO scheme using rf voltage manipula- 
E See aa 2f _3 tion. The bunch area is initially 
E J E J assumed to be about 1/5 of the 
-4E -berdandan bucket area (top-left). The voltage 
=a 8 5 “8 Oe wee is adiabatically reduced by 16 times 
non—adiabatic j i 
(ee (eee so that the bunch is almost fill the 
a nae Pi! Ae eg ge d bucket area (top-right). As the 
eee Ng eb? roe"o ` = voltage is non-adiabatically raised 
A C7 ~g 3 Ez vq é ki 
E ok. 2 oe eS to four times the original rf voltage, 
we PX Ja “4 the mismatched bunch begins to 
AN S 5 -2Ẹ _ Be -j rotate. When the bunch length is 
Et Ss itd aE eel ea Ld Shortened (lower-left) at 1/4 of the 
—4Eer tii trtri ii li —4bea tii trtea i ta i 3 
-2 o 2 -2 0 2 synchrotron period, a kicker can be 
$ $ fired to extract the beam. 


For a given bunch area, the rms bunch width and height are obtained from 
Eq. (3.42) during the adiabatic rf voltage compression from Vo to Vi. After the 
rf voltage is jumped to V2, the bunch height will become bunch width according to 
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Eq. (3.42). The maximum bunch compression ratio, defined as the ratio of the bunch 
lengths at (Vo = V2) + Vi > Vz, becomes 


i V 1/4 ucket,max as 2/2 
n= Soh (2) = (Anum Ne (3.183) 
Oot Vi Abunch V 3704 


where we have used the properties that the bunch area supposedly fills up the bucket 
area at Vie = Vi, and the fact that the bucket area is 16 (see Table 3.2), and the 
bunch area containing 95% of the beam is 6r0%, in the normalized synchrotron phase 
space coordinates. 


B. Bunch compression using unstable fixed point 


If the rf phase is shifted so that the unstable fixed point (UFP) is located at the 
center of the bunch, the bunch will begin compressing in one direction and stretching 
in the other direction along the separatrix orbit (see Sec. II.4 and Exercise 3.2.5). 
In linear approximation, the bunch length and bunch height change according to 
exp{twelufp} = exp{t2rtup/T.}, where ws is the small amplitude synchrotron an- 
gular frequency, T, is the synchrotron period, and ty, is the time-duration that the 
bunch stays at the UFP. The length of stay at the UFP can be adjusted to attain a 
required aspect ratio of the beam ellipse. 

When the SFP of the rf potential is shifted back to the center of the bunch. The 
mis-matched bunch profile will begin to execute synchrotron motion. At 3/8 of the 
synchrotron period, the bunch can be captured by a matched high frequency rf system 
or kicked out of the accelerator by fast extraction. 

We now derive the ultimate bunch compression ratio for the rf phase shift method 
as follows. In the normalized phase-space coordinates, @ and P = —(h|n|/v,)(Ap/p), 
the Hamiltonian for stationary synchrotron motion is given by Eq. (3.64). 

Near the UFP, the separatrix of the Hamiltonian in Eq. (3.64) can be approxi- 
mated by two straight lines crossing at 45° angles with the horizontal axis ¢. When the 
rf phase is shifted so that the beam sits on the UFP, the bunch width and height will 
stretch and compress along the separatrix. The rate of growth is equal to exp(Wstutp). 


The maximum rf phase coordinate max that a bunch width can increase and still stay 
within the bucket after the rf phase is shifted back to SFP is given approximately by 


1 2 max 
2 


2 max 


+ 2 sin?( )\ 2, (3.184) 


where we assume linear approximation for particle motion near SFP. Thus we obtain 
dmax © V2. Using Liouville’s theorem, conservation of phase-space area, we find 


ToS = TOP {O4 f- (3.185) 
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Assuming that 95% of the beam particles reach dmax = V2 so that ops = V hmax = 


2/3, we find the compression ratio as 


Opi OPE V2 


rae = pe ai) , 3.186 
, Oot Ogi V304 ( ) 
The time needed to reach this maximum compression ratio is 
R 1 
Wstufp = In — — 0.203. (3.187) 


Ogi 


A difficulty associated with bunch compression using rf phase-shift is that the rf 
voltage may remain at a relatively low value during the bunch rotation stage. The 
effect of non-linear synchrotron motion will be more important because the ratio of 
bucket-area to the bunch-area is small. 

The difficulty of nonlinear synchrotron motion in the final stage of bunch rota- 
tion can be solved by using the buncher in the transport line. After proper bunch 
compression, the beam is kicked out of the synchrotron and the Rze transport matrix 
element will compress bunch, i.e. lower energy particles travel shorter path, and the 
higher energy particle travel a longer path. However, the resulting compression ratio 
is reduced by a factor of 1/ V2. Since there is no constraint that the final bunch size 
should fit into the bucket, one can regain the factor of v2 in staying longer at the 
UFP. 


C. Bunch rotation using buncher/debuncher cavity 


The principle of bunch rotation by using a buncher/debuncher cavity is based on the 
correlation of the time and off-momentum coordinates (the transport element Rze). 
By employing a cavity to accelerate and decelerate parts of the beam bunch, the 
bunch length and the momentum spread can be adjusted. This method is commonly 
used in the beam transfer line. For example, a simple debuncher used to decrease the 
energy spread of a non-relativistic beam out of a linac can function as follows. First, 
let the beam drift a distance L so that higher energy particles are ahead of lower 
energy particles. A cavity that decelerates leading particles and accelerates trailing 
particles can effectively decrease the energy spread of the beam. 

For relativistic particles, a drift space can not provide the correlation for the 
transport element R55 because all particles travel at almost the same speed. It requires 
bending magnets for generating local dispersion functions so that the path length is 
correlated with the offmomentum coordinate. A buncher/debuncher cavity can 
then be used to shorten or lengthen the bunch. 


32See e.g., T. Raubenheimer, P. Emma, and S. Kheifets, Proc. 1993 PAC, p. 635 (1993). 
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V.4 Debunching 


When rf systems are non-adiabatically turned off, particles drift and fill up the en- 
tire ring because the rotation frequency depends on the off-momentum variable. The 
debunching rate is db = hwond. Neglecting synchrotron radiation loss, the momen- 
tum spread will not change. The bunch shape will be distorted because particles of 
higher and lower momenta drift in different directions. The debunching time can be 
expressed as 

Tay = 2T /hwonô, (3.188) 


where ô is the maximum momentum spread of a beam. Note that the momentum 
spread of the entire beam remains the same in this non-adiabatic debunching process. 

To reduce the momentum spread in the debunching process, we can adiabatically 
lower the rf voltage. In this case, the resulting debunched beam has a smaller mo- 
mentum spread. The phase-space area remains the same if we can avoid collective 
beam instability. 


V.5 Beam Stacking and Phase Displacement Acceleration 


The concept of beam stacking is that groups of particles are accelerated to a desired 
energy and left to circulate in a fixed magnetic field; and subsequent groups are 
accelerated and deposited adjacent to each other. The accumulated beam will overlap 
in physical space at special locations, e.g. small 8 and zero D(s) locations, which 
increases the density and the collision rate. In a successful example of beam stacking 
in the ISR pp collider, a single beam current of 57.5 A was attained. To accomplish 
phase-space stacking, phase displacement acceleration is usually employed.** 

In a Hamiltonian system, particles can not cross the separatrix, therefore particles 
outside the bucket can not be captured during acceleration. Since the magnetic field 
depends on rf frequency, only particles inside the stable rf bucket are accelerated 
toward high energy. Particles outside the rf bucket are lost in the vacuum chamber 
because of the finite magnet aperture. 

What happens to the unbunched coasting beam outside the separatrix when an 
empty moving bucket is accelerated through the beam? Since the beam is outside the 
separatrix, it may not be captured into the bucket if the rf bucket acceleration is adia- 
batic. Particles flow along lines of constant action, and their energies are lowered. The 
change in energy is AF = woA/2z7. Similarly, when a bucket is decelerated toward 
lower energy, the beam energy will be displaced upward in phase-space, i.e. accel- 
erated. Phase displacement acceleration has been used to accelerate coasting beams 


33K.R. Symon and A.M. Sessler, Methods of radio-frequency acceleration in fixed field accelerators 
with applications to high current and intersecting beam accelerators, p. 44, CERN Symp. 1956; L.W. 
Jones, C.H. Pruett, K.R. Symon and K.M. Terwilliger, in Proc. of Int. Conf. on High-Energy 
Accelerators and Instrumentation, p. 58 (CERN, 1959). 
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in the Intersecting Storage Ring (ISR) at CERN* and to compensate synchrotron 
radiation loss in electron storage rings. 

In a storage rings with electron cooling or stochastic cooling, a newly injected 
beam accelerated by phase displacement can be moved toward the cooling stack to 
achieve a high cooling rate. This method has been successfully used to accumulate 
polarized protons at low energy cooling storage rings, and to accumulate antiprotons 
at antiproton accumulators. For example, the cooling stacking method can enhance 
polarized proton intensity by a factor of 1000 in the IUCF Cooler.” Similarly, with 
phase displacement acceleration, antiprotons can be moved to the cooling stack for 
cooling accumulation. 


V.6 Double rf Systems 


Space charge has been an important limitation to beam intensity in many low energy 
proton synchrotrons. Space charge induces potential well distortion and generates 
coherent and incoherent betatron tune shifts, which may lower the thresholds for 
transverse and longitudinal collective instabilities. Fast beam loss may occur during 
accumulation and storage when the peak beam current exceeds a threshold value. 
To increase the threshold beam intensity, a double rf system has often been used 
to increase the synchrotron frequency spread, which enhances Landau damping in 
collective beam instabilities. As early as 1971, an attempt was made to increase 
Landau damping by installing a cavity operating at the third harmonic of the ac- 
celerating frequency in the Cambridge Electron Accelerator (CEA).°° This technique 
was also successfully applied to cure coupled bunch mode instabilities at ISR, where 
an additional cavity was operated at the sixth harmonic of the primary rf frequency.” 
Adding a higher harmonic rf voltage to the main rf voltage can flatten the potential 
well. Since the equilibrium beam profile follows the shape of the potential well, a 
double rf system can provide a smaller bunching factor, defined as the fraction of the 
circumference occupied by a beam or the ratio of peak current to average current, than 
that of a single rf system. Therefore, for a given DC beam current in a synchrotron, 
the peak current and consequently the incoherent space-charge tune shift are reduced. 
For example, a double rf system with harmonics 5 and 10 was successfully used in 


34A high current stack at the ISR has a momentum spread of about 3%, that can be handled by a 
low power rf system in the ISR. By employing the phase displacement acceleration, the circulating 
beams in ISR were accelerated from 26 GeV to 31.4 GeV without loss of luminosity. The installation 
of low-8 superconducting quadrupoles in 1981 brought a record luminosity of 1.4 x 10°? cm?s~?. 
The machine stopped operation in December 1983, giving its way to a fully operational SPPS, that 
observed its first pp collision at the center of mass energy of 540 GeV on July 10, 1981. 

35A. Pei, Ph.D. Thesis, Indiana University (1993). 

36R. Averill et al., Proc. 8th Int. Conf. on High Energy Accelerators, p. 301 (CERN 1971). 

37P. Bramham et al., Proc. 9th Int. Conf. on High Energy Accel. (CERN, 1974); P. Bramham et 
al., IEEE Trans. Nucl. Sci. NS-24, 1490 (1977). 
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the Proton Synchrotron Booster (PSB) at CERN to increase the beam intensity by 
25 — 30% when the coherent longitudinal sextupole and decapole mode instabilities 
were suppressed by beam feedback systems.” At the Indiana University Cyclotron 
Facility (IUCF), a recent beam dynamics experiment showed that with optimized 
electron cooling the beam intensity in the cooler ring was quadrupled when two rf 
cavities were used.*? 


A. Synchrotron equation of motion in a double rf system 


For a given particle at angular position @ relative to the synchronous angle 0s, the 
phase angle of the primary rf system can be expressed as 


= Qis — hi (0 — bs), (3.189 


where ¢ is the phase coordinate relative to the primary rf cavity, @ıs is the phase 
angle for the synchronous particle, and hı is the harmonic number for the primary rf 
system. Similarly, the rf phase angle for the second rf system is 


hy 


2 = Pəs — h2(@ — Os) = b25 + ne — Qis), (3.190 


where hy is the harmonic number for the second rf system and ¢g, is the corresponding 
synchronous phase angle. The equation of motion becomes 


= woeVa 
~ BE 


{sino — sin di, + - (sin fós + o — hrs) — sin 6x) \ » (3.191) 


where the overdot is the derivative with respect to orbiting angle 0, and V; and V2 are 
the voltages of the rf cavities. Equations (3.13) and (3.191) are Hamilton’s equations 
of motion for a double rf system. 

Using the normalized momentum coordinate P = —(h4|n|/vs)(Ap/po), the Hamil- 
tonian is 


H = Eup? +V(¢), (3.192) 
V(¢) vs{ (cos Qis — COS $) ar (is = ġ) sin Qis 


-7 [eos bas — cos (25 + h(@ — 1s)) — AO — dis) sin bas]}. 


Here v, = y/hieVi|n|/278?Eo is the synchrotron tune at zero amplitude for the 
primary rf system, h = ho/hi, r = —V2/Vi, and ġıs and əs are the corresponding rf 


38See J.M. Baillod et al., IEEE Trans. Nucl. Sci. NS-30, 3499 (1983); G. Galato et al, Proc. 
PAC, p. 1298 (1987). 

39See S.Y. Lee et al., Phys. Rev. E49, 5717 (1994); J.Y. Liu et al, Phys. Rev. E50, R3349 
(1994); J.Y. Liu et al., Part. Accel. 49, 221-251 (1995). 
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phase angles of a synchronous particle. Here, the conditions r = 1/h and hsin dy. = 
sin ıs are needed to obtain a flattened potential well. For r > 1/h, there are two 
inner buckets on the @ axis. The effective acceleration rate for the beam is AE = 
eV (sin ıs — r sin @g,) per revolution. 

Because the rf bucket is largest at the lowest harmonic ratio, we study the double 
rf system with h = 2. To simplify our discussion, we study a stationary bucket with 
dis = dx, = 0°. However, the method presented in this section can be extended to 
more general cases with ¢,, 4 0 and do, Æ 0. 


B. Action and synchrotron tune 


When the synchrotron is operating at ıs = ds; = 0, the net acceleration is zero and 
the Hamiltonian becomes 


Vs 


H = 
2 


P? + v, |(1 — cos ġ) (1 — cos 2¢)} . (3.193) 


Nl 


The fixed points (¢pp, Prp) are listed in Table 3.5. 


Table 3.5: SFP and UFP of a double rf system. 


SFP UFP 
0<r<$] (00) (7,0) 
<r (+ arccos(4),0) | (0,0), (+7,0) 


Since the Hamiltonian is autonomous, the Hamiltonian value F is a constant of 
motion with E/v, € [0,2]. The action is 


jt) = L / ; P dé, (3.194) 


where ¢ is the maximum phase angle for a given Hamiltonian torus. The value Æ is 
related to ¢ by E = 2u,(1 — 2r cos?(¢/2)) sin?(¢/2); the phase-space area is 27J; and 
the synchrotron tune is Qs = (0J/0E)~'. The bucket area Ap is 


Ap = 2nd =8 vi pee -In(V1+ 2r + V2r)| , (3.195) 


Var 


which is a monotonic increasing function of the ratio r. The corresponding bucket 
area for the single rf system is A,(r —> 0) = 16 (see Table 3.2). 
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C. The r < 0.5 case 


Changing the variables with 


$ 2 ĝ t 
t= tans, dọ = a to = tan 5, r=, 


we obtain 


ðJ 2(1 + 22) f j irre oal 
OE wvgto[l + (1 + JE Jo (1—1*) P+ +2ne] T dr. (3.196) 


Thus the synchrotron tune becomes [31] 


Qs my (1 = 2r) + 202 + (1+2r)tå 


= À 3.197 
Vs 2(1 + t)K (kı) ( ) 
where K (kı) is the complete elliptic integral of the first kind with modulus 
toy 1+ (1 + 2r)t2 
An ay LL rii (3.198) 


(C= 2r) 42840 4-3r8 


In fact, this formula is also valid for r > 0.5 and > øp, where œp is the intercept of 
the inner separatrix with the phase axis. 


D. The r > 0.5 case 


For r > 0.5, the origin of phase-space P = ¢ = 0 becomes a UFP of the unperturbed 
Hamiltonian. Two SFPs are located at P = 0 and ¢ = +ġr, where cos(,_/2) = 1/2r. 
The inner separatrix, which passes through the origin, intersects the phase axis at 
+, with cos(¢,/2) = 1/V2r. Figure 3.22 shows œp and ¢; and some phase space 
ellipses for r = 0.6. 


] Figure 3.22: RF bucket and phase space ellipses 
] for a double rf system with ho/h,; = 2 and r = 
A V>/V, = 0.6. Two stable fixed points are located at 
| (4¢¢,0), where dp = cos~'(1/2r). The maximum 
| phase amplitude of the inner separatrix is d, = 
] cos~!(1//2r). For r > 1, the SFP ¢ > +3, and 
| the bucket is split into 2. 


6 (normalized) 


— 


ġ (deg) 


A given torus inside the inner bucket corresponds to a Hamiltonian flow of constant 
Hamiltonian value. Let ¢, and ¢, be the lower and upper intercepts of a torus with the 
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phase axis, where ¢, = ¢ and sin(¢,/2) = \/sin?(,/2) — sin?(¢,/2). The derivative 
of the action with respect to the energy for the torus becomes 


VHE) 
A L in — wf —— er (3.199) 


OE (2 — S 


where t, = tan(ġu/2), tı = tan(¢ı/2), t = tan(¢/2), and dé = 2dt/(1 + t?). Thus the 
synchrotron tune is 


Qs V2rnty 1 
v SOF B+ G) Kk) oan 


where modulus kg = yt? — t?/tu. 


Figure 3.23 shows the synchrotron tune as a function of the amplitude of syn- 
chrotron oscillation for various voltage ratios. At r = 0, the system reduces to a 
single primary rf cavity, where the synchrotron tune is Qs/Vs = 1 at zero amplitude. 
As r increases, the derivative of synchrotron tune vs action becomes large near the 
origin. Since large tune spread of the beam is essential for Landau damping of collec- 
tive beam instabilities, an optimal rf voltage ratio is r = 0.5, where the synchrotron 
tune spread of the beam is maximized for a given bunch area. 

At r = 0.5, the synchrotron tune becomes 


Qs = Tto = n(E/2v,)\/4 
Us 2(1 + #2) K(k) V2K (k) 


ta 
(: 
ti + z) + VŽ) 


where tọ = tan( ($ /2). For small amplitude synchrotron motion, tọ = 0 and ko = 1/V2. 
In this case, the maximum synchrotron tune is Ô, = 0.7786v,, located at b= = 117° 
(or E = 1.057v,). Near this region, 0Q./ d¢ is very small or zero. When the voltage 
ratio is r > 0.5, a dip in Q,(J) appears at the inner separatrix of inner buckets, and 
two small potential wells are formed inside the inner separatrix. 


(3.201) 


with modulus 


E. Action-angle coordinates 


Although analytic solutions for action-angle variables, presented in this section, are 
valid only for the case with r = 0.5, the method can be extended to obtain similar 
solutions for other voltage ratios. With the generating function, the angle coordinate 
becomes 


f Ddd, (3.202) 
@ 
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Figure 3.23: Left: The normalized synchrotron tune as a function of the peak phase ¢ = ¢ 
for various values of voltage ratio r. The rectangular and star symbols are data measured at 
the IUCF Cooler Ring. Note that when r > 0.5, the center of the bucket becomes an UFP. 
Two SFPs are located at the phase amplitude ¢ = arccos(1/2r), where the synchrotron tune 
is maximum. Right: Beam profile of a proton beam bunch that was cooled by electron- 
cooling system and damped to 2 beamlets at stable fixed points. The separation between 
beamlets can be used to calibrate voltage ratio of 2 rf systems resulting r = 0.6 in this 
experiment. 


OF, OE fP, Qs fdo 
= í do — . 
ðJ  ƏJ jə OE Jg P 
2 7 —1/2 7 
= ean (a-o 47) dr = L> ri 
Vs toy/1 + 262 Jı 1 + 2t V2, to 


where 


a dx 2 2 J I7 
u= f Å— k= /(1+28)/R0+@), k =V, 


and the Jacobian elliptical function cnu is 


co 


tan(¢/2) 2T ge 
y= — = = T 
tan(¢/2) KK(k) £1 +q” 


cos[(2n + 1)4], (3.203) 


with q = eK, K' = K(./1— F?), and 


. JIB 
pe, E (3.204) 


no Vin  2K(K)’ 


From Eq. (3.203), we obtain 


f i, 
@ = 2arctan ($ cn) , oF tan $ = tan Zenu, (3.205) 
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and from Hamilton’s equation of motion, we get 


a sin ô - d snu dnu 
P =-2V2 (3): 9 Delar (3.206) 


When the voltage ratio is not 0.5, Eqs. (3.204) to (3.206) remain valid provided that 
the modulus is replaced by kı of Eq. (3.198) or kg of Eq. (3.200). 

Thus the transformation of the phase-space coordinates (@,P) to the action-angle 
variables (J, Y) can be accomplished by using Eqs. (3.205) and (3.206) or equivalently 


_ @ 1/4 cnu P 1/2 cntu 
-= — — T oo 2 
sin 2 7 OP au = ap aa 2 3 ‘al — £12 sn2u)2’ (3 07) 


where € = E'/21,. 


ll 


F. Small amplitude approximation 


A tightly bunched beam occupies a small phase-space area. The formulas for small 
amplitude approximation are summarized as follows: 


8V2K (E\** sak . 46 
tN oR (sz) =, p (3.208) 
= ~ —— sin ; 
Vr V2K 2 

~ 2T q+? 
oo; TES cos(2n + 1)y), 

kK aa 1+ q + 

2 2 n+1/2 
= ee (2n+1)q i | 

Bee VKK? x T+ qt sin(2n + 1), (3.209) 


n= 


where k & 1/v2, K = K(k) ~ 1.8541, and qx e™. 
Let A be the rms phase-space area of the bunch, and op and og the rms conjugate 
phase-space coordinates. We then obtain 


3A \" aA" 
o= (2) , or = (=) , (3.210) 


The rms tune spread of the beam is then 


T 3A 1⁄3 
A= K (z) Vs. (3.211) 
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G. Sum rule theorem and collective instabilities 


The perturbing potential due to rf phase modulation is linearly proportional to P of 
Eq. (3.206). Expanding P in action-angle coordinates as P = >, fn(J)e!””, we find 
that the strength functions f,,(J) satisfy the sum rule shown in Eq. (3.78). The sum 
rule can be used to identify the region of phase-space that is sensitive to rf phase 
modulation (see Exercise 3.3.1). 

Since dQ/dJ = 0 occurs inside the bucket, it may be of concern that large ampli- 
tude particles can become unstable against collective instabilities. When an rf phase 
or voltage noise is applied to beams in a double rf system, particle motion near the 
center of the bucket may become chaotic because of overlapping resonances. However, 
the chaotic region is bounded by invariant tori, and the effect on beam dilution may 
not be important. A most critical situation arises when the synchrotron amplitude of 
the beam reaches the region where Q, is maximum or near the rf bucket boundary, 
where the tune spread is small. The beam may be susceptible to collective instabili- 
ties, and feedback systems may be needed for a high intensity beam that occupies a 
sizable phase-space area. 


V.7 The Barrier RF Bucket 


Bunch beam gymnastics have been important in antiproton production, beam coales- 
cence for attaining high bunch intensity, multi-turn injection, accumulation, phase- 
space painting, etc. The demand for higher beam brightness in storage rings and 
higher luminosity in high energy colliders requires intricate beam manipulations at 
various stages of beam acceleration. In particular, a flattened rf wave form can be 
employed to shape the bunch distribution in order to alleviate space-charge problems 
in low energy proton synchrotrons and to increase the tune spread in electron storage 
rings. The extreme of the flattened rf wave form is the barrier bucket. 

For achieving high luminosity in the Fermilab TeV collider Tevatron, a Recycler 
has been built, which would recycle unused antiprotons from the Tevatron. The 
recycled antiprotons can be cooled by stochastic cooling or electron cooling to attain 
high phase-space density. At the same time, the Recycler would also accumulate 
newly produced, cooled antiprotons from the antiproton Accumulator. To maintain 
the antiproton bunch structure, a barrier rf wave form can be used to confine the 
beam bunch and shape the bunch distribution waiting for the next collider refill. The 
required bunch length and the momentum spread of the beam can be adjusted more 
easily by gymnastics with barrier rf waves than with the usual rf cavities. 


4See J. Griffin, C. Ankenbrandt, J.A. MacLachlan, and A. Moretti, IEEE Trans. Nucl Sci. NS- 
30, 3502 (1983); V.K. Bharadwaj, J.E. Griffin, D.J. Harding, and J.A. MacLachlan, IEEE Trans. 
Nucl. Sci. NS-34, 1025 (1987); S.Y. Lee and K.Y. Ng, Phys. Rev. E55, 5992 (1997); M. Fujieda 
et al., PRSTAB 2, 122001 (1999). 
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The barrier rf wave is normally generated by a solid state power amplifier, which 
has intrinsic wide bandwidth characteristics. An arbitrary voltage wave form can be 
generated across a wideband cavity gap. Figure 3.24 shows some possible barrier rf 
waves with half sine, triangular, and square function forms. These wave forms are 
characterized by voltage amplitude V(r), pulse duration T}, pulse gap T} between 
positive and negative voltage pulses, and integrated pulse strength f V(r)dr. For 
example, the integrated pulse strength for a square wave form is VoT;. The rf wave 
form is applied to a wideband cavity with frequency Afo, where h is an integer, and fo 
is the revolution frequency of synchronous particles. The effect on the beam depends 
mainly on the integrated voltage of the rf pulse. Acceleration or deceleration of the 
beam can be achieved by employing a biased voltage wave in addition to the bunch- 
confining positive and negative voltage pulses. 


Barrier bucket wave forms 


Figure 3.24: Possible wave forms for the barrier 
bucket. The barrier rf wave is characterized by a 
voltage height V(r), a pulse width T}, and a pulse 
gap To. 


Ty Tg 


Most of the time, orbiting particles see no cavity field in passing through the 
cavity gap. When a particle travels in the time range where the rf voltage is not zero, 
its energy can increase or decrease depending on the sign of the voltage it encounters. 
In this way, the accelerator is divided into stable and unstable regions. Thus the wide 
bandwidth rf wave can create a barrier bucket to confine orbiting particles. 


A. Equation of motion in a barrier bucket 


For a particle with energy deviation AE, the fractional change of the orbiting time 
AT/ To is 
— = A (3.212) 
where 7 is the phase slip factor, Gc and Ep are the speed and the energy of a syn- 
chronous particle, and Tọ is its revolution period. Without loss of generality, we 
consider here synchrotron motion with 7 < 0. For 7 > 0, the wave form of the barrier 
bucket is reversed. 
The time coordinate for an off-momentum particle —7 is given by the difference 
between the arrival time of this particle and that of a synchronous particle at the 
center of the bucket. The equations of motion for the phase-space coordinate 7 and 
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article energy deviation are 
5. 


dr AE d(AE) _ eV(r) . 
Gage. Sea G. (3.213) 


The equations of particle motion in a barrier rf wave are governed by Eq. (3.213). 


B. Synchrotron Hamiltonian for general rf wave form 


From the equations of motion (3.213), we obtain the general synchrotron Hamiltonian 
for an arbitrary barrier rf wave form: 


E n 2 dif” 
H=- (AE) - 7 I Wie (3.214) 


Thus the maximum off-energy bucket height can be easily derived: 
1/2 
2682F T2/24+T, 
AE, = ( B Eo Í eV (r)dr ; (3.215) 


In|To |Jr, /2 
where T, is the width of the barrier rf wave form. Since the barrier rf Hamiltonian 
is time independent, an invariant torus has a constant Hamiltonian value. We define 
the W parameter for a torus from the equation below: 


In| Ais 1 T2/2+W 
AE)" = — f eV (r)dr}. 3.216 
T ) Taa (7) (3.216) 
The synchrotron period of a Hamiltonian torus becomes 
T; 2E; 
ggj P Eo +AT., (3.217) 
In| \ |AE| 
; -1/2 
2h Ww N 93°F T2 /2+7 
r, = bo 1 (AE)? — BE eV (1')dr’ dr, (3.218) 
In| Jo In|To Ta/2 


where 4T, is the time for a particle to be reflected in the potential well. Clearly, all 
physical quantities depend essentially on the integral f V(r)dr. Thus, the essential 
physics is independent of the exact shape of the barrier rf wave. 


C. Square wave barrier bucket 


Since the effect of the barrier rf wave on particle motion depends essentially on the 
integrated rf voltage wave, we consider only the square wave forms with voltage 
heights +Vọ and pulse width T; in time, separated by a gap of To. When the particle 
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passes through the cavity gap at voltage +Vo, it gains (loses) an equal amount of 
energy eVo, ie. d(AF)/dt = +eVo/To every turn. The number of cavity passages 
before the particle loses all its off-energy value AF is 


[AE] 
N= ; 
eVo 


(3.219) 


Thus the phase-space trajectory for a particle with maximum off-energy AE is 


(AE)? if |r| < T2/2 
dea T: E 
(AE)? (Ir 2) a : = if Th/2 < |r| < (1/2) + Th, 
r\n 
(3.220) 
where wọ = 27 fo is the angular revolution frequency of the beam. The phase-space 


ellipse is composed of a straight line in the rf gap region and a parabola in the square 
rf wave region. The phase-space area of the invariant phase-space ellipse is 


(AE)? = 


~ 8r|n]| SD 

A = 2T,AE + — = (AEV. 3.221 
2 P Eye ) (3.221) 
The maximum energy deviation or the barrier height that a barrier rf wave can 

provide is 
: /2 
eVoTi a) : 

AF, = | —— ; 3.222 

' ( To inl l ) 


where T} is the pulse width of the rf voltage wave, and Tọ is the revolution period 
of the beam. The bucket height depends on VT}, which is the integrated rf voltage 
strength f V(r)dr. The synchrotron period is 


Ty { BE, AE 
TSI Bo \ 4! In (3.223) 
n| (JAE] eVo 


for particles inside the bucket. The mathematical minimum synchrotron period of 
Eq. (3.223) and the corresponding maximum synchrotron tune are 


Tenn (PPRP) (Ta InleVo \™” (3.224) 
s,min InleVo ? See Tə 3282 Eo f l 


Note here that mTo/(16T2) plays the role of harmonic number h of a regular rf system. 
The synchrotron tune is a function of the off-energy parameter AF given by 

T, AE f: 

p= 4 s,max J 1+4 . 

NT, T, 


AE 


22 
TE, (3.225) 


V. BEAM MANIPULATION IN SYNCHROTRON PHASE SPACE 321 


Note that when the rf pulse gap width decreases to T>/T, < 4, the synchrotron tune 
becomes peaked at an amplitude within the bucket height. This feature is similar 
to that of a double rf system.Figure 3.25 shows vs vs AE with Fermilab Recycler 
parameters Ey = 8.9 GeV, 7, = 20.7, fo = 89.8 kHz, Ti = 0.5 us, Vo = 2 kV, 
and T)/T, = 1,2,4, and 8. For example, vg max = 3.7 X 1075 for Tə = T}, ie. the 
synchrotron frequency is 3.3 Hz. 


sass ey tafe dara yt bash 


| Figure 3.25: Synchrotron tune vs off-energy pa- 
—— ] rameter AF. Parameters used are Ep = 8.9 GeV, 
J fo = 89.8 kHz, Vo = 2 kV, 7, = 20.7, and 
| Tı = 0.5 ps. Note that if T> > 47), the syn- 
— ] chrotron tune is a monotonic function of AE. On 
the other hand, if Tə < 47), the synchrotron tune 
is peaked at an off-energy AF smaller than the 


ella tena . 
iat aes bucket height AF). 


Synchrotron tune (10 


D. Hamiltonian formalism 


The Hamiltonian for the phase-space coordinates (7, AE) is 


; woe VT: 
Hy = Tp Ae” + A e Tis To; (3.226) 
where 
1 Ti T. T T 
hante = —14 T (T+T 4 z )0(r ET, +4 5) (74 5) 2 
T, T. T T 
<= Sr z hoa a eH t= z) < (3.227) 


Here (x) is the standard step function with 6(x) = 1 for x > 0 and (x) = 0 for 
Tx 0; 

For a constant 71, 7) and Vo, the Hamiltonian Họ is a constant of motion. The 
action of a Hamiltonian torus is 


1 1 25 
fas f AEdr = SAL f W + fo(t, D, Ta)dr. (3.228) 
Qn Qn Tin] 


The parameter W with a dimension of time is related to the Hamiltonian value by 


woe Vo n a_\2 
Hy = W = AE) . 22 
3 on 262 Fo ( ) (5:220) 
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For a given Hamiltonian torus, W has the physical meaning that it is equal to the 
maximum phase excursion |r| in the rf wave region. Therefore W = 0 corresponds 
to an on-momentum particle, and W = T; is associated with particles on the bucket 
boundary. 

The action for a particle torus inside the bucket and the bucket area of the max- 
imum action with W = T, are 


1 2B k 1 a 
pak, ntn Jon vip + Swe] = + for, iwl we, 
27 m|n| 3 27 3 


A 8 
The bucket area depends only on the integrated rf voltage strength f V(r)dr = VoT}. 


E. Action-angle coordinates 


Canonical transformation from the phase-space coordinates (r, AF) to the action- 
angle variable can be achieved by using the generating function: 


AEdr, oF, _ yW Of dr _ 
Pa v= a7 hW] JWT 


where 7 = W + (T2/2). The integral can be evaluated easily to obtain 


2ry W il 
W+-T, 4 if -W-—1%,<7r<-ih, AE>0 
Ta + 4W V ga PASI Sg 


ran = f ey EE (3.231) 


ety (r+5n) fn, <r <ih, AB SO 
on/W 1 

o- Qe + Ws mea ! 2 T if 4T,<r<W+1%, AE>0 

Wettet a apy Wta T ifgh<7<W+ 3h, AB <0 

30. + Ys T; ar (57 r) i -iT <T< iTo, AE <0 

Ath, + 2th, a W 4 ay be A=W = Wyk e ek 2G, AE <0, 
where Soi 

t= az n pmo Ey (3.232) 


are respectively the synchrotron phase advances for a half orbit in the rf wave region 
and in the region between two rf pulses. Note that 2Ọe + Ọs = m for one half of 
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the synchrotron orbit, and that the motion of a stable particle orbit in the barrier 
bucket with 7 < 0 is clockwise. We choose the convention of > 0 corresponding to 
a clockwise motion in synchrotron phase-space. 

When a perturbation, such as rf noise, is applied to the barrier rf system, stable 
bucket area may be reduced. The resonance strength functions and their associated 
sum rules can be derived analytically. The resonance strength function decreases 
slowly with mode number. The rf phase and voltage modulation can severely dilute 
bunch area if the modulation frequency is near the top of the synchrotron tune and its 
harmonics. The rf phase modulation due to orbit length modulation resulting from 
ground vibration can be important. Because the solid state amplifier is a low power 
device, it is important to avoid a large reduction of stable phase-space area. Active 
compensation may be used to compensate the effect of rf phase modulation.*! 


V.8 Beam-stacking in Longitudinal Phase space 


Beam intensity is limited by space-charge effects at low energies. Rapid cycling syn- 
chrotrons (RCS) can be used to increase beam power. However, RCS is usually 
limited by its achievable energy and a second-stage accelerator is required to increase 
both energy and beam power. Slip-stacking injection may be used to double the 
beam power. The idea of slip-stacking was first proposed by F.E. Mills, where he 
studied the stability of particle motion under the influence of two rf systems at a 
nearby frequency.” During the slip stacking process, both systems are at the station- 
ary phase condition. The Hamiltonian of the two-rf system in the normalized phase 
space coordinates is (see Eq. (3.192)) 
vP? 

H= 5 H vs{{1 — cos d] + [1 — cos(d — Vaiip9)]}, (3.233) 
where P and ¢ are the normalized phase-space coordinates, vs = \/h|n|eVis/27 62E 
is the small-amplitude synchrotron tune, V,¢ is the rf voltage, and Gc and E are the 
nominal speed and energy of the beam particles, Vgip = faip/ fo is the slip-tune, faip 
is the slip frequency, and fp is the revolution frequency of the stacking-Ring. All 
physical quantities represent parameters of the slip-stacking ring. The rf phase @ 
and the normalized off-momentum P are conjugate canonical coordinates, while 6 
represents the independent ‘time’ variable, which increases by 27 in each revolution 
around the stacking-ring. 

In order for slip-stacking to work, these two rf systems must generate buckets 
which slip by exactly one train or one batch of rf buckets in consecutive injections 
from the rapid-cycling booster synchrotron. This condition fixes the rf frequency 
difference to fsip = hp fp, where fg is the repetition frequency of the RCS and hg is 


41See S.Y. Lee and K.Y. Ng, Phys. Rev. E55, 5992 (1997). 
®F EB. Mills, BNL 15936 (1971). 
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its rf harmonics. For Fermilab, the RCS is the Booster with hg = 84 and fg = 15 Hz. 
The Recycler ring serves as the stacking ring with the harmonic number hr = 588. 

We assume that these two rf systems have the same total rf cavity voltage Vir. 
One of the beam bunches that synchronize the rf system (1 — cos ¢), while the train 
of buckets that synchronize with the rf system (1 — cos(¢ — Vsipf)) is moving at a 
different momentum. These to beams bunches slip against each other at the slip 
tune of Vaip. If the phase-slip factor is 7 < 0, the rf buckets generated by the rf 
system corresponding to cos(¢@—Vgip) are at a slightly lower energy than the buckets 
generated by the rf system of cos œ in the Hamiltonian, i.e. the lower-energy bucket 
series slips forward at the rate of Ad = Vsiipô. 

The fractional momentum that separates the upper and lower bucket series is 


Ao = A Pep = Vslip = hg fg 
ee P hn) hell fo” 


where AF,» is the momentum difference of the two slip-stacking beams, Po is the 
nominal momentum of the beams, and 7 is the phase slip-factor of the slip-stacking 
ring. Once the repetition rate of the RCS, the phase-slip factors, and the revolution 
frequency of the slip-stacking ring are designed, the momentum separation of the two 
bucket series, Adsep, is fixed. In terms of the normalized off-momentum coordinate 
P, the separation of the centers of the upper and lower buckets is 


(3.234) 


h Adse sli 
APs [| Adsep _ vaio = a, (3.235) 


Vs Vs 


where a, is called the slip-stacking parameter. The unperturbed bucket height is 
|P| < 2 for stationary bucket (see Table 3.2 and the bucket of Fig. 3.12). The 
unperturbed rf buckets of the two rf systems just touch each other at a, = 4. The 
two unperturbed rf buckets are separated from each other when a, > 4, and they 
overlap when a, < 4. 

Slip-stacking had been tried in the CERN SPS to accumulate beams from the 
CERN PS, successfully applied in the Fermilab Tevatron Run IIB to increase an- 
tiproton production, and employed in the Fermilab Recycler Ring to increase the 
proton beam power for neutrino production.*? Because of the presence of the two 
rf systems, the two series of rf buckets, upper and lower, are mutually perturbing 
each other. The stable bucket areas become smaller than those of the unperturbed rf 
buckets. When the upper and lower series of buckets overlap, resonance islands can 
be generated in-between the two series of rf buckets usually around p = 0 and ¢@ = 0 
and +7. In addition, chaotic regions may be created, which can reduce the stable 
region of the rf buckets significantly. 


4D., Boussard and Y. Mizumachi, IEEE Trans. Nucl. Sci. NS-26, 3623 (1979); K. Seiya, et al. 
PAC2005 347, (2005); I. Kourbanis, IPAC2014, 904, (2014). 
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Overlapping resonances can be avoided if the upper and lower buckets are widely 
separated or if a, >> 4. Bigger a,, however, implies smaller rf voltage and therefore 
smaller unperturbed bucket areas (in 6-¢ coordinates), which may not be large enough 
to accommodate the beam injected from the RCS. On the other hand, smaller a, 
implies larger rf voltage. One may think that there would be bigger unperturbed 
bucket areas to accept the beam injected from the RCS. When a, < 4, these two 
bucket series can produce strong overlapping resonances and chaos so that the stable 
parts of the buckets become smaller than the unperturbed buckets. Careful choice of 
the rf parameters provide successful doubling of beam intensity. 

Numerical simulations can be carried out to analyze the interaction of these two 
rf buckets. Transforming the phase space into the Poincaré map, where the particles 
in the slipping bucket are shifted backward in the time coordinate, we will observe 
stationary resonance islands in the Poincaré map. Figure 3.26 shows the Poincaré 
maps with parameter a, = 4.1 (left) and 6.0 (right) respectively. 
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Figure 3.26: Left: Phase-space structure with slip-stacking parameter a, = 4.1; Right: 
phase-space structure with slip-stacking parameter as = 6.0. Parametric resonances are 
excited by the mutual interaction between these two rf systems. 


Note that there is little perturbation at a, = 6 in comparison with that of a, = 4.1. 
Furthermore, We note that there is a prominent 5th order resonance at a, = 4.1 and 
the 7th order resonance at a, = 6.0. These parametric resonances are produced by 
mutual interaction between these two rf systems discussed in Sec. III in Chapter 3. 

For beam particles in one of the buckets, the other slip-stacking rf system produces 
a time-dependent modulation at the tune of Vsip = @sVs, which is a combination 
of phase and voltage modulations. If the modulation tune is equal to an integer 
multiple of the particle tune, the parametric resonance occurs. The synchrotron tune 
of a particle in the bucket depends on its synchrotron amplitude, i.e., the synchrotron 
tune is v, at small amplitude and decreases to zero at the separatrix of the synchrotron 
phase space, as shown in Fig. 3.27. Resonances will occur at different phase-space 
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Figure 3.27: The harmonics of the synchrotron 
tune of a stationary rf system system versus 
the rf phase amplitude max. The horizontal 
dashed lines correspond to the modulation tunes 
at slip-stacking parameters of a, = 4.1 and 6 
of Fig. 3.26. When the slip-stacking modula- 
tion tune cut through an nth harmonic of the 
synchrotron tune, the nth-order resonance will 


o 50 100 150 occur at that phase-space amplitude, evidently 


max (deg) seen in Fig. 3.26. 


locations as the slip-tune a,v, changes. 

If the modulation (slip-stacking) tune cuts through the nth harmonic of the syn- 
chrotron tune, the nth-order resonance, called the n:1 parametric resonance, will 
appear at the corresponding phase-space location. For example, the horizontal red 
dashed line in Fig. 3.27 corresponding to a, = 4.1 cuts through the 5th harmonic of 
the synchrotron tune to produce a 5th-order resonance at the maximum rf phase am- 
plitude max ~ 95°. Similarly, the a, = 6 line cut through the 7 times the synchrotron 
tune line will produce the 7th order parametric resonance at its phase amplitude. 

Two strong resonances can also concatenate into a second-order resonance, for 
example, the 4:1 and 5:1 resonances can interact to produce a 9:2 resonance at the 
phase space in between these two first-order resonances, evidently shown at the Left 
plot of Fig. 3.26. The size of the resonance islands depend on the resonance strength 
and the slope of the n-harmonic synchrotron tune versus amplitude. 

We also note that the phase space region between the upper and lower buckets 
in Fig. 3.26 can cause overlapping resonances phase space region near the separatrix. 
Using the second canonical perturbation method, one can find a cavity to compensate 
the interaction between these two bucket at the overlapping region.“* 


Exercise 3.5 


1. The Cooler Injector Synchrotron (CIS) accelerates protons from 7 MeV to 200 MeV 
in 1.0 Hz. The circumference is 17.364 m. The rf system operates at h = 1 with 
a maximum voltage 240 V. The momentum compaction factor is œe = 0.6191. The 
momentum spread of the injection linac is about +5.0 x 107°. 


(a) Assuming that the rf voltage is ramped according to 


ie B 
Vie(t) = Vo + (Vi — Vo) ce = 27] , te [0,7], 
1 1 
44J, Eldred, Ph.D. Thesis, Department of Physics, Indiana University, Bloomington, IN, December 
2015; FERMILAB-THESIS-2015-31; J. Eldred and R. Zwaska, Phys. Rev. ST Accel. Beams 19, 
104001 (2016); S.Y. Lee and K.Y. Ng, PRAB, 20, 064202 (2017). 


EXERCISE 3.5 327 


where Vo and Vı = 240 V are the initial and the maximum final rf voltages, Tı 
is the voltage ramp time. Calculate the adiabaticity coefficient of Eq. (3.21), 
and the rf bucket height during the rf voltage ramping as functions of time t 
with Vo = 10 V and T; = 10 ms. Change these parameters to see the variation 
of the adiabaticity coefficient. 


(b) If the magnetic field of a proton synchrotron is ramped according to 
ee 
B(t) = Bo + (5 - 2) (Bı — Bo), t€ [0,t1] 

where Bo and Bı are magnetic field at the injection and at the flat top, and 
t = 0 and t = tı are the time at the beginning of ramp and at the flat top, find 
the frequency ramping relation of the rf cavity, and find the maximum B. 


2. In proton accelerators, the rf gymnastics for bunch rotation is performed by adiabat- 
ically lowering the voltage from V; to Vz and suddenly raising the voltage from V2 to 
Vı (see also Exercise 3.2.6). Using Eq. (3.42) and conservation of phase-space area, 
show that the bunch length in the final step is 


Ve 1/2 
á is % 
final = ( v2) Oinitial , 


Vs1 


where Oinitial is the initial bunch length in orbital angle variable, and vsı and vsz are the 
synchrotron tune at voltages Vj and V2. Apply the bunch rotation scheme to proton 
beams at Æ = 120 GeV in the Fermilab Main Injector, where the circumference is 
3319.4 m, the harmonic number is h = 588, the transition energy is y, = 21.8, and the 
phase-space area is A = 0.05 eV-s for 6 x 10! protons. Find the voltage V2 such that 
the final bunch length is 0.15 ns with an initial voltage V; = 4 MV. The energy of the 
secondary antiprotons is 8.9 GeV. If the acceptance of the antiproton beam is +3%, 
what is the phase-space area of the antiproton beams? If the antiproton production 
efficiency is 1075, what is the phase-space density of the antiproton beams? 


3. Neglecting wakefield and other diffusion mechanisms, the momentum spread of an 
electron beam in a storage ring is determined mainly by the equilibrium between 
the quantum fluctuation of photon emission and the radiation damping. For an 
isomagnetic ring, it is given by 

(p= 7? c o 3Cuħ 55 A 

E” “Jp 1 Ame 32/3 me 
where J, is the damping partition number with J, ~ 2 for separate function machines. 

Using the electron storage ring parameters listed in Exercise 3.1.6, calculate the phase- 

space area in eV-s. 


= 3.83 x 107! m, 


4. Verify Eq. (3.191) and derive the Hamiltonian for the double rf system. For a flattened 
potential well in the double rf system with ¢13 = ¢25 = 0, show that the Hamiltonian 
for small amplitude synchrotron motion is 


1 
He a + bd", 
where b = (h? — 1)/24, h is the ratio of the harmonic numbers, and the independent 


“time” variable is the orbital angle 0. We solve the synchrotron motion for the quartic 
potential below. 
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(a) Since the Hamiltonian is time independent, the Hamiltonian value F is a con- 
stant of motion. Show that the action variable is related to the Hamiltonian 
value by 

4K e” ARK a 

S Faye 3 


~ 3mb Nn 30 


where K = K Gf} ) = 1.85407468 is the complete elliptical integral with modu- 
lus k = 1/ V2, ĝ is the amplitude of the phase oscillation. 
(b) Show that the synchrotron tune is 


Q(J) r p14 (2) 1/4 _ 31374/391/3 13 _ T28 
= K . 


Vs TK Vs 41/3 K4/3 


(c) Define the generating function 


$ 
FoI) = f Padé, 


and show that the solution of the synchrotron motion is given by 
z 2K < 
EEN 
m 2 
P 2K 1 2K 1 
P =—-V2P sn Y|= ) dn l=), 
T 2 T 2 


where cn, sn, and dn are elliptical functions with modulus k = 1/ /2. Compare 
your results with that of Eq. (3.209) for the h = 2 case. 


Two strong resonances can interact to create a secondary resonance located in the 
phase space between these two primary resonance as shown in Exercise 2.7.8, where 
3:1 and 1:1 resonances produce a 4:2 resonance. The slip-stacking rf buckets of 
Eq. (3.233 can also produce resonances at the phase space in the middle of the two 
buckets, besides the parametric resonances shown in Fig. 3.26. These secondary 
resonances can overlap with the primary parametric resonances so that the bucket 
overlapping region becomes chaotic. One can use the canonical perturbation method 
to understand these secondary resonance. This exercise explore the canonical pertur- 
bation technique. 


(a) To simplify the derivation, symmetrize the Hamiltonian to a frame with the 
upper and lower buckets centered at p = +50, or with frames moving at 
+4Us1ip9- Using the generating function 


rap = (0-1) ($), 


show that the new Hamiltonian is 


z2 
_ Usp i Tai Vslipð Fi Vslip 
H oe Vs É cos (2 ion ) cos (3 9 )| 
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where p and ĝ are the conjugate canonical coordinates of the symmetrized slip- 
2 

stacking rf systems, and we ignore a constant term + from the Hamiltonian. 

This Hamiltonian represents the upper and lower buckets moving at Ag = 

FVslip/2 respectively, while the structures in-between the two buckets centered 


at p = 0 is stationary. 


Resonances due to the interaction of these bucket occurs at the phase space 
near p = 0, Because we wish to study the phase space structure in-between the 
upper and lower rf buckets, we perform a canonical transformation to cancel the 
potential-energy part of the Hamiltonian using the generating function 


Fo(¢,b) = op + a(p) sin(o + Sig) + b(p) sin(ġ — 9), 


where a(p) and b(p) are two functions of p to be determined, show that the new 
Hamiltonian is 


where the ... represents either constants or time dependent terms that are aver- 
age to zero in the new Hamiltonian, and we have chosen 


2 2 


a(p) = a+ Op and b(p) = — 


Qs — 2p’ 

to cancel the primary rf bucket potentials. The combined effect of two rf systems 
is a 2nd order bucket located at the phase space of these two rf buckets. The 
strength of this bucket is 2/a2 of that of the primary bucket. A cavity at the 
frequency 2hfo + fslip at the voltage of -4V can be used to cancel the 2nd 
order bucket induced by two primary cavities, and help to eliminate the chaos 
near the separatrices of these two primary buckets. 
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VI Fundamentals of RF Systems 


The basic function of rf cavities is to provide a source of electric field for beam ma- 
nipulations, including acceleration, deceleration, bunching and debunching, and de- 
flection. The longitudinal electric field must be synchronized with the particle arrival 
time. Resonance cavities, where only electromagnetic fields at resonance frequencies 
can propagate, are a natural choice in rf cavity design. 

Cavities are classified according to their operational frequencies. For cavities 
operating at a few hundred MHz or higher, pillbox cavities with nose-cone or disk 
loaded geometry can be used. At lower frequencies, coaxial geometry is commonly 


employed. Some fundamental parameters of cavities are transit time factor, shunt 
impedance, and quality factor. 

The transit time factor of Eq. (3.3) reflects the finite passage time for a particle 
to traverse the rf cavity, while the accelerating field varies with time. The transit 
time factor reduces the effective voltage seen by passing particles. We may reduce 
the accelerating voltage gap to increase the transit time factor, but a smaller gap can 
cause electric field breakdown due to the Kilpatrick limit (see Sec. V.3). 

The quality factor (Q-factor) depends on the resistance of the cavity wall and the 
characteristic impedance of the rf cavity structure. It is defined as the ratio of the 
rf power stored in the cavity to the power dissipated on the cavity wall. The shunt 
impedance, defined as the ratio of the square of the rf voltage seen by the beam to the 
dissipated power, is an important figure of merit in cavity design. Generally, the ratio 
of shunt impedance to Q-factor depends only on the geometry of the cavity and the 
characteristic impedance, i.e. a higher Q-factor cavity has a higher shunt impedance. 

In this section we examine some basic principles in cavity design. Properties of 
pillbox and coaxial-geometry cavities will be discussed. Some fundamental charac- 
teristic parameters, the shunt impedance, the Q-factor, and the filling time, of a 
resonance cavity will be defined and discussed. At a given resonance frequency, we 
will show that a resonance cavity can be well approximated by an equivalent RLC 
circuit. Beam loading and Robinson dipole-mode instability will be addressed. High 
frequency cavities of linacs will be discussed in Sec. VIII. 


VI.1 Pillbox Cavity 


We first consider a cylindrically symmetric pillbox cavity [22] of radius b and length 
(left plot of Fig. 3.28). Maxwell’s equations (see Appendix B Sec. IV) for electro- 
magnetic fields inside the cavity are 

OB 
BE 
where e and p are dielectric permittivity and permeability of the medium. The EM 
waves in the cavity can conveniently be classified into transverse magnetic (TM) 


= 5 Ē = 3 
V-B=0, Vx B= pE, V-B=0, VxB=- (3.236) 
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mode, for which the longitudinal magnetic field is zero, and transverse electric (TE) 
mode, for which the longitudinal electric field is zero. The TM modes are of interest 
for beam acceleration in the rf cavity, while the TE modes can be used for beam 
deflection. 


| | Enf | C, E Figure 3.28: Schematic drawings of high fre- 
| N i Å | B. Bo quency cavities. Left: pill-box cavity with disk 


U load; right: nose-cone cavity. Although their 
Ho f names and shapes are different, these high fre- 
rf Hef quency cavities have similar basic features. 


An an ideal conducting surface with infinite conductivity, the electromagnetic 
fields satisfy ù x E = 0 and ñ- Ë = 0, where ñ is the vector normal to the con- 
ducting surface. There is no tangential component of electric field, and no normal 
component of magnetic field. Assuming a time dependence factor e*t for electric and 
magnetic fields, the TM standing wave modes in cylindrical coordinates (r, ġ, s) are 
(see Appendix B Sec. IV) 


E, = Ak? Jm(kpr) cos mo cos ks 

E, = —A kk, Ji (krr) cos mo sin ks 

Ey = A (mk/r)Jm(krr) sin md sin ks 

B; =0 

B, = —jA(mw/C?r) Jm(krr) sin mo cos ks 
Bg = —jA (wkr / P) Jh (krr) cos mo cos ks 


(3.237) 


where A is a constant, s = 0 and £ correspond to the beginning and end of the pillbox 
cavity, m is the azimuthal mode number, k, k, are wave numbers in the longitudinal 
and radial modes, and w/c = ,/k? + k2. The standing wave can be decomposed into 
traveling waves in the +§ and —S directions. The solution is chosen so that EF, = 0 
and Ey = 0 at s = 0. 

The longitudinal wave number k is determined by the boundary condition that 
E, = 0 and Ey = 0 at s = 0 and £, and the radial wave number is determined by the 
boundary condition with Æ, = 0 and Ey = 0 at r = b, ie. 


be. p=0,1,2, Kan, (3.238) 
i L i b 
where jmn, listed in Table B.1, are zeros of Bessel functions Jm(jmn) = 0. The 


resonance wave number k for mode number (m,n, p) is 


Jz 27? Wmn: 27 
kmnp = [mn + k?p = y e 4 P e (3.239) 


Amnp 
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The lowest frequency mode is usually called the fundamental mode. Other res- 
onance frequencies are called high order modes (HOM). A good cavity design is to 
damp HOMs without affecting the fundamental mode. The EM field of the lowest 
mode TMoio (ksp = 0) is 


Ep 2.405 27b 
E; = EoJo(kr), Bs = j— Aulkr), koio = = A= 7405 (3.240) 


For example, a 3 GHz structure corresponds to À = 10 cm and b = 3.8 cm. Such 
a structure is usually used for high frequency cavities. Since ksp = 0 for the TMoio 
mode, the phase velocity w/k,, = oo. Thus beam particles traveling at speed v < c 
can not synchronize with the electromagnetic wave and receive net acceleration. 

To slow down the phase velocity, the cavity is loaded with one beam hole with an 
array of cavity geometries and shapes. Figure 3.28 shows high frequency cavities with 
disk and nose-cone loaded geometries. Many different geometric shapes are used in 
the design of high frequency cavities, but their function and analysis are quite similar. 
All cavities convert TEM wave energy into TM mode to attain a longitudinal electric 
field. We will return to this subject in Sec. VIII. 


VI.2 Low Frequency Coaxial Cavities 


Lower frequency rf systems usually resemble coaxial wave guides, where the length is 
much larger than the width. Figure 3.29 shows an example of a coaxial cavity. The 
TEM wave in the coaxial wave guide section is converted to the TM mode at the 
cavity gap through the capacitive load. When the cavity is operating in 50 to 200 
MHz range, it requires a very small amount of ferrite for tuning. When the cavity 
is operating at a few MHz range, ferrite rings in the cavity are needed to slow down 
EM waves. The ferrite is biased with magnetic field bias frequency tuning.”° 


\ T #4 NL Figure 3.29: Schematic drawing of 

O | | \= ) | ) a low frequency coaxial cavity. Note 
- that the TEM wave is matched to a 

Hye AP Y Erf 7 afe TM wave at the capacitive loaded gap 


for the acceleration electric field. 


Using the wave guide transmission line theory, characteristic properties of rf sys- 
tems can be analyzed. Let rı and r2 be the inner and outer radii of a wave guide. 


45Ferrite is magnetic ceramic material that combines the property of high magnetic permeability 
and high electric resistivity. The material is made of double oxide spinel FexO3/O0, where M can 
be Mn, Zn, Cr, Ni, etc. Ferrites are commonly used in frequency synthesis devices, Touch-Tone 
telephone, low loss microwave devices, etc. Application in accelerator can be found in induction 
linac, frequency tuning for rf cavities, kickers, etc. 

46W.R. Smythe, IEEE Trans. Nucl. Sci., NS-30, 2173 (1983). 
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The inductance L and the capacitance Ĉ per unit length of the concentric coaxial 
wave guides are 


QTE 


7 cOskin , 1 l Ay 
b-Sm7+* a ae oe a g= 


— .241 
rı 4n ry r In(r2/r1)’ re 


where ji, is the permeability of the conductor, dskin = \/2/wpco is the skin depth of 
flux penetration. The inductance and capacitance of the coaxial cavity structure are 
respectively L = Lé and C = Cé, where £ the length of the structure. Neglecting the 
flux penetration in the conductor, the resonating frequency and the cavity length for 
the quarter-wave mode are 


Ww 1 1 À v 75 ov 


k JIG vV 4 4f  f[MHz]c 
To shorten the length of the cavity /, we need to slow down the wave speed by the 
ferrite materials. For a cavity operating beyond 20 MHz, ferrite can be used only for 
tuning purposes. At frequencies below tens of MHz, the rf cavities must be ferrite 
loaded in order to fit into the available free space in an accelerator. Typically the 
permittivity and magnetic permeability of ferrite are about 10 €9 and 10 — 500 pp. 
When a biased field is applied to the ferrite core, the magnetic permeability can be 
tuned to match the change of the particle revolution frequency. 
To understand the capacitive loading that converts the TEM wave into the TM 
wave at the cavity gap, we study the rf electromagnetic wave in the wave guide. The 
characteristic impedance of a wave guide is 


fm]. (3.242) 


Ze = R =14\/ 5 ~% —4/— hn. 3.243 
° . C AwVe ri ( ) 
Now, we consider an ideal lossless transmission line, where the electromagnetic field 
has no longitudinal component. Assuming a time dependent factor e/, the current 
and voltage across the rf structure are (see Exercise 3.6.3) 


I(s,t) = Io cos ks — j(Vo/R.) sinks, V(s,t) = Vocosks — jloResinks, (3.244) 


where k = = = # is the wave number of the line, v = 1/,/ef is wave speed in the 
medium, s is the distance from one end of the transmission line, Vọ and Jp are the 
voltage and current at the cavity gap. 

For a standing wave, where the end of the transmission line is shorted, the bound- 
ary condition at the shorted side is V = 0. we find Vocoské — jloResin kl = 0, 
and the current at the shorted side is Ip = Ip/cos(ké). The resulting rf current and 
voltage become I(s,t) = Ip cos[k(s — £)] and V(s,t) = —jIpR. sin[k(s — £)]. The line 
input impedance at the gap becomes 

in = an = +j R. tan kl. (3.245) 
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The line impedance is inductive if kf < 7/2. The length of the line is chosen to match 
the gap capacitance at a required resonance frequency, i.e. 


Zin + Zgap =0, or cotkl, = wCgapRe = 9, (3.246) 


where Zgap = —J/(WCgap) is the gap impedance, Cgap is the capacitance of a half gap, 
and g is the capacitive coupling factor of the cavity, For example, a total capacitance of 
10 pF implies that Cap = 20 pF. The length @, of one-half cavity, the gap capacitance, 
the biased current, and the external loading capacitance can be designed to attain a 
resonance condition for a given frequency range. A load capacitor may be shunted 
to decrease the resonance frequency or minimize the cavity length. The effective 
capacitance is Cgap + Choad: 

In principle, for a given 4, Re, and Cgap, there are many resonance frequencies 
that satisfy Eq. (3.246). The lowest frequency is called the fundamental TEM mode. 
If the loading capacitance is small, the resonance condition of Eq. (3.246) becomes 
kl, = 1/2, i.e. €, = A/4: the length of the coaxial cavity is equal to 1/4 of the 
wavelength of the TEM wave in the coaxial wave guide. Such a structure is also 
called a quarter-wave cavity. The gap voltage of the coaxial cavity is 

LpRe 


Vig = +R. sin kb, = +7 Se. (3.247) 
1+ ¢ 


A. Shunt impedance and Q-factor 


The surface resistivity R, of the conductor and the resistance R of a transmission line 


are 
[eld Re 1 1 
=,=, R= LSJ, 24 
R 20 i 2T = a a 2) 


where ø is the conductivity of the material, w is the rf frequency, rı and rz are the 
inner and outer radii of the transmission line, and £ is the length. Thus the quality 
factor becomes 


g-t a a n, (3.249) 
R R (r1 + r2)ĝskin He rı 
Table 3.6 lists typical Q-factors for a copper cavity as a function of cavity frequency, 
where we have used In (r2/r1) ~ 1 and rı © 0.05 m, and ocu ~ 5.8 x 107 [Om]! at 
room temperature. 

An important quantity in the design and operation of rf cavities is the shunt 
impedance. This is the resistance presented by the structure to the beam current at 
the resonance condition. The total power of dissipation P4 of the transmission line 
cavity and the shunt impedance become 

Ee pe PR 


Pj= = cos? x dz = 


2 Jo E +g’) cot g +g], (3.250) 
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f [MHz] | 1 10 100 
Table 3.6: Some characteristic properties Oskin [em] | 66. 6.6 
of coaxial RF cavities made of copper. rı 0.05 0.05 


Q 1100 11000 


S |Vie|? Reh {- n/2 


AS iepa — = E 251 
Fon = “Spo kD re te van 


The expression in brackets is a shunt-impedance geometry factor due to the equivalent 
gap capacitance loading, i.e. Cog = Czap+Cloaa. Figure 3.30 shows the geometry factor 
(solid) and the phase advance kl, vs the the capacitive coupling factor g. 


4b OS 4 
“\=—— phase advance (radian) 


Figure 3.30: The shunt-impedance geometric factor of 
the bracket in Eq. (3.251) (solid) and the phase ad- 
vance kf, = arctan(1/g) (dashed) vs the capacitive cou- 
pling factor. As the gap capacitance increases, the shunt 
impedance decreases. 


From the transmission-line point of view, the cavity gap presents a capacitance 
and resistive load shown in Fig. 3.31, where Zin = jwLeg, and Cog = Cpap + Choad: 
The matching condition of Eq. (3.246) implies that the reactance of the cavity is zero 
on resonance, and the effective impedance is R,,. The resonance frequency and the 


Q-factor of the equivalent RLC-circuit are w, = 1/4/LeqCeq and Q = Rsn y Cea/ Leq- 


don L ce R Ə Figure 3.31: Top: Schematic drawing of an equiv- 
source ean a sh alent circuit of a cavity. The input impedance of 
the wave guide is represented by an equivalent in- 
ductance. The wave guide is loaded with capaci- 
tive cavity-gap and real shunt impedance. Bottom: 
Plot of the impedance of Eq. (3.252). The solid 
lines are the real and the imaginary parts of a res- 
| onance impedance with Q=1, and the dashed lines 

Q=30 Z;(«) are the corresponding parts at Q=30. 


The impedance of the rf system, represented by a parallel RLC circuit, is 


: i) Ra | 
Z = + jw + = ) = — x Rg cos pet”, 3.252 
(+ a q jwLea 1 +Q = =) h y ( ) 


pom tO, yecto gegn a 
Wr LeqCeq Leg Re 
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where Leq and C.q are the equivalent inductance and capacitance, ~ is the cavity 
detuning angle, and Re is the characteristic impedance. At the resonance frequency 
wr particles see a pure resistive load with an effective resistance R,,. The rf system 
becomes capacitive at w > w,, and inductive at w < w,. The bottom plot of Fig. 3.31 
shows the real and imaginary parts of Eq. (3.252) for Q=1 and Q=30. 

Accelerator cavities usually contain also many parasitic HOMs. Each HOM has 
its shunt impedance and Q-value. If the frequency of one of the HOMs falls on a 
synchrotron or betatron sideband, the beam can be strongly affected by the parasitic rf 
driven resonance. Correction, detuning, and lowering the Q-factor of these sidebands 
are very important in rf cavity design and operation. 


B. Filling time 


The quality factor defined in Eq. (3.249) is equal to the ratio of the stored power Py 
to the dissipated power Py, Using energy conservation, we find 


F; Ws 
G= = = = . (3.253) 
dW, w 
SP) = g 
dt $ g” 
W, = Wae = Wee, To= 8, (3.254) 
W 


where W, is the stored energy and the unloaded filling time Two is equal to the time 
for the electric field or voltage to decay to 1/e of its original value. 


C. Qualitative feature of rf cavities 


Qualitatively, the rf voltage is the time derivative of the total magnetic flux linking 
orbit (Faraday’s law of induction). We assume that a sinusoidal time dependent 
magnetic flux density with 1/r dependence in a coaxial cavity structure. The induced 
voltage is 


A® r2 ' 
Vee = j I B(r)dr = fieBillrr m? = faBiA, (3.255) 
1 


ara a 
where A = £rı In(re/r1) © (r2 — rı) is the effective area of the ferrite core and By 
is the peak magnetic flux at r = rı. Because of the logarithmic dependence on ro, it 
is inefficient to increase the outer radius of the ferrite core to increase the rf voltage. 
The peak magnetic flux in Eq. (3.255) depends on the ferrite material. 

The quality factor Q is the ratio of stored power to the dissipated power. When 


there are many dissipative power sources, the loaded Q-factor is 


1 Py 1 1 1 


QL a T 
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where P, is the power stored in the cavity and P4 is the total dissipated power. The 
shunt impedance of an rf structure is the resistance presented to the beam current at 
the resonance condition, i.e. 

|Viel? = RF. st 


Ryn = = ~ R.Qz. 3.256 
b= op =p, Qn (3.256) 


The quality factor Q of the ferrite loaded cavity is dominated by the Q value of 
the ferrite material itself, i.e. Qferrite ~ 10 — 300, which alone is not adequate for the 
required frequency tuning range. Frequency tuning can be achieved by inducing a 
shunt capacitor and a DC magnetic field in the ferrite core. With an external magnet 
or bias current that encircles the ferrite without contributing a net rf flux, the effective 
permeability for rf field can be changed. 

Since the Q-value of ferrite is relatively low, power dissipation in ferrite is impor- 
tant. The dissipation power is 


fot | L T 2 | nri fB? A nr Va 
Py = — |— B*(r)2rrdr| = ————— x ——— 3.257 
° Q [2h g uQ A [ufsQ] (ar 


where the bracket is the average magnetic energy dissipated in each cycle. The power 


rı 


dissipation in a ferrite cavity is inversely proportional to (u f,tQ), which characterizes 
ferrite materials. Since the power is inversely proportional to the effective area A, we 
need a large volume of ferrite to decrease the flux density in order to minimize energy 
loss for achieving high rf voltage at low frequencies, 

At rf frequencies above tens of MHz, the cavity size (normally 1/2 or 1/4 wave- 
length) becomes small enough that a resonant structure containing little or no ferrite 
may be built with significantly lower power loss at Q ~ 104 with a narrower band- 
width. At frequencies of a few hundred MHz, where adequate and efficient rf power 
sources are commercially available, the main portion of the rf cavity can be made 
of copper or aluminum with a small amount of ferrite used for tuning. The cavity 
can still be considered as a coaxial wave guide, and Eqs. (3.241) to (3.255) remain 
valid. The characteristic impedance Re of Eq. (3.243) is about 60 Q. The stored 
power is J?R. and the power dissipation is I?R, where T is the surface current and 
R of Eq. (3.248) is the surface resistance of the structure. At frequencies above a 
few hundred MHz, resonance frequency can be tuned only by a slotted tuner or by 
physically changing the size of the cavity. 


D. The rf cavity of the IUCF cooler injector synchrotron 


The IUCF cooler injector synchrotron (CIS) is a low energy booster for the IUCF 
cooler ring. It accelerates protons (or light ions) from 7 MeV to 225 MeV. The 
cavity is a quarter-wave coaxial cavity with heavy capacitance loading. To make the 
cavity length reasonably short and to achieve rapid tuning, required for synchrotron 
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acceleration, ten Phillips 4C12 type ferrite rings are used. The y of the ferrite material 
is changed by a superimposed DC magnetic field provided by an external quadrupole 
magnet. The ferrite rings return the magnet flux between the two adjacent quadrupole 
tips (Fig. 3.32). 


loop biasing main biasing 


magnet ferrite rings magnet O fan 
driving \ | 
loop input i 
Outer N 
Sia Ferrite rings inner Z tuning 
OON = 2 conductor. capacitors 


Ue AAT be] 


beam pipe ple SS 838385838 
[ | Shielding — + | 
__ pipe ] | | L 
outer b= 


conductor A 
ING 
e y 


Inner 
conductor __ 
poe 


IS 
S 

IS 

S 

IS 
ICQ 


AZ \ ceramic 
Iron gap 


Figure 3.32: The cross section (left) and the longitudinal view of the CIS rf cavity. The 
external quadrupole magnet provides biased field in ferrite rings to change the effective 
permeability (courtesy of Alex Pei). 


Analysis of such a field shows that the field direction is mostly parallel to the rf 
field, i.e. along the azimuthal direction, except near the tips of the quadrupole, where 
the biased fields in the ferrite rings are perpendicular to the rf field. In the working 
region of the ferrite biasing strength, the effect of the perpendicular component on 
ferrite rf-~ is small. The effective rf-/1, to first order in wave propagation, is determined 
by dB/dH, as in parallel biasing analysis, rather than B/H, as in perpendicular 
analysis. The phenomenon of gyromagnetic resonance associated with perpendicular 
biasing, however, needs to be considered and avoided in the design of the cavity. 

The advantages of using an external biasing magnet include making it possible to 
separate the rf field from the biasing elements, and the rf field in the cavity will not 
be affected by the biasing structure. As many windings of the bias coils as practical 
can be used — resulting in a smaller amperage requirement for the bias supply. In 
CIS and the IUCF cooler ring, the bias supplies for these external quadrupole biasing 
magnet type cavities are rated at only 20 A. If the biasing field is to be produced only 
by a bias winding threaded through the rf cavity, the number of windings is usually 
limited to no more than a few turns because of possible resonance and arcing. It 
usually takes 1000 A or more to bias such a cavity. 

As the frequency changes, the power loss in ferrite material varies (usually in- 
creasing as frequency increases). As a result, it has been difficult to feed the rf 
generator power to the cavity efficiently because of the high voltage standing wave 
ratio (VSWR) caused by impedance mismatch (see Appendix B.IV.3). In the CIS 
cavity this problem was solved by dividing the ferrite rings into two sections; the 
strength of the biasing magnet in each section can be adjusted by the coupling loop. 
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The coupling coefficient can be used to compensate the change in the gap impedance, 
and the input impedance can be maintained constant to match the transmission line 
impedance of the rf amplifier. The CIS cavity is thus able to operate with a 10:1 fre- 
quency ratio with high efficiency, due to the higher impedance of a resonant structure 
and optimized amplifier coupling. 

The loading capacitor can further reduce the length requirement of coaxial cavities 
and can also be used conveniently to switch frequency bands. For example, the CIS 
cavity can be operated at 0.5 — 5 MHz or 1 — 10 MHz by varying its loading capacitor. 
Including the load capacitance, Cioaa, the circuit matching (resonance) condition of 
Eq. (3.246) becomes cot(ké,) = Rew(Cgap + Cioaa): 


E. Wake-function and impedance of an RLC resonator model 


If we represent a charged particle of charge q by I(t) = q(t) = (1/27) f qe?*dw, the 
energy loss due to the passage of an rf gap, represented by an RLC resonator model, 
is R 
2 2 ee Wr ftsh 
AU = fire) Z(w)dw = 2k.g’, ky, = kG’ (3.258) 
where k, is the loss factor of the impedance at frequency w,. This means that the 
passing particle loses energy and induces a wakefield in the cavity. 


The longitudinal impedance is the Fourier transform of the wake function, and 


thus the wake function is the inverse Fourier transform of the impedance, For the 
RLC resonator model, the wake function becomes (see Exercise 3.6.5) 


Z(w) = i. W (te "dt = |. W (te “dt, 
1 


W(t) sin @,t| e™/ To O(t), (3.259) 


AO = 4rk, eos yt — 
Wy fo 


~ On 


where O(t) = 1 if t > 0, and 0 if t < 0; To = 2Q/w, is unloaded filling time defined in 
Eq. (3.254); and @ = wr (1— (1/4Q2))”. If the filling time is long, then the wake 
potential is a sinusoidal function with angular frequency @,, i.e. 


W(t) = Anke /™ cos wrt. 


Thus the filling time corresponds also to the wakefield decay time. When beams pass 
repetitively through the cavity, the effective voltage is the sum of the voltage supplied 
by the generator current and the wakefields of all beams. Beam loading is important 
in the design and operation of rf cavities. 


VI.3 Beam Loading 


A passing beam charge can induce wakefield in an rf cavity. The beam induced rf 
voltage can alter the effective voltage at the rf gap. Without proper compensation, 
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the resulting rf voltage acting on the passing beam may cause beam deceleration in an 
uncontrollable manner. Thus beam loading needs to be considered in the operation 
of rf cavities. 


A. Phasor 


The sinusoidal electromagnetic fields and voltages in a standing wave rf structure can 
be expressed as complex quantities, ic. V = Voe!'*®), where w is the frequency, 0 
is a phase angle, and Vo is the amplitude of the rf voltage. The rf voltage seen by 
the beam is the projection of the rotating vector on the real axis. Now, we choose 
a coordinate system that rotates with the rf frequency, and thus the rf voltage is 
stationary in this rotating coordinate system. In the rotating coordinate system, 
the voltage vector is called a phasor: V = Ve" with Vo cos = Vosin@s, where s 
is the synchronous phase angle. Phasors are manipulated by using usual rules of 
complex vector algebra. The properties of rf fields can be studied by using graphic 
reconstruction in phasor diagrams. 


B. Fundamental theorem of beam loading 


The cavity provides a longitudinal electric field for particle acceleration. However, 
when a charged particle passes through the cavity, the image current on the cavity 
wall creates an electric field that opposes the particle motion. The question arises: 
what fraction of the electric field or voltage created by the beam affects the beam 
motion? The question can be addressed by the fundamental theorem of beam loading 
due to Wilson [see P. B. Wilson, AIP Conf. Proc. 87, 452 (1981).]: A charged particle 
sees exactly Z of its own induced voltage. 

To prove this fundamental theorem, we assume that the stored energy in a cavity 
in any given mode is W = aV?. We assume that a fraction f of the induced voltage 
is seen by the inducing particle, and the effective voltage is V. = f Vp, where V, is the 
induced voltage in each passage. We assume further that the induced voltage lies at 
phase angle x with respect to the inducing current or charge. 

Now, we consider two identical charged particles of charge q, separated by phase 
angle 0, passing through the cavity. The total energy deposited in the cavity and the 
energy loss by these two particles are respectively 


m z 0N? 
W. = a|\Y(1) + Y(2)|? = a (m cos 5) = 2a V? (1 + cos 6), 
AU = [qV] + [qVe + qV5 cos(x + 4)], 
where the first and second brackets are the energy losses due to the first and second 
particles respectively. From the conservation of energy, AU = W., we obtain 


1 1 
x=0, Was, Was, fas. (3.260) 
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The result can be summarized as follows: 


1. The induced voltage of a beam must have a phase maximally opposite the 
motion of the charge, i.e. the phase angle x = 0. 

2. V. = V /2. The particle sees exactly 1/2 of its own induced voltage. 

3. We = aV? = q?/4a = kg’, where k is the loss factor, k = V2/(4W,). 

4. Vi, = 2kq or V = kq. 


C. Steady state solution of multiple bunch passage 


Consider an infinite train of bunches, separated by time Tp, passing through an rf 
cavity gap. When the cavity is on resonance, the induced voltage seen by the particle 
is 

ka ees, (e OH 4 @ PON L...) =V ae + > (3.261) 

b = g Vbo + Vbo bol 5 tI Ong” . 

where ¢ = (w — w,)T;, is the relative bunch arrival phase with respect to the cavity 
phase at the rf gap, wr is the resonance frequency of the rf cavity, and à = T/T; 
is the decay factor of the induced voltage between successive bunch passages, and 
T; = 2QL/wr is the cavity time constant or the cavity filling time. Here Q, is the 
loaded cavity quality factor, taking into account the generator resistance Rg in parallel 


with the RLC circuit of the cavity, i.e. 


Rsh Rg Qo _ Ren 


= —— = — 7, d= : 3.262 
ART R) Re +d Rg wae) 
The filling time of the loaded cavity is reduced by a factor 1/(1+ d). 
The cavity detuning angle w and the rf phase shift are 
2 — Wy T 
y = tan! eae = tan™' [(w — w,)TI, (3.263) 
Wy 
= (w—u,)T, = +(0,/T;) tany = +A tany, (3.264) 


where w is the cavity operation frequency. For rf cavities used in accelerators, we 
have A = T/T; = wT, /2QL < 1, and the induced voltage seen by the beam is 


1 as I Reb 
Í= Or) ie q +d) 


1 ; 
Vy = ARa Al—3 + cospe J” (A 0), (3.265) 
where J; is the rf image current, Vio = ZiRsnTp/Tr, and the term —1/2 is neglected. 
The beam induced voltage across the rf gap at the steady state is exactly the rf image 
current times the impedance of the rf cavity (see Eq. (3.252)). 
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VI.4 Beam Loading Compensation and Robinson Instability 


To provide particle acceleration in a cavity, we need a generator rf current Io = Ie” 
with phase angle 0 so that the voltage acting on the beam is Vace = Vz cos 0 = Vz sin ds, 
where ¢, is the synchronous phase angle. It appears that the rf system would be 
optimally tuned if it were tuned to on-resonance so that it had a resistive load with 
V = IoRsn. However, we will find shortly that the effect of beam loading would 
render such a scheme unusable. 


When a short beam bunch passes through the rf system, the image rf current J; 
generated by the beam is twice the DC current, as shown in Eq. (2.125). The beam 
will induce J;Rsn across the voltage gap (see dashed line in Fig. 3.33). The voltage 
seen by the beam is the sum of the voltage produced by the generator current and the 
beam induced current. Thus the stable phase angle œ, of the synchrotron motion will 
be changed by the induced voltage. This is shown schematically in Fig. 3.33 (left), 
where the required gap voltage IoRsn and the synchronous phase angle @, are altered 
by the voltage induced by the image current. The projection of the resultant vector 
Vo on the real axis is negative, and results in deceleration of the beam. 


One way to compensate the image current is to superimpose, on the generator 
current, current directly opposite to the image current. Such a large rf generator 
current at a phase angle other than that of the rf acceleration voltage is costly and 
unnecessary. 


Figure 3.33: Phasor diagrams for beam load- 
ing compensation. Left: The beam loading 
voltage for a cavity tuned on resonance. The 
combination of generator voltage V, and in- 
duced voltage V; gives rise to a decelerating 
field Vo. Right: When the cavity is detuned 
to a detuning angle w, the superposition of 
the generator voltage V and the beam load- 
ing voltage V; gives a proper cavity voltage Vo 
for beam acceleration. 


(w=0) on resonance Detuned cavity 


An alternative solution is to detune the accelerating structure.” The detuning 
angle and the generator current are adjusted so that the resultant voltage has a correct 
magnitude and phase for beam acceleration. This scheme will minimize the generator 
current. We define the following phasor currents and voltages for the analysis of this 


47 J.B. Griffin, AIP Conf. Proc. 87, 564 (1981); F. Pedersen, IEEE Tran. Nucl. Sci. NS-32, 
2138 (1985); D. Boussard, CERN 91-04, p. 294 (1991). 
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problem. 
Ío = Toet? generator current necessary for accelerating voltage 
in the absence of beam 
Í, =le (874) required generator current with beam 
i=-k=-h rf beam image current, J; is a positive quantity 
V; = 1,Ren cose“? voltage induced by generator current 
Vo = Vel? required rf accelerating voltage 
w = tan! [e=] detuning angle 
Y = E/Ip ratio of image current to unloaded generator current 


The equation for a proper accelerating voltage is 
Vo=VetV; 
IpRene?? = [Ie 6+) — I] Rey cos ve. (3.266) 


Here the induced voltage is derived from the steady state beam loading. By equating 
the real and imaginary parts, we obtain 


tany — Y sin@ 1+ Y cos 


tand, = ————_, =I 
ans 1+Ycosð ° & 2 


3.267 
cos 6, ( ) 
where 4, is the phase angle of the generator current relative to the ideal Io. The 
optimal operating condition normally corresponds to 6, = 0, which minimizes T, i.e. 
the generator current is optimally chosen to be parallel to Jp, and Eq. (3.267) reduces 
to 

Ig = Io(1 +Y sin ġ;), tany = Y cos ġs. (3.268) 


Figure 3.33 (right) shows the beam loading phasor diagram with a detuned cavity 
angle wv. The resultant vector of the generator voltage and the image current voltage 
is the effective accelerating voltage for the beam. 


A. Robinson dipole mode instability 


In accelerators, beams experience many sources of perturbation such as power supply 
ripple, mis-injection, mismatched beam profile, rf noise, voltage error, etc. Beam 
stability may sometimes need sophisticated active feedback systems. The topic of 
control and feedback is beyond the scope of this textbook. Here, we discuss only the 
dipole mode stability condition related to beam loading, studied by Robinson in 1964 
[K.W. Robinson, CEA report CEAL-1010 (1964)]. 

We consider a small perturbation by shifting the arrival time of all bunches by 
a phase factor €. The accelerating rf voltage will be perturbed by the same phase 
factor, 


Vace = Vo cos(@ — £) = Vo cos 0 + EVo sin 0 = Vo sin + EVo cos ds. (3.269) 
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where the first term is the intended accelerating voltage and the second term is the 
effect of phase perturbation due to an error in arrival time. 

The wrong arrival time shifts the image beam current by a phase angle €. The 
perturbation to the image rf current its induced rf voltage are 


AG SJ H==7Gh;, 
AV, = —j€I,Rep, cos we”, 
AV, = R{AV} = —EYVocos y sin Y, 


where the beam sees real part AV of the induced voltage or the projection of the 
phasor voltage onto the real axis. The net change in accelerating voltage seen by the 


bunch becomes 
sin Y cos Y 
COS ds | f 
A small perturbation in arrival time causes a perturbation in acceleration voltage 
proportional to the phase shift. If the voltage induced by the image charge is not 
significant, the bunches in the accelerator will execute synchrotron motion. Thus the 
equation of motion for the phasor error € is (see Exercise 3.6.7) 


AVace = EVo cos ds h =Y (3.270) 


ë= (1 = a £. (3.271) 
COS Øs 
Using Eq. (3.268), we find that the Robinson stability condition becomes 
. $ 2 7 
(ee Sh Ge tS (3.272) 
cos Øs cos? Qs 


This means that Robinson stability requires Y < 0 = |in- @s|. In general, Eq. (3.272) 
is applicable to all high order modes. For those modes, Robinson stability can be 
described as follows. 

Below transition energy, with cos¢@, > 0, Robinson stability can be attained by 
choosing sinw < 0, i.e. the cavity frequency is detuned with w < w,. Above transition 
energy, with coss < 0, the cavity should be detuned so that siny > 0 or w > w, 
in order to gain Robinson stability. Since the stability condition is a function of 
bunch intensity, instability is a self-adjusting process. Beam loss will appear until 
the Robinson stability condition can be achieved. Active feedback systems have been 
used to enhance the stability of bunched beam acceleration [ See e.g. D. Boussard, 
CERN 87-03, p. 626 (1987); CERN 91-04, p. 294 (1991).] 


B. Qualitative feature of Robinson instability 


Robinson instability can be qualitatively understood as follows. The wakefield pro- 
duced in a cavity by a circulating bunch is represented qualitatively in Fig. 3.34, 
where the impedance of the cavity is assumed to be real. 
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Figure 3.34: A schematic drawing of the real part 
of impedance arising from a wakefield induced by 
the circulating beam. To avoid Robinson instabil- 
ity, the cavity should be detuned to hwo > w, above 
transition energy and hwo < wr below transition en- 
ergy. Above transition energy, higher energy par- 
ticles have a smaller revolution frequency and thus 
i lose more energy if the cavity detuning is hwo > wy. 

Pa a A similar argument applies to rf cavities operating 
below transition energy. 


Bag 


Since the revolution frequency is related to the fractional momentum spread by 


m PR 


a higher beam energy has a smaller revolution frequency above the transition energy. 
If the cavity is detuned so that hwọ > w,, where w, is the resonance frequency of 
the cavity (Fig. 3.34, left), the beam bunch at higher energy sees a higher shunt 
impedance and loses more energy, and the beam bunch at lower beam energy sees a 
lower shunt impedance and loses less energy. Thus the centroid of the beam bunch 
will damp in the presence of beam loading, and the dipole mode of beam motion is 
Robinson damped. Similarly, if the cavity is detuned such that hwo < w,, Robinson 
stability will be attained below transition energy. 


Exercise 3.6 


1. The skin depth ôskin of an AC current with angular frequency w traveling on a con- 
ductor of bulk conductivity ø is dskin = \/2/wow, where ju is the permeability. 


(a) Show that the surface resistivity defined as Rs = 1/adgkin [in Ohm] is given by 


-e 
Rs = J 


The surface resistivity does not depend on the geometry of the conductor. 


(b) Show that the resistance of a coaxial structure is given by Eq. (3.248) with 


Ral, 1 1 
R= = 


), 


27 ri T2 


where £ is the length of the structure and r1, r are the inner and outer radii of 
the coaxial wave guide. 


2. Show that the solution of Maxwell’s equation in the cylindrical coordinate is given 
by Eq. (3.237). 
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3. In a lossless transverse electromagnetic (TEM) wave transmission line, the equation 
for the current and voltage is 


ƏV jð ƏL gV 
ðs ðt? ðs Ot’ 


where L and C are respectively the inductance and capacitance per unit length. 


(a) Show that the general solution of the right/left traveling TEM wave is given by 


Vast), [=+5f(tF 


where f is an arbitrary wave form, v = — is the wave speed, Re = \/L/C is 
f y U= ie peed, Re = y L/ 
the characteristic impedance of the line. 


(b) For TEM sinusoidal waves in a transmission line, show that the current and 
voltage are related by 


I(s,t) = [Io cos ks — j(Vo/Re) sin ksļe™ 
V (s, t) = [Vo cos ks — jToRe sin ksļ]et® 


where w is the wave angular frequency, k is the wave number with wave speed 
v = w/k, and Ip and Vo are the amplitudes of current and voltage at s = 0. 


4. Verify Eqs.(3.252) and plot Z vs w for wp = 200 MHz, Q = 104, and Ran = 25 MQ. 


5. Consider the excitation of an RLC circuit with a current impulse I(t) = qô(t), where 
ô(t) is the Dirac delta-function. 


(a) Using Eq. (2.252) for pole decomposition of the RLC resonantor, Show that the 
induced voltage is 


1 J q et = qu Rene! T! 


V(t) = P 


w cos w,t — = 
juC tit Q ” Tf 


where wr = 1/VLC, Raa = R, Rsn/Q = y L/C, ùr = wry1 — (1/2Q)?, Ty = 
2Q/wr, and O(t) = 1 if t > 0 and 0 elsewhere. 


(b) Evaluate the integral of Eq. (3.258) and show that the loss factor of a parallel 
RLC resonator is 


sin rt| O(t), 


k= Wr Rsh 
in IQ , 
where Rsn is the shunt resistance, Q is the Q-factor, and wr is the resonance 


frequency. 
6. Using the result of Exercise 3.6.5, show that Vio = J; Rg, for a train of bunches 
separated by a time interval Tp, where A = 7)/Ty, li = 24/Te, and Ty = 2Q/wr. 
Verify Eq. (3.265) 


7. Use the following steps to derive Eq. (3.271). 
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(a) Let € be the rf phase associated with the error in beam arrival time. Show that 


È = hnby, 


where the overdot indicates the derivative with respect to orbiting angle @, and 
dp is the momentum error of the beam centroid. 


(b) Show that 


å, = Vo cos gs h ye | l 


In BPE 2 cos ds 
Thus you have arrived at Eq. (3.271). 

(c) Draw the Robinson stability region, i.e. 1 > (sin2W/2cos¢s)Y, in (Y,w) for 
ds = 0°, 30°, 60°, 120°, 150°, 180°. 


8. The current for charged-particle beams in an accelerator is 


where Tọ is the revolution period, h is the harmonic number, and qm is the charge in 
the mth bucket. Show that the amplitude of the Fourier harmonic is 


I(w) = 5 Tne Sm To/h 


m 


where Im = qm/To is the current of the mth bucket. (1) If all buckets are filled with 
equal charge, what happens to the spectrum? (2) If there is only one bunch in the 
ring with harmonic number h, what is the beam spectrum? (3) Verify the symmetric 
properties: I(—w) = I(w)*; I(nwo) = I((h — n)wo)*, and I(nwo) = I((h + n)wo). 
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VII Longitudinal Collective Instabilities 


As the demand for beam brightness increases, the physics of collective instabilities 
becomes more important. Indeed, almost all accelerators and storage rings have suf- 
fered some type of collective instability that limits beam intensity or beam brightness. 
This section provides an introduction to the collective instability in synchrotron mo- 
tion induced by wakefield, similar to the transverse collective dipole mode instability 
discussed in Chap. 2, Sec. VIII. A beam bunch can produce wakefield that affects the 
particle motion and change the beam distribution, the beam distribution can further 
enhance the wakefield to cause a run-away collective instability. 


In the frequency domain, the collective motion is governed by the impedance, 
which is the Fourier transform of the wakefield. The impedance responsible for col- 
lective instabilities can be experimentally measured by the beam transfer function 
measurements,** or from passive measurements of beam loss, coherent and incoherent 
tune shift, and equilibrium momentum spread and emittance. Collective instabilities 
can cause bunch lengthening, beam brightness dilution, luminosity degradation, beam 
loss in machine operation. 


Longitudinal collective instabilities have many modes. The collective synchrotron 
motion can be classified according to synchrotron modes, as discussed in Sec. II, 
where the phase space are split into resonance islands. On the other hand, since the 
growth rate of the microwave instability is very large, it can be classified according to 
the longitudinal mode with density fluctuation. This causes a beam bunch to form 
microbunches. Decoherence due to nonlinear synchrotron motion generates emittance 
dilution. 


In this introduction text, we discuss only single bunch effects without mode cou- 
pling. In Sec. VII.1, we discuss the coherent frequency spectra of beams in a syn- 
chrotron. Knowledge of coherent synchrotron modes provides useful information 
about possible sources, and about the signature at the onset of collective instabil- 
ities. An experimental measurement of coherent synchrotron mode will be discussed. 
Detecting the onset of instabilities and measuring coherent synchrotron modes can 
help us understand the mechanism of collective instabilities. In Sec. VII.2, we study 
the linearized Vlasov equation with a coasting beam, and derive a dispersion rela- 
tion for the collective frequency in single mode approximation. In Sec. VII.3, we 
list possible sources of the longitudinal impedance. In Sec. VII.4, we examine the 
microwave instability for a beam with zero momentum spread and for a beam with 
Gaussian momentum spread, and discuss the Keil-Schnell criterion and the turbu- 
lent bunch lengthening. Mode coupling and coupled bunch collective instabilities and 
other advanced topics can be found in a specialized advanced textbooks [5, 6, 7]. 


48A. Hofmann, Proc. 1st EPAC, p. 181 (World Scientific, Singapore, 1988). 
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VII.1 Beam Spectra of Synchrotron Motion 


The current observed at a wall gap monitor or a BPM from a circulating charged 
particle is represented by a periodic 6-function in Eq. (2.125). The corresponding 
frequency spectra occur at all harmonics of the revolution frequency fp. Similarly, 
the current of N equally spaced circulating particles is described by Eq. (2.130), 
where the Fourier spectra are separated by N fọ. Since N ~ 108 — 10!*, N fo is well 
above the bandwidths of BPMs and detection instruments, the coherent rf signal is 
invisible. Such a beam is called a coasting or DC beam because only the DC signal 
is visible. Nevertheless, the Schottky signal of each individual charged particle can 
produce high frequency resistive power loss proportional to the number of particles.*® 

The analysis above is applicable to a single short bunch or equally spaced short 
bunches. The frequency spectra of a single short bunch occur at all harmonics of the 
revolution frequency fo. For B equally spaced short bunches, the coherent frequency 
spectra are located at harmonics of B fo. For bunches separated by To /h, the dominant 
harmonics are located at harmonics of h fo. 


A. Coherent synchrotron modes 


The synchrotron motion of beam particles introduces a modulation in the periodic 
arrival time. Modifying Eq. (3.63) with a periodic linear synchrotron motion and 
expanding it in Fourier series, we obtain 


I(t) = e a d(t =T cos(w,t + p) = LIo) 


f=—0o 
= ZY YK Palur, (3,273) 
0 n=- m=—0o 


where e is the charge, 7 and w are the amplitude and phase of the synchrotron 
motion, Ws = wo v heV |ņ cos $s|/276?E is the synchrotron angular frequency with ġs 
as the rf phase of the synchronous particle, Tọ is the revolution period, and Jm is 
the Bessel function of order m. The resulting spectra of particle motion are classified 
into synchrotron modes, i.e. there are synchrotron sidebands around each orbital 
harmonic n. The amplitude of the mth synchrotron sideband is proportional to the 
Bessel function Jm. 

For a beam with bunch length o,, the coherent synchrotron mode frequency ex- 
tends typically up to wrol of ~ 1/0, (see Eq. (2.129)), and thus nwor < T/c, where 
T is the synchrotron oscillation amplitude, and ø, is the bunch length. For a stable 
beam with r/o, < 0.1, the power of the first order synchrotron sideband is about —26 
dB below that of the revolution harmonic. However, the coherent mode frequency 


49See A. Hofmann and T. Risselada, Proc. of PAC 1983, p. 2400 (1983). 
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may extend beyond the bunch-length roll-off 1/0, due to micro-bunching, residual 
coherent synchrotron motion, etc. The measurement of the synchrotron sideband 
power can be used to infer the residual coherent synchrotron motion of a beam and 
other coherent synchrotron modes. Figure 3.35 shows the coherent spectrum of a 
production beam in the Taiwan Light Source in Taiwan. There were 154 bunches in 
200 buckets separated by 2.0 ns. The coherent mode frequencies are mainly located 
at revolution harmonics multiples of 499.6438 MHz. Because of the resolution band- 
width of spectrum analyzer (SA), the observed peak power of each harmonic appeared 
to roll-off faster than the prediction of a Gaussian distribution with a bunch length of 
24 ps. The m = 1 synchrotron sideband around the 499.6438 MHz was about 82 dB 
below the revolution harmonic, indicating that the amplitude of coherent synchrotron 
oscillation was about 7 ~ 0.05 ps, a very stable beam. 


108 | Bm 
BV A 


10 


B/ | B | | 
A 
seat ed 


8 -97 
BN 


Bn 
Center: 1.5 GHz Scale: 500 MHz/ Snan: 3 GH; SOOME pana ee 


Figure 3.35: Beam power (10 dB/division) vs frequency. Left: The spectra (0-3 GHz) 
of a TLS production beam. There are 154 bunches in 200 buckets with fep = 499.6438 
MHz. The rms bunch length is about 24 ns. Right: The spectrum around the frequency 
f:t with span 20 kHz. The power of the synchrotron mode is about 82 dB below that of the 
revolution harmonic (Graph courtesy of Yi-Chih Liu). 


A bunch is made of particles with different synchrotron amplitudes and phases, 
the coherent synchrotron modes of the bunch can be obtained by averaging the syn- 
chrotron mode over the bunch distribution. For a w-independent beam distribution 
function p(T, Y) = po(T), the beam current becomes 


Io(t) = f Lt)po(ryrarae = Iw 5 An oe", (3.274) 


n=—00 


Ano = an f Jo(nwoT)po(T)Tdr, 
0 


where Jay = Nge fo is the average current, and An 9 is the Hankel transformation of po. 
Equation (3.274) contains only orbital harmonics nwo, i.e. all synchrotron sidebands 
of individual particles are averaged to zero. The inverse Hankel transformation can 
be used to determine the unperturbed distribution function po(T). 
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Now, consider a coherent synchrotron mode in the bunch distribution, e.g. 
p(t, Y) = po(r) + Ap(7, Y) with the mth synchrotron mode at the coherent frequency 
Qe, the coherent density becomes Ap(T, Y) = pm(r)ei"-”™), and the current signal 
is 


I(t) = fot) + f L Aplr Yyrdrdy = fot) + Tor Y Anmeartmart 


Agm = an f Jm(NwoT)Pm(T)TdrT, (3.275) 
0 


where A, is the mth order Hankel transformation. The mth coherent synchrotron 
sideband appears around all coherent revolution harmonics. Using the inverse Hankel 
transformation, we can deduce the beam distribution function from the amplitudes 
of coherent modes integrals A,,,, that form the kernel of the Sacherer integral equa- 
tion to solve the coherent mode frequency of the longitudinal collective instability. 
The coherent synchrotron mode intensity can be obtain by taking the spectrum of a 
beam during the onset of coherent mode instability.°° As an illustrative example, we 
measure the power of a synchrotron mode of a longitudinally kicked beam. 


B. Coherent synchrotron modes of a kicked beam 


We consider an initial Gaussian beam distribution (see Eq. (3.29) for the phase space 
coordinates) and a phase kick of time 7: 


7) 1 T? + (+w)? 
Pon ws) — 2mo? oe 20? f 


TÊ 7? T 
+ oci -ip en 
1 Te 7? = i TT sina 
= za Pza 552) EY Im( Jer", (3-276) 


where 7, is the amplitude of an initial phase kicked and the coherent mode amplitudes 
obey I_ = Im. Using formula 6.633.4 in Ref. [31], we obtain the coherent distribution 
and the coherent mode integral of Eq. (3.275) as 


. (—1)” Te P? TT 
m = Im > )> 
pul?) = OP i- Fa) mB). 
Anm = e FPE J (nwon). (3.277) 


50F, Sacherer, IEEE Trans. Nucl. Sci. NS-20, (1973), ibid NS-24, (1977); J.L. Laclare, CERN 
87-03, p. 264 (1987). Because the measurement of An,m peak power depends on the resolution band- 
width and the beam intensity, it is difficult to obtain these amplitudes in a single scan. Furthermore, 
for spectrum power in a very large frequency span, bandwidth limitation of amplifiers, attenuators, 
and other components should be carefully evaluated. 
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The power of the mth sideband of a kicked beam is proportional to the square of 
the mth order Bessel function. For non-Gaussian beams, the power spectrum is a 
weighted average of Bessel functions in Eq. (3.275). We describe below an experiment, 
measuring the coherent mode power at the IUCF Cooler. 


C. Measurements of coherent synchrotron modes 


The experiment started with a single bunched beam of about 5 x 10° protons at a 
kinetic energy of 45 MeV and harmonic number h = 1, revolution frequency fo = 
1.03168 MHz, and phase slip factor 7 = —0.86. The cycle time was 5 s, while the 
injected beam was electron-cooled for about 3 s. The bunch length, could be adjusted 
by varying the rf voltage, was about 4.5 m (50 ns) FWHM, or o, ~ 20 ns. The 
bunched beam was kicked longitudinally by phase-shifting the rf cavity wave form 
(see Sec. II.3). A function generator was used to generate a 0 to 10 V square wave 
to control the phase kick. The rf phase lock feedback loop, which normally locks the 
rf cavity to the beam, was switched off. The resulting phase oscillations of the bunch 
relative to the rf wave form were measured by a phase detector, which was used to 
calibrate the control voltage for the phase shifters versus the actual phase shift. Both 
the phase error due to control nonlinearity and the parasitic amplitude modulation 
of the IUCF Cooler rf systems were kept to less than 10%. The response time of the 
step phase shifts was limited primarily by the inertia of the rf cavities, which had a 
quality factor Q of about 40. The magnitude of the phase shift was varied by the size 
of the applied step voltage. 

The spectrum analyzer (SA), set at frequency span 0 Hz, video bandwidth 100 
Hz, resolution bandwidth 100 Hz, was triggered about 5 ms before the phase shift. 
The power observed at a synchrotron sideband from the SA is shown in Fig. 3.36, 
where the top and bottom traces respectively show the SA responses at fo — fs and 
6fo — fs vs time. The kicked amplitude was 90 ns, or equivalently wom = 0.58 rad. 
The resolution bandwidth of SA was 100 Hz, thus the measurement of the sideband 
power was taken at 10 ms after the phase kick. The sideband power shown in Fig. 3.37 
was proportional to |A;,1|? for the upper trace and |Ag¢|? for the lower trace. 

Since woT © 0.58 and o, = 20 ns for the case shown in Fig. 3.36, we find Ai; ~ 
e~ 0-0083 7, (0.58), and Ag; ~ e~°?99J,(3.48). The initial power at the fundamental 
harmonic sideband, which is proportional to |A; 1|?, after the phase kick will be a 
factor of 6 larger than that of the 6th orbital harmonic. As the synchrotron phase 
amplitude decreases because of electron cooling, the power A; decreases because 
Ji(woTa) decreases with decreasing woTa, where 7, is the synchrotron amplitude. On 
the other hand, as 6wo7, decreases, Jı (6woTa) increases. Therefore the power spectrum 
shown in the lower plot of Fig. 3.36 increases with time. Figure 3.37 shows the power 
of the m = 1 sideband as a function of wr = nwot, where n is the revolution 
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Figure 3.36: The synchrotron sideband power of 
a kicked beam observed from an SA tuned to the 
first revolution sideband (upper trace) and the 6th 
revolution sideband (lower trace) vs time. The 
revolution frequency was 1.03168 MHz. The set- 
ting of the SA was resolution bandwidth 100 Hz, 
video bandwidth 100 Hz, and frequency span 0 
Hz. The sideband power decreased with time for 
the first harmonic and increased for the 6th har- 
monic, probably due to electron cooling in the 
IUCF Cooler. The vertical axis is coherent syn- 
chrotron power in dB per division, and the hori- 
zontal axis is time at 10 ms per division. 


harmonic. For a kicked Gaussian beam, the power P,,; is proportional to |Ana|?: 


2 NWOT) oC. Tk)? 
Paa ~ |Anal’ = 2 ( om)? (ar / 


(nwoT)|*. (3.278) 


Because the actual power depends on the beam intensity, all data are normalized 
at the first peak around nwom œ% 1.8. Solid curves are obtained from Eq. (3.278) 
normalized to the peak of experimental data. Finite bunch length suppresses the 
power of higher order harmonics is clearly seen in the experimental data of Fig. 3.37. 


l T= 53 ns l 
l = E 
°F in aie Sas | E Figure 3.37: Measured m = 1 synchrotron 
“ET + sideband power vs frequency for different 
E y zE ar 3 phase kicked amplitudes is compared with the- 
Š of am 4 ory based on a Gaussian beam distribution. 
Boab te 4 Plots from top to bottom correspond to a kick- 
HN, zi z J ing amplitude (time) of 53, 90, 100 and 150 ns. 
3 eee 4 These data were normalized to the peak of the 
, Tu= 150 ns 4 theoretical predictions of Eq. (3.278) without 
3 i 3ł other adjustable parameter. 
it a ce 4 
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When a bunched beam encounters collective instability, the observed sideband 
power |An,1|? is proportional to the weighted average of the coherent mode density 
p(7) shown in Eq. (3.277). Measurement of A, for all orbital harmonics can be 
used to obtain the coherent mode distribution function. Similarly, setting up the 
central frequency at the second synchrotron harmonic, we can measure the m = 2 
synchrotron modes for the kicked beam. 

Difficulties of all spectra power measurements are (1) the measurement of power 
depends on the resolution bandwidth so that it can not be measured in one single 
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sweep; (2) BPMs or wall-gap monitors, amplifiers and attenuators are bandwidth 
limited; and (3) the coherent signal is proportional to NZ, and thus sensitive to beam 
intensity during the measurement. However, the experiments can be parasitic without 
interfering regular machine operation. 


VII.2 Collective Microwave Instability in Coasting Beams 


For coasting beams, there is no rf cavity and the unperturbed distribution function 
is a function only of the of-momentum coordinate 6 = Ap/po. Let Vo(d) be the 
normalized distribution function with f Vodd = 1. Because of the impedance of the 
ring, the beam generates wakefields, which in turn perturb particle motion. 
A self-consistent distribution function obeys the Vlasov equation 

dv ow .OoW .OwW 

— = — +0 — +6— = 0, 3.279 

di OF BO” OD oe 
where the overdot is the derivative with respect to time t. In the presence of a 
wakefield, we assume a single longitudinal mode with the distribution function: 


WU = Wo(5) + AV, eFC), (3.280) 


where Wo is the unperturbed distribution, 2 is the coherent frequency, 0 is the or- 
biting angle, and AW,,(0) is the perturbation amplitude for the longitudinal mode 
n. The perturbation causes density fluctuation along the machine, i.e. the collective 
instability of mode number n can cause a coasting beam into n microbunches. In gen- 
eral, the perturbing distribution function should be written as a linear superposition 
of all possible modes. The frequencies of the collective motion are eigenfrequencies 
of the coupled system. 

By definition, the energy gain/loss per revolution due to the wakefield is equal to 
the current times the longitudinal broadband impedance, and the time derivative of 
the fractional off-momentum coordinate 6 of a coasting beam become 


=Z) (en / Avdi) el (Ot—n8) | 
per turn 


= a (enz J Awads) gin), (3.281) 


AE 


where the impedance is evaluated at the collective frequency 2. Since |AV,| < Yo 
at the onset threshold of collective instability, we linearize the Vlasov equation to 


obtain 
R : am welo Z| OVo I 
j(Q- nb)AW,, = ae AW,,d65 ). (3.282) 
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Using 6 = w and integrating Eq. (3.282), we obtain the dispersion relation 


_ „elonwo (Zi/n) [peo E -elon?wo a f Vo Ow 
~ 4d On BPE Q- nw 7 PE (Q— nw)? 06 


dé, (3.283) 


where partial integration has been carried out in the second equality. 

The eigenfrequency 2 of the collective motion is the solution of the dispersion 
relation. If the imaginary part of the coherent mode frequency is negative, i.e. Im Q < 
0, the perturbation amplitude grows exponentially, and the beam encounters the 
collective microwave instability, where the terminology is derived from the fact that 
the coherent frequency observed is in the microwave frequency range. With the 
relation w = wo — word, the dispersion integral can be analytically obtained for some 
distribution functions of the beam. First we examine possible sources of longitudinal 
impedance. 


VII.3 Longitudinal Impedance 


The impedance and the wake function are related by 


Fie J "Wyte ttat, Wi) == J ” Zi(w)eidw. (3.284) 


Because the wake function is real and obeys the causality W)(t) = 0 for t < 0, the 
impedance has the property: Z(—w) = Zi (w), ie. the real part of the longitudinal 
impedance is positive and is a symmetric function of the frequency. In fact, the 
property of Z(w)/w is similar to that of Z, (w). Without making the effort to derive 
them, we list below some sources of commonly used impedance models. Since the 
wakefield obeys the causality principle, the impedance does not have singularities in 
the lower complex plane. The real and imaginary parts of the impedance are related 
by the Hilbert transform 


I Zi i R Z i 
Re Zy(w) = -= | af Ue) | im Zj(w) = +2 f ge): 
Bye P.V. 


T w! — w T w! — w 


where P.V. stands for the principal value integral. 


A. Space-charge impedance 


Let a be the radius of a uniformly distributed coasting beam, and let b be the radius 
of a beam pipe (Fig. 3.38). The electromagnetic fields of the coasting beam are 


eàr LoeABcr 
2 2 = 
Bate pew =e (3.285) 
eX [oeABC 


r>a 
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E 
T 1 5 i 
E,(s) in t! E,-(s+As) Figure 3.38: Geometry of a uniformly dis- 
b tributed beam with radius a in a beam pipe 
a reams: Lou of radius b. The induced electric fields that 
Eg arise from impedance are shown schemati- 


cally. The rectangular loop is used for the 
path integral of Faraday’s law. 


where A is the particle’s line density, e is the charge, 3c is the speed, and €9 and uo 
are the permittivity and permeability of the vacuum. 

Consider a small fluctuation in the line density À = Ay + Aye? ) and current 
I = Io + Kel"), where Ip = eBcAy and I, = eBcdy. The perturbation generates 
an electric field on the beam. Using Faraday’s law 


(Qt—nd 


f Bal = -> B. dë 


along the loop shown in Fig. 3.38, where do is the surface integral, we obtain 


(het ASE = Gy] SA OO 
Are 4n ot 
where Æ, and Ey are the electric fields at the center of the beam pipe and at the 
vacuum chamber wall, and the geometry factor gg = 1 + 21n(b/a) is obtained from 
the integral along the radial paths from the beam center to the vacuum chamber 
wall. If the impedance is averaged over the beam cross section, the geometric fac- 
tor becomes go = z + 21n (b/a). On the other hand, if the perturbation is on the 
surface of the beam, the geometry factor becomes go = 2ln(b/a). Assuming that 
the disturbance is propagating at the same speed as the orbiting beam particles, i.e. 
OX/Ot = —Bc(OA/Os), the electric field acting on the circulating beam becomes 
pe E (3.286) 
Aregy? Os 
where the factor 1/y arises from the cancellation of forces due to the electric and 
magnetic fields. 
For most accelerators, the vacuum chamber wall is inductive at low and medium 
frequency range. Let L/27R be the inductance per unit length, then the induced wall 
electric field is 


— L diy eB??? LOX 
Y IR dt IWR ðs’ 


E; = 


Jo BEL] Or 
e : 
Aregy? 27R | Os 


The total voltage drop in one revolution on the beam and the impedance are 


Or fe Zi AU j E 


AU = epee. 2872 vol i = = 2072 


. a w| . (3.287) 
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where 3c = woR is the speed of the orbiting particles, Z = 1/egc = 377 ohms is 
the vacuum impedance, and we use R(O\/0s) = (OA/00) = —jnA1, and eBc\; = h, 
The first term in Eq. (3.287) is the space-charge impedance and the second term 
is the inductance of the vacuum chamber wall. Typical values of the space-charge 
impedance at transition energy are listed in Table 3.7. 


Table 3.7: Typical space-charge impedance at y = Yp. 


AGS | RHIC | Fermilab BST | Fermilab MI | KEKPS 


Yr 8.7 122.5 |54 20.4 6.8 
|Zisc|/n [9] | 13 1.5 30 2.3 20 


B. Resistive wall impedance 


The vacuum chamber wall is normally not perfectly conducting, and Ew can also 
induce a resistive impedance part that depends on the conductivity, microwave fre- 
quency, and skin depth. Because the resistivity of the vacuum chamber wall is finite, 
part of the wakefield can penetrate the vacuum chamber and cause energy loss to 
the beam. Penetration of electromagnetic wave into the vacuum chamber can be 
described by Maxwell’s equations 

galea e Faleloa == Vee”. om 

Ot Ot 

where o, is the conductivity and jz is the permeability. Here we use Ohm’s law, and 
neglect the contribution from the displacement current provided that the frequency 
of the electromagnetic wave is not very high.°! The electric field inside the conductor 
becomes 


E = 8 Eyexp{j(wt — kx)}, k = (1—j)V|w|ocps/2. 


where x is the depth into the vacuum chamber wall and k is the wave number. 
The imaginary part of the wave number is the inverse of the penetration depth, or 
equivalently, the skin depth is dskin = /2/puo-w. The electromagnetic fields penetrate 
a skin depth inside the vacuum chamber wall. The resistance due to the electric field 


becomes ija 
2r R Zob [lw] 
gl we = Ôskin.0, 3.289 

l 2T bO cðskin 2b (£ B ( ) 


5lFor frequencies w & a,/€ © o-Zoc œ~ 10!° Hz, where e is the permittivity, the displacement 
current contribution to Maxwell’s equation is small. 
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where Zo is the vacuum impedance, Ø is Lorentz’s relativistic velocity factor, b is 
the vacuum chamber radius, dskino = \/2/f10-Wo is the skin depth at the revolution 
frequency wo. Since the magnetic energy is equal to the electric energy, the magnitude 
of the reactance is equal to the resistance. The resistive wall impedance becomes 


z 1/2 
zo) = (+ jsente)) E (EL) dno (3.290) 


where the sign function, sgn(w) = +1 if w > 0 and —1 if w < 0, is added so that the 
impedance satisfies the causality condition. 


C. Narrowband and broadband impedance 


Narrowband impedance arise from parasitic modes in rf cavities and cavity-like struc- 
tures in accelerators. Broadband impedance arise from vacuum chamber breaks, 
bellows, and other discontinuities in accelerator components. The longitudinal nar- 
rowband and broadband impedance can conveniently be represented by an equivalent 
RLC circuit 

_ Rsh 

1+ jQ(w/wr — w/w)’ 
where w, is the resonance frequency, Rsn is the shunt impedance, and Q is the quality 
factor. The high order mode (HOM) of rf cavities is a major source of narrowband 
impedance. Parameters for narrowband impedance depend on the geometry and 
material of cavity-like structures. 

For a broadband impedance, the Q-factor is usually taken to be 1, and the res- 
onance frequency to be the cut-off frequency wbb = woR/b = Bc/b,where wo is the 
revolution frequency, R is the average radius of the accelerator, and b is the vacuum 
chamber size. The magnitude of the broadband shunt impedance can range from 50 
ohms for machines constructed in the 60’s and 70’s to less than 1 ohm for recently 
constructed machines, where the vacuum chamber is carefully smoothed. 

To summarize, the longitudinal impedance Zj(w)/w or Z)/n are schematically 
shown in Fig. 3.39, where the solid and dashed lines correspond to the real and 
imaginary parts respectively. The symmetry of the impedance as a function of w is 
also shown. 


Z(w) (3.291) 


VII.4 Single Bunch Microwave Instability 


The negative mass instability was predicted in 1960’s. Experimental observations 
were obtained in the intersecting storage rings (ISR), where microwave signal was 
detected in the beam debunching process. Subsequently, it was observed in almost 
all existing high intensity accelerators. 
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4 Broad band 


Figure 3.39: Schematic of a longitudinal 
impedance that includes broadband, narrow- 
band, and space-charge impedance. Including 
the resistive wall impedance in the longitudinal 
impedance, we find that |Re(Z|/w)| becomes 
large at w & 0. 


Narrow band 


Space Charge 


A. Negative mass instability without momentum spread 


First, we consider negative mass instability. In the absence of momentum spread with 
Wo(d) = da(0), where 6 = Ap/po and da(2) is the Dirac 5-function, the solution of 


Eq. (3.283) is : 
( = ) ee AMn (3.292) 
Nwo 2r Be 
The condition for having a real Q is —j(Zj/n)n > 0. This condition is only satisfied 
for a space-charge (capacitive) impedance below the transition energy, or an induc- 
tive impedance above the transition energy. If Zj/n is capacitive, e.g. space-charge 
impedance, the collective frequency is a real number below the transition energy with 
n <0. This results in a collective frequency shift without producing collective insta- 
bilities. On the other hand, if the impedance is inductive, the collective frequency 
becomes a complex number below the transition energy, and the solution with a neg- 
ative imaginary part gives rise to collective instability. For resistive impedance, the 
beam with a zero momentum spread is unstable. Table 3.8 shows the characteristic 
behavior of microwave collective instability. 


Table 3.8: Characteristic behavior of collective instability without Landau damping. 


Z\/n | capacitive | inductive | resistive 
Below transition | 7 < 0 | stable unstable | unstable 
Above transition | 7 >0 | unstable | stable unstable 


The terminology of “negative mass instability” is derived from a pure space charge 
effect. Above the transition energy with 7 > 0, a higher energy particle takes longer 
time to complete one revolution, or it appears to have a negative mass. Since the “mi- 
crowave instability” resulting from the space-charge impedance occurs when 7 > 0, it 
is also called negative mass instability. However, a beam with a small frequency spread 
can also encounter microwave instability at y < Yp if the impedance is inductive, or 
resistive. 
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B. Landau damping with finite frequency spread 


For a beam with a finite momentum spread with 7 4 0, the coherent mode frequency 
can be obtained by solving the dispersion relation. In this case, there is a finite 
region of impedance value where the growth rate of collective instability is zero, and 
collective motion is Landau damped. 

If the distribution function is a symmetric function of momentum deviation 6, the 
threshold impedance for microwave instability is reflectively symmetric with respect 
to the real part of the impedance. Depending on the actual distribution function, the 
threshold of collective instability can be estimated from the dispersion relation. 

For example, we consider a Gaussian beam model of a coasting beam given by 


v bo { 8? \ 

= x ; 

0 mos P 20? ’ 

where ô = Ap/po and a; is the rms momentum spread. In the limit of small frequency 

spread, the distribution becomes the Dirac 6-function. The rms frequency spread of 

the beam becomes oy = wọoņnos. The dispersion relation can be integrated to obtain 
Zi ATB’ Eoin 


= —— AL 2 Š 
n J elo Ja aza 


J V2 J "o _g, afi + jvVTyw(y)] (3.294) 
= 4/- dr = jv ryw(y)], . 
a eae jvTywly 


wongs) 


where 2. = Q—nwy, and w(y) is the complex error function with y = —O/(V2nwonos). 
Asymptotically, we have Ja + y~? as y —> oo. Thus in the limit of zero detuning (or 
zero frequency spread), Eq. (3.293) reduces to Eq. (3.292). 

We usually define the effective U and V parameters, or U’ and V” parameters as 


, elo (Zi /n) ange elo (4/2) 


For the Gaussian beam, we find ôpwuu = V8 ln 25. In terms of U and V parameters, 
Eq. (3.293) becomes —j(U + jV)Ja/2 = 1. 

The solid line in the left plot of Fig. 3.40 shows the threshold V’ vs U’ parameters 
of collective microwave instability with Im(Q) = 0. Dashed lines inside the thresh- 
old curve correspond to stable motion, and the dashed lines outside the threshold 
curve are unstable with growth rates —(ImQ)/V2 In2wonos = 0.1,0.2,0.3,0.4, and 
0.5 respectively. The right plot of Fig. 3.40 shows the threshold V’ vs U’ parameters, 
from inside outward, for the normalized distribution functions Vo(x) = 3(1 — x*)/4, 
8(1 — x)9/?/3m, 15(1 — 2?)?/16, 315(1 — 2”)*/32, and (1/27) exp(—a?/2). All dis- 
tribution functions, except the Gaussian distribution, are limited to x < 1. Note 
that a distribution function with a softer tail, i.e. a less sudden cutoff, gives a larger 
stability region in the parametric space. 
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Figure 3.40: Left: The solid line shows the parameters V’ vs U’ for a Gaussian beam 
distribution at a zero growth rate. Dashed lines inside the threshold curve are stable. They 
correspond to —ImQ/(V2 n2wonos) = —0.1,—0.2,—0.3,—0.4, and —0.5. Dashed lines 
outside the threshold curve have growth rates —ImQ/(V2 In2wono5) = 0.1,0.2,0.3, 0.4, 
and 0.5 respectively. Right: The threshold V’ vs U’ parameters for various beam distribu- 
tions. 


C. Keil-Schnell criterion 


Figure 3.40 show that the stability region depends on beam distribution. Based on 
experimental observations and numerical calculations of the dispersion relation, a 
simplified estimation of the stability condition is to draw a circle around the origin 
in the impedance plane, called the Keil-Schnell criterion: 


Z 


n 


< anpPEosnlF 


T (3.296) 


where F is a form factor that depends on the distribution function. For a Gaussian 
beam, F = 1; and for a tri-elliptical distribution with Wo(2) = 8(1 — x?)°/?/3z, 
F ~ 0.94 [5, 6, 7]. The total longitudinal energy drop from impedance, eJo| Z|, per 
unit frequency spread n|n|/2705 for mode number n should be less than the total 
energy spread /278?Eos of the beam. Since the microwave growth rate is usually 
fast, and the the wavelength of the coherent wave is usually small compared with the 
bunch length, the Keil-Schnell criterion at threshold of instability can be applied to 
the bunched beam by replacing the average current Jy by the peak current Î:5? 


Zi 
nr 


< 2P Eoin E 
el 


52E, Keil and W. Schnell, CERN-ISR-TH-RF/69-48 (July 1969); A.G. Ruggiero and V.G. Vaccaro, 
CERN ISR TH/68-33 (1968); Since the growth rate of the microwave instability is normally very fast, 
the threshold condition can be obtained from the local peak current of the beam, called Boussard 
conjecture, which has been well tested in the Intersecting Storage Ring (ISR). See e.g. J.M. Wang 
and C. Pellegrini, Proc. 11th HEACC, p. 554 (1980). 


i (3.297) 
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where Jọ = Ngef is the average bunch current, f= Fplo, and Fg = 27/2704 is the 
bunching factor, where og = woga is the bunch length in orbiting angle. 


D. Microwave instability near transition energy 


Near the transition energy, Landau damping for microwave single bunch instability 
vanishes because of a small synchrotron frequency spread. The Keil-Schnell criterion 
is not applicable in this region. For a pure capacitive impedance, e.g. space-charge 
impedance, instability occurs when y > yp. For a pure inductance impedance, in- 
stability exists only below transition. Since the beam distribution function is non- 
adiabatic in the transition energy region, determination of microwave instability needs 
careful evaluation of the dispersion integral. 

We assume a model of collective microwave instability such that the longitudinal 
modes are nearly decoupled and thus the coherent growth rate can be obtained by 
solving the dispersion relation Eq. (3.283). Furthermore, we assume a Gaussian beam 
model with the threshold impedance determined by the peak current. The peak 
current is located at the center of the bunch Ag = 0. The distribution function and 
the peak current become (see Sec. IV.1) 


X ` 3(Agadss — Qa? AJ 
Pols) = 4 [3085 30555? f= 3(aggass — O56) = j= sT , (3.298) 
T 


TASS A, /Q55 


where ass is given by Eq. (3.140), Jo is the average current and A is the rms phase- 
space area of the beam. The dispersion integral can be integrated to obtain the 
coherent mode frequency given by 


= „3elo (Zı/n) T 3A55 
TIBE) A 
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ia (3.299) 
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For a given broadband impedance model with constant Z/n, we can find the eigen- 
value of the growth rate Im (Q(t)) by solving Eq. (3.299).°% 

The solution of Eq. (3.299) shows that the growth rate near the transition energy is 
nearly equal to the growth rate without Landau damping. This is easy to understand: 
at y = Yr, the frequency spread of the beam becomes zero, and Landau damping 
vanishes. Fortunately, the growth rate is also small at y % Yp- 


53See e.g. S.Y. Lee and J.M. Wang, IEEE Trans. Nucl. Sci. NS-32, 2323 (1985). The impedance 
model Z\/n = 5 — j(Z,sc/n) ohms was used to study the growth rate around the transition energy 
for RHIC. Microwave instability below transition may arise from the real impedance. Because of a 
large space-charge impedance, the growth rate appears to be larger above the transition energy. 
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The total growth factor across the transition energy region can be estimated by 


G = exp { f (1m) ensanuct} : (3.300) 


The total growth factor is a function of the scaling variable |Z/n|N,/A. Note that 
the growth factor is much smaller if the initial phase-space area is increased. Phase- 
space dilution below transition energy has become a useful strategy in accelerating 
high intensity proton beams through transition energy. The CERN PS and the AGS 
employ this method for high intensity beam acceleration. Bunched beam dilution can 
be achieved either by using a high frequency cavity as noise source or by mismatched 
injection at the beginning of the cycle. 

The distribution function model Eq. (3.298) does not take into account nonlinear 
synchrotron motion near the transition energy. For a complete account of microwave 
instability, numerical simulation is an important tool near transition energy.°* A 
possible cure for microwave instability is to pass through transition energy fast with 
a transition energy jump. Furthermore, blow-up of phase-space area before transition 
energy crossing can also alleviate the microwave growth rate. 

We have discussed microwave instabilities induced by a broadband impedance. 
In fact, it can also be generated by a narrowband impedance. Longitudinal bunch 
shapes in the KEK proton synchrotron (PS) were measured by a fast bunch-monitor 
system, which showed the rapid growth of the microwave instability at the frequency 
of 1 GHz and significant beam loss just after transition energy.” Temporal evolu- 
tion of the microwave instability is explained with a proton-klystron model. The 
narrowband impedance of the BPM system causes micro-bunching in the beam that 
further induces wakefield. The beam-cavity interaction produces the rapid growth of 
the microwave instability. This effect is particularly important near the transition 
energy, where the frequency spread of the beam vanishes, and the Landau damping 
mechanism disappears. 


E. Microwave instability and bunch lengthening 


When the current is above the microwave instability threshold, the instability can 
cause micro-bunching. The energy spread of the beam will increase until the stability 
condition is satisfied. For proton or hadron accelerators, the final momentum spread 
of the beam may be larger than that threshold value caused by decoherence of the 
synchrotron motion. 


54W.W. Lee and L.C. Teng, Proc. 8th Int. Conf. on High Energy Accelerators, CERN, p. 327 
(1971); J. Wei and S.Y. Lee, Part. Accel. 28, 77-82 (1990); S.Y. Lee and J. Wei, Proc. EPAC, 
p. 764 (1989); J. McLachlan, private communications on ESME Program. 

55See e.g. K. Takayama et al., Phys. Rev. Lett., 78, 871 (1997). 
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Due to synchrotron radiation damping in electron storage rings, the final mo- 
mentum spread and the bunch length are determined by the microwave instability 
threshold of Eq. (3.297): 


IAA 1/3 
In| ( elo|nZ/n| ) . (3.301) 


Og = Woo = pn” z Or FABTE 
where v, is the synchrotron tune. Note that the bunch length depends only on the 
parameter € = (Io|n|/v28?E) provided that the impedance does not depend on the 
bunch length. Chao and Gareyte showed that the bunch lengths of many electron 
storage rings scaled as og ~ €'/?+®, This is called Chao-Gareyte scaling law. For 
a broadband impedance, we have a = 1. The scaling law is not applicable if the 
impedance depends on the beam current and bunch length. 


F. Microwave instability induced by narrowband resonances 


At low energy, the longitudinal space charge potential, shown as the first term in 
Eq. (3.287), can be large for high intensity beam bunch. It requires a costly large rf 
cavity potential to keep beam particles bunched inside the rf bucket. In particular, 
if it requires a beam gap for a clean extraction, and for minimizing the effect of the 
electron-cloud instability. 

The longitudinal space charge potential can be compensated by the inductive 
impedance shown in the second term of Eq. (3.287). We consider a cavity with ferrite 
ring filling a pillbox. The inductance is 


n=, (3.302) 


where p is the real part of the ferrite permittivity, Rı and Ry are the inner and outer 
radii of the ferrite rings, and ¢ is the length of the pillbox cavity. The inductive inserts 
carried out at PSR experiment employs coaxial pillbox cavity with 30 ferrite rings each 
with width 2.54 cm, 12.7 cm inner diameter (id), and 20.3 cm outer diameter (od). 
The Proton Storage Ring (PSR) at Los Alamos National Laboratory compresses high 
intensity proton beam from the 800 MeV linac into a bunch of the order of 250 ns. 
The parameters for PSR are C = 90.2 m, yr = 3.1, vy» = 3.2, v, = 2.2, Vs = 0.00042, 
and fo = 2.8 MHz. 

To cancel the space charge impedance at 800 MeV for PSR at the harmonic h = 1, 
one requires about 3 pillbox cavities. The experimental test for this experiment was 


indeed successful. Unfortunately, the beam also encounters collective microwave beam 
instability at high intensity. Figure 3.41 shows the microbunching of the beam under 
the action of three ferrite inserts when an initial bunched coasting beam injected into 
the ring. The instability is landau damped by heating up the ferrite core to change 
its permeability and lower the Q-value of the TMo10 mode.*® 


56M.A. Plum, et al., Phys. Rev. Special Topics, Accelerators and Beams, 2, 064201 (1999); C. 
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The microwave instability is induced by a narrowband impedance with Q ~ 1 
at the center frequency of fres ~ 27 fo. Although the inductive inserts can be used 
to cancel the space charge impedance, the pillbox cavity can generate a narrowband 
impedance to cause microwave instability of the beam at higher harmonics. In order 
to alleviate this problem, it is necessary to broaden the narrowband impedance by 
either choosing different design geometries for different ferrite inserts, or by heating 
the ferrite so that the imaginary part (yw) of the permittivity is larger at the cavity 
resonance frequency. At PSR, the cavities was heated to 125-150° C, so that the 
beam is below the microwave instability threshold. 


Exercise 3.7 


1. In synchrotrons, beam bunches are filled with a gap for ion-clearing, abort, ex- 
traction kicker rise time, etc. Show that the frequency spectra observed from a 
BPM for short bunches filled with a gap have a diffraction-pattern-like structure: 
sin(nMn/N)/sin(na/N) for M identical consecutive bunches in N buckets. Specif- 
ically, find the frequency spectra for 10 buckets filled with 9 equal intensity short 
bunches. The revolution frequency is assumed to be 1 MHz. 


2. Show that the impedance of Eq. (3.291) has two poles in the upper half of the w 
plane, and find their loci. Use the inverse Fourier transformation to show that the 


wake function of the RLC resonator circuit is (© = wry/ 1 — 1/4Q?) 


W= Renter p—wrt/2Q cos @,t — L sin ©,t 
Q 4Q? -1 
3. The parameters of the SLC damping ring are Æ = 1.15 GeV, vy, = 8.2, v, = 3.2, 
Qc = 0.0147, Y€, = 15 m mm-mrad, CAp/p = 7.1 X 1074, Vig = 800 kV, C = 35.270 
m, h = 84, fie = 714 MHz, p = 2.0372 m, and the energy loss per revolution is 
Uo = 93.1 keV. If the threshold of bunch lengthening is Ng = 1.5 x 10!°, use the 
Keil-Schnell formula to estimate the impedance of the SLC damping ring.*” 


Beltran, Ph.D. thesis, Indiana University (2003). 

57G.E. Fisher et al., Proc. 12th HEACC, p. 37 (1983); L. Rivkin, et al., Proc. 1988 EPAC, p. 634 
(1988); see also P. Krejcik, et al., Proc. 1993 PAC, p. 3240 (1993). The authors of the last paper 
observed sawtooth instability at the threshold current Ng = 3 x 10°. 
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4. Assuming that the microwave instability growth rate is equal to the damping rate at 
equilibrium, find the tolerable impedance as a function of the machine parameters. 
Use Eq. (3.292) for The growth rate of microwave instability in a quasi-isochronous 
electron storage ring and the damping rate Ts = 2ETo/JsUo, where E is the energy of 
the particle, To is the revolution period, the damping partition J; ~ 2, Uo = Cy Et /p, 
Cy = 8.85 x 1077 m/(GeV°), and p is the bending radius. 


5. Consider a pillbox-like cavity with length £ (see Sec. VII.4). The cavity is filled with 
ferrite rings with inner and outer radii a and b respectively. Show that the longitudinal 
impedance for TMo19 mode is®® 


, s- A 2 1 2 
Zy j Zo [ul su" Hy” (kea) HY? (keb) — Hy (keb) HQ” (kea) 
E “moy æ AP (Ikea) Hy” (Keb) — Hy” (Keb) H}” kea) 
(n) 


where Hm are Hankel functions which represent oe and ee waves, Zo = 


3772 is the impedance of free space. ke = w,/fle = ky/e,( m — jp”), k = 2 = w/m 


in vacuum, €p is the relative permittivity and u and u” are the real and complex 
parts of the relative complex permeability. 


6. The equation of motion for the fractional off-momentum deviation of a particle is 


dé 


u” T [eV (sin ọ — sings) + AU], 


where the second term in the bracket is the effect of voltage drop due to impedance 
of the accelerator. Using the voltage drop of the space charge in Eq. (3.287), show 
that the synchrotron Hamiltonian is 

me woeV 


In BE 


hwge?cgo ZoNg 
poi ye ee 
B= 4nB272RE 


[cos ġ — cos ġs + ($ — ds) sin gs] + p(), 


where p(¢) is the normalized beam distribution in the synchrotron phase-angle, Ng 
is the number of particles in a bunch, go = 1+ 21n(b/a) is the geometric factor, R is 
the mean radius of the accelerator. For a Gaussian normalized distribution function, 


pí) = = exp{ (or de) }. Show that the Hamiltonian becomes 
$ b 
me 2 WO hecgoZoNp 2 
H(%, 6) & ——6 eR VOR Gs “SIR ($= ds)". 


Note that the space charge produce potential well distortion, and synchrotron detun- 
ing. At energies below the transition energy, where cos ¢, > 0, the space charge force 
tends to push particles away from the center. At energies above the transition energy, 
the space charge force tends to focus the beam. As the beam bunch is accelerated 
through the transition energy, the mis-match in the matched bunch length will set 
off quadrupole mode oscillations. This phenomenon is called Sorenssen effect..°? 


58The general formula to calculate the shunt impedance is AV = —I Z| = —E¢, with E, the 
longitudinal electric field, £ the total length, and J obtained by Ampere’s law: I = ¢ Hdl = 2raHg. 
59A. Sorrenssen, Particle Accelerators 6, 141 (1975). 
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VIII Introduction to Linear Accelerators 


By definition, any accelerator that accelerates charged particles in a straight line is 
a linear accelerator (linac).°° Linacs includes induction linacs; electrostatic accel- 
erators such as the Cockcroft-Walton, Van de Graaff and Tandem; radio-frequency 
quadrupole (RFQ) linacs; drift-tube linacs (DTL); coupled cavity linacs (CCL); cou- 
pled cavity drift-tube linacs (CCDTL); high-energy electron linacs, etc. Modern 
linacs, almost exclusively, use rf cavities for particle acceleration in a straight line. 
For linacs, important research topics include the design of high gradient acceleration 
cavities, control of wakefields, rf power sources, rf superconductivity, and the beam 
dynamics of high brightness beams. 

Linacs evolved through the development of high power rf sources, rf engineering, 
superconductivity, ingenious designs for various accelerating structures, high bright- 
ness electron sources, and a better understanding of high intensity beam dynamics. 
Since electrons emit synchrotron radiation in synchrotron storage rings, high energy 
ete colliders with energies larger than 200 GeV per beam can be effectively attained 
only by high energy linacs. Current work on high energy linear colliders is divided 
into two camps, one using superconducting cavities and the other using conventional 
copper cavities. In conventional cavity design, the choice of rf frequency varies from 
S band to millimeter wavelength at 30 GHz in the two beam acceleration scheme. 
Research activity in this line is active, as indicated by bi-annual linac, and annual 
linear collider conferences. 

Since the beam in a linac is adiabatically damped, an intense electron beam bunch 
from a high brightness source will provide a small emittance at high energy. The 
linac has also been used to generate coherent synchrotron light. Many interesting 
applications will be available using high brilliance coherent photon sources. 

This section provides an introduction to a highly technical and evolving branch of 
accelerator physics. In Sec. VIII.1 we review some historical milestones. In Sec. VIII.2 
we discuss fundamental properties of rf cavities. In Sec. VIII.3 we present the general 
properties of electromagnetic fields in accelerating cavity structures. In Sec. VIII.4 
we address longitudinal particle dynamics and in Sec. VIII.5, transverse particle dy- 
namics. Since the field is evolving, many advanced school lectures are available. 


VIII.1 Historical Milestones 


In 1924 G. Ising published a first theoretical paper on the acceleration of ions by 
applying a time varying electric field to an array of drift tubes via transmission 
lines; subsequently, in 1928 R. Wideröe used a 1 MHz, 25 kV rf source to accelerate 
potassium ions up to 50 keV. The optimal choice of the distance between acceleration 


See Ref. [4]; G.A. Loew and R. Talman, AIP Conf. Proc. 105, 1 (1982); J. Le Duff, CERN 
85-19, p. 144 (1985). 
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gaps is d = BA/2 = Bc/2f, where d is the distance between drift tube gaps, 8c is the 
velocity of the particle, and À and f are the wavelength and frequency of the rf wave. 
A Wideröe structure is shown in the top plot of Fig. 1.4. In 1931-34 E.O. Lawrence, 
D. Sloan et al., at U.C. Berkeley, built a WiederGe type linac to accelerate Hg ions 
to 1.26 MeV using an rf frequency of about 7 MHz. At the same time (1931-1935) 
K. Kingdon at the General Electric Company and L. Snoddy at the University of 
Virginia, and others, accelerated electrons from 28 keV to 2.5 MeV. 

The drift tube distance could be minimized by using a high frequency rf source. 
For example, the velocity of a 1 MeV proton is v = 8c = 4.6 x 1077c, and the length of 
drift space in a half cycle at rf frequency fi, = 7 MHz is tv fo ~ 1m. As the energy 
increases, the drift length becomes too long. The solution is to use a higher frequency 
system, which became available from radar research during WWII. In 1937 the Varian 
brothers invented the klystron at Stanford. Similarly, high power magnetrons were 
developed in Great Britain.® 

However, the accelerator is almost capacitive at high frequency, and it radiates 
a large amount of power P = IV, where V is the accelerating voltage, I = wCV 
is the displacement current, C' is the capacitance between drift tubes, and w is the 
angular frequency. The solution is to enclose the gap between the drift tubes in a 
cavity that holds the the electromagnetic energy in the form of a magnetic field by 
introducing an inductive load to the system. To attain a high electric field, the cavity 
is designed to have a resonant frequency that synchronizes with the particle motion. 
An acceleration cavity is a structure in which the longitudinal electric field can be 
stored at the gap for particle acceleration, as shown in Fig. 3.42. 


Figure 3.42: Left: Schematic drawing of a 
- ; ae ——7-—- Single gap cavity fed by an rf source. The rf 
ti yj ti jesi it 1j IMi JY currents are indicated by j on the cavity wall. 
Middle: A two-gap cavity operating at m-mode, 
3 se 373 where the electric fields at two gaps have oppo- 
Aj tj Wj jtity jy 4j jthj j site polarity. Right: A two-gap cavity operating 
at 0-mode, where the electric fields at all gaps 
rf source m-mode O-mode have the same polarity. In 0-mode (or 27-mode) 
operation, the rf currents on the common wall 

cancel, and the wall becomes unnecessary. 


When two or more cavity gaps are adjacent to each other, the cavity can be 
operated at a-mode or 0-mode, as shown in Fig. 3.42. In 0-mode, the resulting 
current is zero at the common wall so that the common wall is useless. Thus a group 
of drift tubes can be placed in a single resonant tank, where the field has the same 

61G. Ising, Arkiv für Matematik o. Fisik 18, 1 (1924); R. Widerée, Archiv fiir Electrotechnik 21, 
387 (1928); D.H. Sloan and E.O. Lawrence, Phys. Rev. 32, 2021 (1931); D.H. Sloan and W.M. 


Coate, Phys. Rev. 46, 539 (1934). 
°2The power source of present day household microwave ovens is the magnetron. 
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phase in all gaps. Such a structure (see Fig. 1.4) was invented by L. Alvarez in 
1945.6 In 1945-47 L. Alvarez, W.K.H. Panofsky, et al., built a 32 MeV, 200 MHz 
proton drift tube linac (DTL). Drift tubes in the Alvarez structure are in one large 
cylindrical tank and powered at the same phase. The distances between the drift 
tubes, d = 8, are arranged so that the particles, when they are in the decelerating 
phase, are shielded from the fields. 

In 1945 E.M. McMillan and V.I. Veksler discovered the phase focusing principle, 
and in 1952 J. Blewett invented electric quadrupoles for transverse focusing based 
on the alternating gradient focusing principle. These discoveries solved the 3D beam 
stability problem, at least for low intensity beams. Since then, Alvarez linacs has 
commonly been used to accelerate protons and ions up to 50-200 MeV kinetic energy. 

In the ultra relativistic regime with 6 — 1, cavities designed for high frequency 
operation are usually used to achieve a high accelerating field. At high frequencies, the 
klystron, invented in 1937, becomes a powerful rf power source. In 1947-48 W. Hansen 
et al., at Stanford, built the MARK-I disk loaded linac yielding 4.5 MeV electrons in 
a 9 ft structure powered by a 0.75 MW, 2.856 GHz magnetron.® On September 9, 
1967, the linac at Stanford Linear Accelerator Center (SLAC) accelerated electrons 
to energies of 20 GeV. In 1973 P. Wilson, D. Farkas, and H. Hogg, at SLAC, invented 
the rf energy compression scheme SLED (SLAC Energy Development) that provided 
the rf source for the SLAC linac to reach 30 GeV. In 1990’s, SLAC has achieved 50 
GeV in the 3 km linac. 

Another important idea in high energy particle acceleration is acceleration by trav- 
eling waves. The standing wave cavity in a resonant structure can be decomposed 
into two traveling waves: one that travels in synchronism with the particle, and the 
backward wave that has no net effect on the particle. Thus the shunt impedance of a 
traveling wave structure is twice that of a standing wave structure except at the phase 
advances 0 or m. To regain the factor of two in the shunt impedance for standing 
wave operation, E. Knapp and D. Nagle invented the side coupled cavity in 1964.67 
In 1972 E. Knapp et al. successfully operated the 800 MHz side coupled cavity linac 
(CCL) to produce 800 MeV energy at Los Alamos. In 1994 the last three tanks of 


63L, Alvarez, Phys. Rev. 70, 799 (1946). 

41t appears that the distance between drift tubes for an Alvarez linac is twice that of a Widerde 
linac, and thus less efficient. However, the use of a high frequency rf system in a resonance-cavity 
more than compensates the requirement of a longer distance between drift tubes. 

SE.L. Ginzton, W.W. Hanson and W.R. Kennedy, Rev. Sci. Instrum. 19, 89 (1948); W.W. 
Hansen et al., Rev. Sci. Instrum. 26, 134 (1955). 

66 J. W. Beams at the University of Virginia in 1934 experimented with a traveling-wave acceler- 
ator for electrons using transmission lines of different lengths attached to a linear array of tubular 
electrodes and fed with potential surges generated by a capacitor-spark gap circuit, similar to the 
system proposed by Ising. Burst of electrons were occasionally accelerated to 1.3 MeV. See J.W. 
Beams et. al., Phys. Rev. 44, 784 (1933); Phys. Rev., 45,849 (1934). 

STE. Knapp et al., Proc. 1966 linac Conf., p. 83 (1966). 
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the DTL linac at Fermilab were replaced by CCL to upgrade its proton energy to 
400 MeV. Above 6 > 0.3, CCL has been widely used for proton beam acceleration. 
A combination of CCL with DTL produces the CCDTL structure suitable for high 
gradient proton acceleration. 

For the acceleration of ions, the Alvarez linac is efficient for 6 > 0.04. The 
acceleration of low energy protons and ions relies on DC accelerators such as the 
Cockcroft-Walton or Van de Graaff. In 1970 I. Kapchinskij and V. Teplyakov at 
ITEP Moscow invented the radio-frequency quadrupole (RFQ) accelerator. In 1980 
R. Stokes et al. at Los Alamos succeeded in building an RFQ to accelerate protons 
to 3 MeV. Today RFQ is commonly used to accelerate protons and ions for injection 
into linacs or synchrotrons. 

Since the first experiment on a superconducting linear accelerator at SLAC in 
1965, the superconducting (SC) cavity has become a major branch of accelerator 
physics research. In the 1970’s, many SC post linear accelerators were constructed 
for the study of heavy ion collisions in nuclear physics.®* Recently, more than 180 m 
of superconducting cavities have been installed in CEBAF for the 4 GeV continuous 
electron beams used in nuclear physics research. More than 400 m of SC cavities at 
about 7 MV/m were installed in LEP energy upgrade, and reached 3.6 GV rf voltage 
for the operation of 104.5 GeV per beam in 2000. The TESLA project had also 
successfully achieved an acceleration gradient of 35 MV/m. 


VIII.2 Fundamental Properties of Accelerating Structures 


Fundamental properties of all accelerating structures are the transit time factor, shunt 
impedance, and Q-value. These quantities are discussed below. 


A. Transit time factor 


We consider a standing wave accelerating gap, e.g. the Alvarez structure, and assume 
that the electric field in the gap is independent of the longitudinal coordinate s. If € 
is the maximum electric field at the acceleration gap, the accelerating field and the 
energy gain in traversing the accelerating gap are 


E; = Ecosut, (3.303) 


g 
AE =e a cos ds = e€gTy = eVo, Ty = 
= v 
2 
where Vo = EgTẹ is the effective voltage of the gap, Tiy is the transit time factor, 
A = 2rc/w is the rf wavelength, and 7g/( is the rf phase shift across the gap. If the 


therein. These low energy SC cavities are essentially drift-tube type operating at \/4 or \/2 modes. 
6P, Brown et al., Proceedings of PAC2001, p. 1059 (IEEE, 2001). 


68See e.g., H. Piel, CERN 87-03, p. 376 (1987); CERN 89-04, p. 149 (1994), and references 
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gap length of a standing wave structure is equal to the drift tube length, i.e. g = BA/2, 
the transit time factor is Tj, = sin(7/2)/(7/2) = 0.637. This means that only 63% 
of the rf voltage is used for particle acceleration. To improve the efficiency, the gap 


length g should be reduced. However, a small g can lead to sparking at the gap. Since 
there is relatively little gain for g < GA/4, the gap g is designed to optimize linac 
performance. The overall transit time factor for standing wave structures in DTL 
is about 0.8. The transit time factor of Eq. (3.303) is valid for the standing wave 
structure. The transit time factor for particle acceleration by a guided wave differs 
from that of Eq. (3.303). An example is illustrated in Exercise 3.8.7. 


B. Shunt impedance 


Neglecting power loss to the transmission line and reflections between the source 
and the cavity, electromagnetic energy is consumed in the cavity wall and beam 
acceleration. The shunt impedance for an rf cavity is defined as 


Ry, = Vo / Pa, (3.304) 


where Vo is the effective acceleration voltage, and P4 is the dissipated power. For a 
multi-cell cavity structure, it is also convenient to define the shunt impedance per 
unit length rs, as 
2 2 
sh = — = mE or H = -£, (3.305) 
where € is the effective longitudinal electric field that includes the transit time factor, 
and dP4/ds is the fraction of input power loss per unit length in the wall. The power 
per unit length needed to maintain an accelerating field € is P4/L = € 2 /Tsn and the 
accelerating gradient for low beam intensity is E = \/7snPa/Leav- 

For a 200 MHz proton linac, we normally have rg, ~ 15—50 MQ/m, depending on 
the transit time factors. For an electron linac at 3 GHz, rsa ~ 100 MQ/m. For high 
frequency cavities, the shunt impedance is generally proportional to w!/? (see Exercise 
3.8.4). A high shunt impedance with low surface fields is an important guideline in 
rf cavity design. For example, using a 50 MW high peak power pulsed klystron, the 
accelerating gradient of a 3 GHz cavity can be as high as 70 MV/m. The working 
SLC S-band accelerating structure delivers about 20 MV/m.” 


C. The quality factor Q 
The quality factor is defined by Q = wW,,/ Pa, and thus we obtain 
dWs/dt = — Pi = —wWs/Q; Wet = War pet E sw, İF sw = 2QL/w, (3.306) 


TOP, Raimondi, et al., Proceedings of the EPAC2000, (EPAC, 2000). 
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where Ws is the maximum stored energy, Q, is the loaded Q-factor that includes 
the resistance of the power source, and tp sw is the filling time for the standing wave 
operation, which is the time for the field to decay to 1/e of its initial value. The Q- 
factor of an accelerating structure is independent of whether it operates in standing 
wave or traveling wave modes. 
For a traveling wave structure, the stored energy per unit length, the power loss 
per unit length, and the filling time for a traveling wave structure are respectively” 
Ws = Wot /Leav: = = so or Q = oOo 
tr tw = Leav/Ug, (3.308) 


(3.307) 


where Leavy is the length of the cavity structure and v, is the velocity of the energy 
flow. A useful quantity is the ratio R.,/Q: 


Rsn Ve Tsh _ (Voi Desay)” _ & 
Q 7 wWet a Q 7 w(We / Leav) = WWet (3:309) 


which depends only on the cavity geometry and is independent of the wall material, 
welds, etc. 


VIII.3 Particle Acceleration by EM Waves 


Charged particles gain or lose energy when the velocity is parallel to the electric 
field. A particle traveling in the same direction as the plane electromagnetic (EM) 
wave will not gain energy because the electric field is perpendicular to the particle 
velocity. On the other hand, if a particle moves along a path that is not parallel 
to the direction of an EM wave, it can gain energy. However, it will quickly pass 
through the wave propagation region unless a wiggler field is employed to bend back 
the particle velocity vector.” Alternatively, a wave guide designed to provide electric 
field along the particle trajectory at a phase velocity equal to the particle velocity is 
the basic design principle of rf cavities. 

The rf cavities for particle acceleration can be operated in standing wave or trav- 
eling wave modes.” Standing wave cavities operating at steady state are usually used 
in synchrotrons and storage rings for beam acceleration or energy compensation of 
synchrotron radiation energy loss. The standing wave can also accelerate oppositely 
charged beams traveling in opposite directions. Its high duty factor can be used to 


™lWe will show that the velocity of the energy flow is equal to the group velocity, vg = Pa/wee- 
The conventional definition of standing wave filling time in Eq. (3.306) is twice that of the traveling 
wave in Eq. (3.308). 

“This scheme includes inverse free electron laser acceleration and inverse Cerenkov acceleration. 

See G.A. Loew, R.H. Miller, R.A. Early, and K.L. Bane, Proc. 1979 Part. Acc. Conf., p. 3701 
(IEEE, 1979); R.H. Miller, SLAC-PUB-3935 (1988); see also Exercise 3.8.7. 
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accelerate long pulsed beams such as protons, and continuous wave (CW) electron 
beams in the Continuous Electron Beam Accelerator Facility (CEBAF). On the other 
hand, employing high power pulsed rf sources, a traveling wave structure can attain 
a very high gradient for the acceleration of an intense electron beam pulse. 

In this section we study the properties of electromagnetic waves in cavities. These 
waves are classified into transverse magnetic (TM) or transverse electric (TE) modes. 
The phase velocity of the EM waves can be slowed down by capacitive or inductive 
loading. We will discuss the choice of standing wave vs traveling wave operation, the 
effect of shunt impedance, and the coupled cavity linac. 


A. EM waves in a cylindrical wave guide 


First we consider the propagation of EM waves in a cylindrical wave guide. Since 
there is no ends for the cylindrical wave guide, the EM fields can be described by the 
traveling wave component in Eq. (3.237) in Sec. VI.1 (see Appendix B Sec. IV). The 
EM fields of the lowest frequency TMo, mode, traveling in the +§ direction, are 


B; = EoJolkprje ik=, 
k l 
E, = jg EoJi(krr)e, (3.310) 


Ww F 
H = 4 EJ ky oS [ks—wt] 
$ AT 1(krr)e i 


Es = 0, H,=0, H,=0, 


where Zo = y Ho/€o is the vacuum impedance, (r, œ) is the cylindrical coordinate, s 
is the longitudinal coordinate, k is the propagation wave number in the +§ direction, 
and k, is the radial wave number: 


k? = (w/c)? =T ke Kenn = Jmn/, (3.311) 


where the propagation modes are determined by the boundary condition for E, = 
Eş = 0 at the pipe radius r = b with jmn are zeros of the Bessel functions Jin(Jmn) = 0 
listed in Table B.1 in Appendix B Sec. IV. 

The frequency of the TMo: mode is w/c = \/k? + (2.405/b)”, shown in Fig. 3.43. 
The subscript 01 stands for m = 0 in @-variation, 1 radial-node at the boundary 
of the cylinder [see Eq. (3.237)]. This mode is a free propagation mode along the 
longitudinal § direction. We define we = k,c = 2.405c/b. The wave number of the 
TMo: wave and the corresponding phase velocity vp become 


e=2{1- (2) |. w=$=— See 31) 


Unattenuated wave propagation at w < we is not possible. Since the phase velocity 
propagates faster than the speed of light, the particle can not be synchronized with 
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the EM wave during acceleration. At low frequency, the wave travels forward and 
backward with a very large phase velocity; it is not useful for particle acceleration. 
At high frequency, the phase velocity approaches c. However, the electromagnetic 
field is transverse; it becomes the transverse TEM wave, i.e. 

Es kr 0 H w 1 
E Jk i E dh 5% 


~ Figure 3.43: Left: Schematic drawing of a 

<7 cylindrical cavity. Right: Dispersion curve 

(w/c)? = k?+(2.405/b)? for the TMo: wave. 

The phase velocity w/k for a wave without 

cavity load is always greater than the ve- 

locity of light. At high frequencies, where 

kr — 0, the phase velocity approaches the 

k speed of light. However, the longitudinal 
component of the EM wave vanishes. 


B. Phase velocity and group velocity 


Equation (3.310) represents an infinitely long pulse of EM waves in the cylindrical 
wave guide. The phase of the plane wave, ks — wt, travels at a phase velocity of 
Up = ds/dt = w/k. In reality, we have to discuss a short pulse formed by a group 
of EM waves. Since the Maxwell equation is linear, the pulse can be decomposed in 
linear superposition of Fourier series. 

For a quasi-monochromatic pulse at frequency wọ in free space, the electric field 
can be represented by 


E(t, s) 


Aten) = f f Agel t wera 
TT 


1 , 
= z J J A(EJei kso dé day, (3.313) 
T 


where A(t) is the amplitude with a short time duration and we include the dispersion 
of the wave number in Eq. (3.311). For a quasi-monochromatic wave at the angular 
frequency wo, we expand the dispersion wave number around wy: 

dk 


k(w) = k(wo) + — 


Aa (w — wo) = ko + k'(w — wo). (3.314) 


WO 
Substituting Eq. (3.314) into Eq. (3.313), we obtain E(t, s) = A(t — k's) e/@ot—hos) 
Note that the phase of the pulse propagates at a “phase velocity” of vp = wo/ko, and 
the amplitude function of the EM pulse propagates at the “group velocity” 
1 dw 
U === 


k dk 


(3.315) 


wo 
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Using Eq. (3.312) for single-mode wave propagation, we obtain vg = k/w, or UpUg = 
c?. From Fig. 3.43 we see that the group velocity is zero at k = 0. 

In fact, the group velocity is equal to the velocity of energy flow in the wave guide 
to be shown as follows: The power of the TM wave, the total energy per unit length 
stored, and the velocity of the energy flow are 


k b 
= fe I E,HidS = i ae [ J?(k,r)2rrdr, 
0 


uw? 
W = 2Wn = Lm PZR [ J? (k,r)2nrdr, 
Pk, 
Ue = a = —C = Uz, 
W w a 
where Hj is the complex conjugate of Hy, Wm is the magnetic energy. The velocity 


of energy flow is equal to the group velocity. 


C. TM modes in a cylindrical pillbox cavity 


Now we consider a cylindrical pillbox cavity, where both ends of the cylinder are nearly 
closed. The cylinder has a beam hole for the passage of particle beams (Fig. 3.44). 
Here we discuss the standing wave solution of Maxwell’s equation for a “closed pillbox 
cavity,” and the effect of beam holes. The effect of a chain of cylindrical cells on the 
propagation of EM waves is discussed in the next section. 


“ Figure 3.44: Left: Schematic of a cylindri- 
cal cavity. Right: Dispersion curve (w/c)? = 
(pr /d)? + (2.405/b)? for TMoip resonance 
waves (marked as circles) for a closed cylin- 
drical pillbox without beam holes. With 
proper design of pillbox geometry, the phase 
velocity of the TMoi;9 mode can be slowed 
to the particle speed for beam acceleration. 


We first discuss the standing wave solution of a closed pillbox cavity without beam 
holes. With a time dependent factor e™**, the TM mode solution of Eq. (3.237) in 
the closed cylindrical pillbox cavity is reproduced as follows: 


E, = Ck? Jm(kpr) cos mo cos ks, H, = 0, 

E, = —Ckk, J} (kpr) cosm@ sin ks, H, = WoT PE E 
1 . . 

Ey = Cnk —Im( kyr) sin me sin ks, Hs = Zioak J! (ker) cos mọ cos ks, 


where the longitudinal magnetic field is zero for TM modes, w is the angular frequency, 
and k, and k are wave numbers of the radial and longitudinal modes. The dispersion 
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relation is w/c = \/k? + k?. Similarly, there are also TE modes where the longitudinal 
electric field is zero. 

Using the boundary conditions that Æ, = 0 and Ey = 0 at s = 0 and d, we obtain 
kd = pr (p = 0,1,2,---), where d is the length of the pillbox, kd is the phase advance 
of the EM wave in the cavity cell. We also use the boundary conditions Æ, = 0 and 
Ey = 0 at the pipe radius r = b to obtain the radial modes k, mnb = jmn, where b is 
the inner radius of the cylinder, and jmn are zeros of the Bessel functions Jin(Jmn) = 0 
listed in Table B.1 (Appendix B Sec. IV). 

In summary, the resonance frequency w for the TMmnp mode is 


Wmn Jin pr? € 
ge (3.316) 


For the TMo19 mode, we have k = 0 and w/c = k, = 2.405/b shown as a circle on 
Fig. 3.44. The electromagnetic fields for this mode are 


E 
E, = Ej Jolkrr), By = JZ A (krr). (3.317) 


Figure 3.44 (right) show also the mode frequency of TMoi: on the dispersion curve. 
Both these modes have phase velocities greater than c. 

To lower the phase velocity, beam hole radius a and cylinder radius b are tailored to 
provide matched phase advance kd and phase velocity w/k for the structure. Analytic 
solution of Maxwell’s equations for an actual cavity geometry is difficult. The EM 
wave modes can be calculated by finite element or finite difference EM codes with a 
periodic boundary (resonance) condition and a prescribed phase advance kd across 
the cavity gap. 

The solid lines in Fig. 3.45 are the dispersion curves of frequency f vs phase shift 
kd for TMonp modes of a SLAC-like pillbox cavity with a = 18 mm, b = 43 mm, 
and d = 34.99 mm.™ Because of the coupling between adjacent pillbox-cavities, the 
discrete mode frequencies become a continuous function of the phase advance kd, and 
the phase-velocity is effectively lowered. The dashed lines show the world line vp = c. 
The details of the TMoi9 mode are shown in the right plot. At f = 2.856 GHz, the 
phase shift per cell is about 120°, and the phase velocity vp is equal to c. 

The frequencies of the TM modes 010, 011, 020, 021, 030 for a closed cylindrical 
pillbox are shown as circles in the left plot of Fig. 3.45. Increasing the size of the beam 


T4The calculation was done by Dr. D. Li using MAFIA in 2D monopole mode. The wall thickness 
chosen was 6.027 mm. The wall thickness slightly influences the mode frequencies of TMo,,1 modes, 
where the effective d parameter is reduced for a single cell structure. The actual SLAC structure 
is a constant gradient structure with frequency of f = 2.856 GHz, phase advance of 27/3, length 
of the structure of L = 3.05 m, inner diameter of 2b = 83.461 — 81.793 mm, disk diameter of 
2a = 26.22 — 19.24 mm, and disk thickness of 5.842 mm. See also C.J. Karzmark, Xraig S. Nunan, 
and Eiji Tanabe, Medical Electron Accelerators, (McGraw-Hill, New York, 1993). 
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| Figure 3.45: Left: Disper- 


| j sion curves, f vs kd, for 
ae Top 4 J TMoip modes for a pillbox 
R ig con ] ] cavity with a = 18 mm, 
a i Mogno 7b = 43 mm, and d = 
6a Or TMa.. = ] 34.99 mm. Circles show the 
011 o 1 TMonp mode frequencies for 
4 p= j a closed pillbox cavity. The 
[ TMg19 -< 7 dashed lines show the world 

a a terr reaa a , [iiaa l li Right: Di 
o 50 100 150 o 50 100 150 ME Vp: =C. MENG: ep ere 
kd (deg) kd (deg) sion curve of TMoi9 mode. 


hole decreases the coupling capacitance and increases the TMo 9 mode frequency. 
More importantly, it provides a continuous TM mode frequency as a function of 
wave number k. When the beam hole radius decreases, all mode frequencies become 
horizontal lines. When the beam hole is completely closed, the mode frequencies 
become discrete points, the circles in the left plot of Fig. 3.45. 


Table 3.9: Parametric dependence of the SLAC cavity geometry 


b (mm) | d (mm) | kd (deg) | f (GHz) | Ra, (MQ) Q | rsa (MQ/m) 
42.475 | 17.495 60 | 2.8579 0.5107 | 7713 29.2 
42.000 26.24 90 2.853 1.2 | 10947 45.73 
41.805 | 30.616 105 2.857 1.559 | 12413 50.92 
41.685 | 34.99 120 2.854 1.874 | 13700 53.56 
41.580 39.36 135 2.857 2.14 | 14848 54.37 
41.415 | 46.653 160 2.857 2.416 | 16507 51.79 
41.290 | 52.485 180 2.857 2.466 | 17646 46.98 


Table 3.9 shows parametric dependence of a SLAC-like pillbox cavity at f = 2.856 
GHz. Note that the shunt impedance per unit length is maximum at a phase advance 
of about 135°. The phase advance per cell at a given frequency is mainly determined 
by the cell length. 


D. Alvarez structure 


The Alvarez linac cavity resembles the TMoio standing wave mode (see Table 3.10). 
The tank radius and other coupling structures, such as rods and slugs inside the 
cavity, are designed to obtain a proper resonance frequency for the TMoi9 mode, and 
thus we have b ~ 2.405c/w. The resulting electric field of Eq. (3.317) is independent 
of s. The total length is designed to have a distance $ between two adjacent drift 
tubes (cells), where 8c is the speed of the accelerating particles. Since 3 increases 
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along the line, the distance between drift tubes increases as well. Table 3.10 shows 
some properties of an Alvarez linac, the SLAC cavity, and the CEBAF cavity. 


Table 3.10: Some parameters of basic cylindrical cavity cells 


Machine f (MHz) | b (cm) | d (cm) | Neen | E (MV/m) 
Alvarez linac 201.25 57.0 | Xo; Bir 
Fermilab (cavity 1) ‘ee 744 7 | 
Fermilab (cavity2) 1902 


CEBAF SC cavity 1497 Te = 10. 5- 7 
SLAC linac 2856 4.2 3.5 | & io 


E. Loaded wave guide chain and the space harmonics 


The phase velocity must be brought to the level of the particle velocity, i.e. up % c. 
A simple method of reducing the phase velocity is to load the structure with disks, 
or washers. Figure 3.45 shows, as an example, frequency f vs phase advance kd of 
the loaded SLAC-like pillbox cavity. Loaded cavity cells can be joined together to 
form a cavity module. Opening a beam hole at the center of the cavity is equivalent 
to a capacitive loading for attaining continuous bands of resonance frequencies. The 
question is, what happens to the EM wave in a chain of cavity cells? 

If the wave guide is loaded with wave reflecting structures such as iris, nose- 
cone, etc., shown in Fig. 3.46 (top), the propagating EM waves can be reflected by 
obstruction disks. The size of the beam hole determines the degree of coupling and 
the phase shift from one cavity to the next. When the a, b parameters of the disk radii 
are tailored correctly, the phase change from cavity to cavity along the accelerator 
gives an overall phase velocity that is equal to the particle velocity. The reflected 
waves for a band of frequencies interfere destructively so that there is no radial field 
at the irises. Since the irises play no role in wave propagation, this gives rise to a 
minor perturbation in the propagating wave. The dispersion relation in this case 
resembles that in Fig. 3.43. At some frequencies the reflected waves from successive 
irises are exactly in phase so that the irises force a standing wave pattern. At these 
frequencies, unattenuated propagation is impossible, so that the EM wave becomes 
a standing wave and the group velocity again becomes zero, i.e. the phase advance 
kd = m. Such a chain of loaded wave guides can be used to slow the phase velocity 
of EM waves. 

With the Floquet theorem for the periodic wave guide, the EM wave of an infinitely 
long disk loaded wave guide is 


E,(r, o,s, t) = ekst E (r, o, s), Ag(r, d, 8, t) = ekose FT (r, o,s), 
E.(r,¢,s+d) = E,(r,¢,s), Ho(r,¢,s+d) = Ag(r, ¢, s), 
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Figure 3.46: Top: Schematic of a chain of cylin- 
drical cavities. Bottom: Dispersion curve (w/c) vs 
2b 2a k. The phase velocity w/k with a cavity load is 
-t equal to the speed of light at a specific point of 
the dispersion curve, shown as the intersection of 
the dashed diagonal line and the solid dispersion 
curve. The solid line branches correspond to for- 
ward traveling waves and the dashed line branches 
are associated with backward traveling waves. The 
q = 0 space harmonic corresponds to kd € (—7,7), 
and the q = 1 space harmonic to kd € (7,37), etc. 


ati i gk get 
—n/d 0 p T/a en/d 


B,(r,d, 8,1) =e Fl SB, lr, de 20/4 = el" E E, alr, de, 


q=—00 q=—0o 


where d is the period of the wave guide, the propagation wave number is kg = ko + 2ra 
(q = integer) for the qth “space harmonic”, and kọ is the propagation wave number 
of the “fundamental space harmonic.” These space harmonics are shown in Fig. 3.46. 
We note further that as kod — 0 or a, forward and backward traveling branches 
coincide and they will contribute to enhance the electric field. 

The field components of the lowest TMon mode with cylindrical symmetry become 


É, = X Byler), (3.318) 
q 

~ ~k Pee 

E, = j) go Eod (krgr)e Mert, (3.319) 
q r,q 

J ell ko 3 —j[kas—wt] 

o = IF g Boat (rar)e l (3.320) 

q rq 


where the wave number and the phase velocity at a given frequency w are 


W W 


k2 = 2 k2 , 4 = — = —. 
w/e) — Br Nea kK + 2nq/d 


q 


(3.321) 


Note that k, = 0 and Jo(k,qr) = 1 for up, = c. This indicates that the electric field 
of the qth space harmonic is independent of the transverse position.” 

The dispersion curve of a periodic loaded wave-guide structure (or slow wave 
structure) is a typical Brillouin-like diagram shown in Fig. 3.46, where the branches 


with solid lines correspond to forward traveling wave, and the branches with dashed 


T5One may wonder how to reconcile the fact that the tangential electric field component E, must 
be zero at r = b. The statement that the electric field is independent of transverse position is valid 
only near the center axis of loaded wave-guide structures. 
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dots are backward traveling wave. Because the dispersion curve is a simple translation 
of 27/d, and these curves must join, they must have zero slope at the lower frequency 
wo/c, where kod = 0, and at the upper frequency w,/c, where kod = m (see also 
Fig. 3.45). The range of frequencies [wo, wz] is called the pass band, or the propagation 
band. The extreme of the pass band is kod = 7, where the group velocity is zero. At 
kod = 7, the cavity has lowest rf loss,” making this a favorable mode of operation 
for accelerator modules. 

The electric field at a snapshot is shown schematically in Fig. 3.47. At an instant 
of time, it represents a traveling wave or the maximum of a standing wave. The upper 
plot shows the snapshot of an electromagnetic wave. The lengths of kd = 7, 27/3, 
and 7/2 cavities are also shown. The arrows indicate the maximum electric field 
directions. The lower plot shows a similar snapshot for kd = 0,7/2,27/3 and 7 
cavities. 


Figure 3.47: Top: Snapshot of a sinusoidal wave 
for phase advances kd = 7/2, 27/3, and 7. Bottom: 


fol & lal | oe /3 Snapshot at the maximum electric field configuration 
Io} tel [sl | kd=n/2 across each cell for kd = 0,7/2,27/3, and 7 phase 

; shift structures. The actual electromagnetic fields 

0 AS yp must satisfy the periodic boundary conditions. The 
snapshot represents the field pattern of a traveling 

TAR ‘ is wave guide or the maximum field pattern of a stand- 
27/3 ig, al ing wave. Note that only half of the kd = T/2 mode 
has longitudinal electric field in the standing wave 

T >it? mode. The resulting shunt impedance is half of that 


in traveling wave operation. 


The condition for wave propagation is —1 < coskod < 1. If we draw a horizontal 
line in the dispersion curve within the pass band of the frequency, there are infinite 
numbers of crossings between the horizontal line and the dispersion curve. These 
crossings are separated into space harmonics. Higher order space harmonics have 
no effect on a beam because they have very different phase velocity. Each point 
corresponds to the propagation factor k4, which has an identical slope in the w/c vs 
k curve, i.e. an identical group velocity: 


dw dw 
Ugg = Tr, = The = (3.322) 


A module made of N cells resembles a chain of N weakly coupled oscillators. 
There are N + 1 resonances located at 


komd =mn/N  (m=0,1,2,--+,N). (3.323) 


6The rf loss is proportional to |Hg|? on the cavity wall. 
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In the coupled RLC circuit model, the resonance frequency of the electric coupled 
cavity is” 

Wm = wo [1 + K(1 — cos koma) |”? , (3.324) 
where wp is the resonance frequency without beam hole coupling, and & is the cou- 
pling coefficient. The resonance frequency can be more accurately calculated from 
powerful finite difference, or finite element, programs such as 2D URMEL, SUPER- 
FISH, LALA, and 3D MAFIA. The size and the length of cavity cells are also tailored 
to actual rf sources for optimization. 

The operating condition Vp = c is equivalent to 


ko =w/c, or kypg =0 


for the fundamental space harmonic [see Eq. (3.321)]. Since Jo(k,,or) = 1, the energy 
gain of a charged particle is independent of its transverse position, i.e. the longitudinal 
electric field of the fundamental space harmonic is independent of the radial position 
within the radius of the iris. This implies that the transverse force on the particle 
vanishes as well (see Sec. VIII.5). 


F. Standing wave, traveling wave, and coupled cavity linacs 


We have shown that the Alvarez linac operates at the standing wave TMoi9 mode, 
with drift tubes used to shield the electric field at the decelerating phase. The effective 
acceleration gradient is reduced by the transit time factor and the time the particle 
spends inside the drift tube. On the other hand, a wave guide accelerator, where the 
phase velocity is equal to the particle velocity, can effectively accelerate particles in 
its entire length. A wave guide accelerator is usually more effective if the particle 
velocity is high. There are two ways to operate high-@ cavities: standing wave or 
traveling wave. 

The filling time of a standing wave structure is a few times the cavity filling time 
2QL/w, where Q; is the loaded Q-factor, to allow time to build up its electric field 
strength for beam acceleration. Standing wave cavities are usually used to accelerate 
CW beams, e.g. the CEBAF rf cavity at the Jefferson Laboratory (see Table 3.10), 
and long pulse beams, e.g. in the proton linacs and storage rings. In a storage ring, a 
standing wave can be used to accelerate beams of oppositely charged particles moving 
in opposite directions. 

Standing wave operation of a module made of many cells may have a serious 
problem of many nearby resonances. For example, if a cavity has 50 cells, it can have 


standing waves at 
49 48 


r. = 
50 ° 50 
TTSee Exercise 3.8.6. For magnetically coupled cavity, the resonance frequency is given by wo = 
z men 1/2 
w [1 + k(1 — cos kod)] °. 


kd =i 


T, ct 
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Since dw/dk = 0 for a standing wave at kd = 0 or 7, these resonances are located 
in a very narrow range of frequency. A small shift of rf frequency will lead to a 
different standing wave mode. This problem can be minimized if the standing wave 
operates at the kd = 7/2 condition, where dw/dk has its highest value. However, the 
shunt impedance in kd = 7/2 mode operation is reduced by a factor of 2, because 
only half of the cavity cells are used for particle acceleration. Similarly, the forward 
traveling wave component of a standing wave can accelerate particles, the resulting 
shunt impedance is 1/2 of that of a traveling wave structure except for the phase 
advance kd = 0 or m (see Fig. 3.48). 


f Figure 3.48: A standing wave (left) can be de- 

1/8 4 composed into forward and backward traveling waves 
\ (right). Since only the forward traveling wave can ac- 

VA Ny celerate the beam, the shunt impedance is 1/2 of that 
31/8 \ ~ of the traveling wave structure except for kd = 0 and 
am standing wave modes, where two neighboring space 

1/2 > 2 a harmonics contribute to regain the factor of two in 
the shunt impedance. Note that the particle riding on 

51/8 ` top of the right-going wave that has the phase velocity 
Time standing wave components equal to the particle velocity will receive energy gain 


Since every other cavity cell has no electric fields in kd = 7/2 standing wave 
operation, these empty cells can be shortened or moved outside. This led to the 
invention of the coupled cavity linac (CCL) by E. Knapp and D. Nagle in 1964. The 
idea is schematically shown in Fig. 3.49. 


al ı1Ś] ?) 
— — — Figure 3.49: A schematic drawing of the 7/2 phase 
hi S E —> ıı Shift cavity structure (top), where the field free regions 
are shortened (middle), and moved outside to become 
T J l 7 a coupled cavity structure (bottom). 
Le ar SS i 


The CCL cavities operate at 7/2 mode, where field free cells are located outside 
the main cavity cells. These field free cells are coupled to the main accelerating cavity 
in the high magnetic field region. The electric field pattern of the main accelerating 
cavity cells looks like that of a 7-mode cavity. Such a design regains the other half of 
the shunt impedance and provides very efficient proton beam acceleration for 6 > 0.3. 

The high-( linac can also be operated as a traveling wave guide. There are divided 
into “constant gradient” and “constant impedance” structures (see Exercise 3.8.8). 
The accelerating cavities of a constant impedance structure are identical and the 
power attenuation along the linac is held constant. On the other hand, the geometry 
of accelerating cavities of a constant gradient structure are tapered to maintain a 
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constant accelerating field along the linac. The filling time for a traveling wave guide 
is Leay/Vg, Where Lay is the length of a cavity and vg is the group velocity. Typical 
group velocity is about 0.05c. Table 3.10 lists the properties of SLAC linac cavity, 
that is a constant gradient structure operating at a phase advance of 27/3. With a 
high peak power rf source, a traveling wave cavity can provide a high acceleration 
gradient for intense electron beams. 


G. High Order Modes (HOMs) 


So far we have discussed only the fundamental mode of a cavity. In reality, high 
order modes (HOMs) can be equally important in cavity design. Efforts are being 
made to design or invent new cavity geometries with damped HOMs or detuned and 
damped HOMs. Such efforts are instrumental for future linear colliders operating at 
high frequencies. 

These HOMs, particularly TMy,,-like modes, can affect the threshold current of 
a linac. When a beam is accelerated in cavities, it also generates long range and 
short range wakefields. A long range wake can affect trailing bunches, and a short 
range wake can cause a bunch tail to break up. These instabilities are called BBU 
(beam break up, or beam blow up) instabilities, observed first in 1957.8 The BBU isa 
transverse instability. Its threshold current can be increased by a quadrupole focusing 
system. It also depends strongly on the misalignment of accelerating structure and 
rf noise. Operation of the SLAC linac provides valuable information on transverse 
instability of intense linac beams.” 


VIII.4 Longitudinal Particle Dynamics in a Linac 


Phase focusing of charged particles by a sinusoidal rf wave provides longitudinal sta- 
bility in a linac. Let ts, Ys and W, be the time, rf phase, and energy of a synchronous 
particle, and let t, w, and W be the corresponding physical quantities for a non- 
synchronous particle. We define the synchrotron phase space coordinates as 


At=t-t, Av=v—-v,=wu(t-t,), AW=W-W,. (3.325) 
The accelerating electric field is 
E = Esin wt = Epsin(¢, + Ay), (3.326) 


where the coordinate s is chosen to coincide with the proper rf phase coordinate. The 
change of the phase coordinate is 


dAy dt dts 1 1 ij 
s| ae) Ta) eee 32 
=o (4 7) ed (- =) mos paxs W, (3.327) 


8T.R. Jarvis, G. Saxon, and M.C. Crowley-Milling, IEEE Trans. Nucl. Sci. NS-112, 9 (1965). 
See J.T. Seeman, p. 255 in Ref. [19]. 
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where v = ds/dt and vs = ds/dt; are the velocities of a particle and a synchronous 

particle, and the subscript s is used for physical quantities associated with a syn- 

chronous particle. This equation is in fact identical to Eq. (3.13), where w/c is 

equivalent to the harmonic number per unit length, AW/?E is the fractional mo- 

mentum spread, and —1/¥? is the equivalent phase slip factor. Since the momentum 

compaction in a linac is zero, the beam in a linac is always below transition energy. 
The energy gain from rf accelerating electric fields isë? 


dAW 
ae ey [sin(w, + Aw) — sin Ys] ~ e£o cosa, Ad. (3.328) 
The Hamiltonian for the synchrotron motion becomes 
=a 2 (d hin 
H= PETE (AW)? + e£o [cos(Ys + Ay) + Ay sin ys]. (3.329) 


Hereafter, 8, and y, are replaced by 8 and y for simplicity. The linearized synchrotron 
equation of motion is simple harmonic: 


AW 2 | eEgw COS Ws 
dE = =k AW, Ksyn = “me Bays” (3.330) 


where ksyn is the wave number of the synchrotron motion. For medium energy proton 
linacs, ksyn is about 0.1 to 0.01 m~}, which is equal to the wave number of transverse 
motion. Synchro-betatron coupling can be an important beam dynamics issue. For 
high energy electrons, ksyn ~ 1/ VP is small. The beam particles move rigidly in 
synchrotron phase space, and thus the synchronous phase angle is normally chosen 
as @; = 5, i.e. electron bunches are riding on top of the crest of the rf wave. The 
beam will get the maximum acceleration and a minimum energy spread. 

In contrast to synchrotrons, the linac usually do not have repetitive periodic struc- 
tures, the concept of synchrotron tune is not necessary. However, if there is a quasi- 
periodic external focusing structures such as periodic solenoidal focusing systems, 
FODO focusing systems, or periodic doublet focusing systems, etc., the synchrotron 
tune can be defined as the syn = keynL/(27), where L is the length of the periodic 
focusing system. Parametric synchrotron resonances can occur if MVsyn = l is sat- 
isfied, where m and £ are integers. Near a parametric synchrotron resonance, the 
longitudinal phase space will form islands as discussed in Sec. III. 


A. The capture condition in an electron linac with v, = c 


Since s/s changes rapidly in the first few sections of electron linac, the Hamiltonian 
contour is not a constant of motion. Tori of phase space ellipses form a golf-club-like 
’°Note that the convention of the rf phase used in the linac community differs from that of the 


storage ring community by a phase of 7/2. In this textbook, we use the rf phase convention of the 
storage ring community. 
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shape, shown in Fig. 3.3. This section will show that all captured particles ride on 
top of the rf wave. 

In an electron linac operating at a phase velocity equal to c, what happens to 
the injected electrons with velocities less than c? Let w be the phase angle between 
the wave and the particle. Assuming constant gradient acceleration, the electric field 
seen by the electron is Esin Y. Since the phase velocity and the particle velocity are 
different, the path length difference between the EM wave and the particle in time 
interval dt is ` d 2 

TC 
dl = (c — v)dt = a a > — 8), (3.331) 
where À = 27c/w is the rf wavelength, dé/A = dw/27, and 8 = v/c. The particle 
gains energy through the electric field, i.e. 


diymv) d B 
d dt | — BP 
where 8 = cos¢. Using the chain rule dw/dt = (dw/d¢)(d¢/dt), we can integrate the 
equation of motion to obtain 


dg 


; e&) . 
| = efo sin Y, or = —— sin Ysin? C, 
me 


ae 


Qrme? 
cos Ya — Cos Wy = —— jen 
e£o 2 


? _— 2mme (; — By 


1/2 
= = =Y inj .332 
1 e€or 1+ >) r (3 me ) 


where the indices 1 and 2 specify the injection and the captured condition respectively, 
and we have used {2 = 1 and the relation 


tan (¢/2) = ((1—cos¢)/(1 + cos¢))"? = [(1— B)/(L+ B)P? = 7- V7? = 1. 


The capture condition, Eq. (3.332), favors a linac with a higher acceleration gradient 
Eo. If Yinj = 1.5, particles within an initial phase —7/3 < pı < 7/3 will be captured 
inside the phase region m > Y2 > 27/3. If the factor Yin; = 1, all particles within 
—7/2 < pı < 7/2 will be captured into the region m > Y > 1/2. In particular, 
particles distributed within the range A > y, > —A will be captured into the range 
T/2 < pa < 7/2 + A?/2 (A « 1). For example, all injected beam with phase length 
20° will be compressed to a beam with a phase length 3.5° in the capture process. 

The capture efficiency and energy spread of the electron beam can be optimized 
by a prebuncher. A prebuncher is usually used to prebunch the electrons from a 
source, which can be thermionic or rf gun. We assume a thermionic gun with a DC 
gun voltage Vo, which is usually about 80-150 kV. Let the electric field and the gap 
width of the prebuncher be E sin(wt) and g. Electrons that arrive earlier are slowed 
and that arrive late are sped up. At a drift distance away from the prebuncher, 
the faster electrons catch up the slower ones. Thus electrons are prebunched into 
a smaller phase extension to be captured by the buncher and the main linac (see 
Exercise 3.8.9). All captured high energy electrons can ride on top of the crest of the 
rf wave in order to gain maximum energy from the rf electric field. 
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B. Energy spread of the beam 


In a multi-section linac, individual adjustment of each klystron phase can be used to 
make a bunch with phase length A ride on top of the rf crest, i.e. Ys = 3. The final 
energy spread of the beam becomes 


A ; 
= ] — cos eS. (3.333) 


This means that a beam with a phase spread of 0.1 rad will have an energy spread 
of about 0.13 %. Thus the injection match is important in minimizing the final 
energy spread of the beam. Other effects that can affect the beam energy are beam 
loading, wakefields, etc. A train of beam bunches extracts energy from the linac 
structure and, at the same time, the wakefield induced by the beam travels along at 
the group velocity. Until an equilibrium state is reached, the energies of individual 
beam bunches may vary. 


C. Synchrotron motion in proton linacs 


Since the speed of protons in linacs is not highly relativistic, the synchronous phase 
angle 7, can not be chosen as $. The synchrotron motion in ion linac is adiabatic. The 
longitudinal particle motion follows a torus of the Hamiltonian flow of Eq. (3.329). 
Table 3.11 lists bucket area and bucket height for longitudinal motion in proton linacs 
(see also Table 3.2 for comparison), where a» (Ys) and Y (ys) are running bucket factors 
shown in Eqs. (3.35) and (3.38). The rf phase region for stable particle motion can 
be obtained from wy, and a — Y identical to those in the second the third columns of 
Table 3.1. 


Table 3.11: Properties of rf bucket in conjugate phase space variables 


(Y, E CAN 
Bucket Area | 16 (zere) an(Ws) | 16 (2) An (Ws) 

1/2 : 1/2 
Bucket Height | 2 mel Pry eto Y (ws) | 2 a Y (ws) 


The equilibrium beam distribution must be a function of the Hamiltonian, i.e. 
p|H(AW/w, Aw)]. In small bunch approximation, the Hamiltonian becomes 


wW „AW 1 2 
Hec a O (3.334) 
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A Gaussian beam distribution with small bunch area becomes 


pS, Av) = ett, 


nonw ay 


aS | Ais -i — cos nye 
CAW/w = i 
= Ho _ Arms w? A 
Y MI e£ cos p Vr mc 3343 cE, cos Ys i 


where Ho is related to the thermal energy of the beam and the rms energy spread 
and bunch width are given by where Arms is the rms phase space area in (eVs), i.e 
Arms = TOAW/w0Au- The bunch length in r-coordinate is given by or = cay/w. 
Note that, for a constant phase space area Ams, we find caw ~ (wEo)'/4(8y7)*4, 
and a, ~ (w&)~/4(8y)~3/4. However, the fractional momentum spread will decrease 
when the beam energy is increased: 


(3.335) 


(3.336) 


TAp/p = 


Aris (= cos =) ale 


T mc Bry 


Examples for beam properties in the Fermilab DTL linac and SNS linacs are available 
in Exercises 3.8.3 and 3.8.10 respectively. 


VIII.5 Transverse Beam Dynamics in a Linac 


Figure 3.50 shows the electric field lines between electrodes in an acceleration gap, e.g., 
the drift tubes of an Alvarez linac or the irises of a high- linac. In an electrostatic 
accelerator, the constant field strength gives rise to a global focusing effect because 
the particle at the end of the gap has more energy so that the defocusing force is 
weaker. This has been exploited in the design of DC accelerators such as the Van de 
Graaff or Cockcroft-Walton accelerators. 


Figure 3.50: A schematic drawing of electric field lines between 
electrodes of acceleration cavities. Note that the converging field 


lines contribute to a focusing effect in electrostatic accelerators. 

ML SW For rf accelerators, the field at the exit end increases with time so 
a that the defocusing effect due to the diverging field lines is larger 
wer rr than the focusing effect at the entrance end of the cavity gap. E.O. 
Lawrence placed a screen at the end of the cavity gap to straighten 


the electric field line. The screen produces a focusing force, but 
unfortunately it also causes nuclear and Coulomb scattering. 


For rf linear accelerators, phase stability requires 7/2 > p, > 0 (below transition 
energy), and field strength increases with time during the passage of a particle. Thus 
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the defocusing force experienced by the particle at the exit end of the gap is stronger 
than the focusing force at the entrance of the gap. 
Using Eq. (3.310), the EM field of TMoio mode is 


E,=Ejsinw, E,= +56 cosy, By = +5560 cos W, (3.337) 


where Y = (wt —w f ds/ Up) . The transverse force on particle motion is 


d(ymr) erweg VU =v |elwegcosy 
= +ek, — evByg = +—— = oe 

dt i is 2Up d= Ce gs TOS 2By2c 
For a relativistic particle with y >> 1, the transverse defocusing force is highly re- 
duced because the transverse electric force and the magnetic force cancel each other. 


Assuming a zero defocusing force, Eq. (3.338) becomes 


(3.338) 


De. 0 or ae =0 => — = constant = yog. (3.339) 
dt ds'ds ds 0 
Assuming y = yo + y's, where y’ = dy/ds, we obtain 
Yo Y 1 
L— 2% =(= hn } a. 3.340 
o= (Bm2) a (3.340) 


Thus the orbit displacement increases only logarithmically with distance along a 
linac (Lorentz contraction), if no other external force acts on the particle. In reality 
quadrupoles are needed to focus the beam to achieve good transmission efficiency and 
emittance control in a linac. 

Transverse particle motion in the presence of quadrupole elements is identical to 
that of betatron motion. The linear betatron equation of motion is given by 


2 2 


sault,s) + Ka(s)z(t, s) = 0, L e, s) + Kls)2lt s) =0, (3.341) 


where K,(s) and K,(s) are focusing functions. Since there is no repetitive focusing 
elements, the betatron motion in linac is an initial value problem. It should be 
designed from a known initial or desired betatron amplitude function and matched 
through the linac. A mismatched linac will produce quadrupole mode oscillations 
along the linac structure. 
In smooth approximation, the linear betatron motion can be described by 
2 

ult s) + k?(s)y(t, s)=0, (3.342) 
where y is used to represent either x or z, and ky is the wave number. Since there 
is no apparent periodic structure, the concept of betatron tune is not necessary. 
However, many linacs employ periodic focusing systems. In this case, one can define 
the betatron tune per period as vy = k,L/2m, where L is the length of a period. 
Betatron resonances may occur when the condition mv, + nv, = ¢ is satisfied, where 
m,n, and £ are integers. Furthermore, synchrobetatron resonances may occur when 
the condition mv, + nv, + lVsyn = £ is satisfied, where / is also an integer. 
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Wakefield and beam break up instabilities 


Applying the Panofsky-Wenzel theorem [29], we find the transverse force: 


a > 4 
vi fas Fi, = z | Fi, s= fos VLF = VLEs. (3.343) 


Thus the transverse force on a charged particle is related to the transverse depen- 
dence of the longitudinal electric field; it vanishes if the longitudinal electric field 
is independent of the transverse positions. This is the basic driving mechanism of 
synchro-betatron coupling resonances.*! Since TE modes have zero longitudinal elec- 
tric field, its effect on the transverse motion vanishes as well. Thus we are most 
concerned with HOMs of the TM waves. These HOMs are also called wakefields. 
The design of cavities that minimize long range wakefields is an important task in 
NLC research.*? 
In the presence of a wakefield, the equation of motion is [5] 
a? D An ro ane oe is a 
gart s) + k(t, sje(t, s) = a5 / dtp(t)W_(t — t)a(t, s), (3.344) 
where t describes the longitudinal position of a particle, s is the longitudinal coordi- 
nate along the accelerator, x(t, s) is the transverse coordinate of the particle, k(t, s) 
is the betatron wave number (also called the focusing function), p(t) is the density 
of particle distribution, and W(t’ — t) is the transverse wake function. Detailed 
properties of the wake function and its relation to the impedance and the transverse 
force can be found in Ref. [5]. We will examine its implications on particle motion in 
a simple macro-particle model. 
We divide an intense bunch into two macro-particles separated by a distance 
L = 2o0,. Each macro-particle represents half of the bunch charge. They travel at the 
speed of light c. The equation of motion in the smoothed focusing approximation is 


xi + kia =0, (3.345) 
e?NW, (4) 


ay + k?z = 5P 


Tı = Gry, (3.346) 
where eN/2 is the charge of the leading macro-particle, zı and x2 are transverse 
displacements, W1 (£) is the wake function evaluated at the position of the trailing 
particle, and kı and ky are betatron wave numbers for these two macro-particles. 

If, for some reason, the leading particle begins betatron oscillation; the trailing 
particle can be resonantly excited, i.e. 


a = sinks, 


81See e.g., S.Y. Lee, Phys. Rev. E49, 5706 (1994). 
82See R. Ruth, p. 562 in Ref. [19]. 
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tg = p sin kas + Be (sin kis — F sin tas) ; 
Ae p G 
> ĉ sinks + ĉ (| Ak — zg ) 808 kıs, (3.347) 
1 


where Ak = kə — kı. In the limit Ak — 0, The amplitude of the trailing particles 
can grow linearly with s. This is the essence of BBU instability. If the beam bunch is 
subdivided into many macro-particles, one would observe nonlinear growth for trailing 
particles.8 

An interesting and effective method to alleviate the beam break up instabilities is 
BNS damping.** If the betatron wave number for the trailing particle is higher than 
that for the leading particle by 


G _ e? NW (4 


a 23% 4ER 


(3.348) 


the linear growth term in Eq. (3.347) vanishes. This means that the dipole kick 
due to the wakefield is exactly canceled by the extra focusing force. The bunch will 
perform rigid coherent betatron oscillations without altering its shape. Note that 
BNS damping depends on the beam current. 

The BNS damping of Eq. (3.348) can be achieved either by applying rf quadrupole 
field across the bunch length or by lowering the energy of trailing particles. The SLC 
linac uses the latter method by accelerating the bunch behind the rf crest early in the 
linac, and then ahead of the rf crest downstream, to restore the energy spread at the 
end of the linac. Since the average focusing function is related to the energy spread 
by the chromaticity 

sal oes (3.349) 
kı 
and the chromaticity C, ~ —1 for FODO cells, the energy spread is equivalent to a 
spread in focusing strength. This method can also be used to provide BNS damping. 
It is also worth pointing out that the smooth focusing approximation of Eq. (3.345) 
provides a good approximation for the description of particle motion in a linac. 


Exercise 3.8 


1. Show that the phase shifts per cell for the CEBAF and SLAC linac cavities listed in 
Table 3.10 are kd = m and 27/3 respectively. 


83Including beam acceleration, the amplitude will grow logarithmically with energy (distance), as 
in Eq. (3.340) [5]. 
šV. Balakin, A. Novokhatsky, and V. Smirnov, Proc. 12th HEACC, p. 119 (1983). 
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2. Show that the peak rf magnetic flux density on the inner surface of a pillbox cylindrical 
cavity in TMo19 mode is 


By © > E or By [T] ~ 50x 10-4 £ [MV/m], 
0 


where Zo = poc is the impedance of the vacuum. 


3. In an Alvarez linac, the longitudinal equations of motion (3.327) and (3.328) can be 
expressed as mapping equations: 


Leenw 
AYn+1 = An ai mopy AEn, 


AEn+1 a AEn + eV cos Ws Avni, 


where Yn, AEn are the synchrotron phase space coordinates at the nth cell, Leen is 
the length of the drift tube cell, and eV is the energy gain in this cell. 


(a) 


Using the Courant-Snyder formalism, we can derive the amplitude function 
for synchrotron motion similar to that for betatron motion. Show that the 
synchrotron phase advance per cell is 


B. — 2 arcsi TeV cos Ws 1/2 
syn = 2 arcsin 207E 


where E = yme? is the beam energy, Eav = V/Lce is the average acceleration 
field, \ is the rf wave length, and w, is the synchronous phase. 


Using the table below, calculate the synchrotron phase advance per cell for the 
first and last cells of cavities 1 and 2, where the synchronous phase is chosen to 
be cos ws = 1/2. Estimate the total synchrotron phase advance in a cavity. 


Fermilab Alvarez linac 


Cavity Number 1 2 
Proton energy in (MeV) 0.75 10.42 
Proton energy out (MeV) 10.42 37.54 
Cavity length (m) 7.44 19.02 
Cell length (cm) (first /last) 6.04/21.8 | 22.2/40.8 
Average field gradient (MV/m) (first/last) | 1.60/2.30 2.0 
Average gap field (MV/m) (first /last) 7.62/7.45 | 10.0/6.45 
Transit time factor (first /last) 0.64/0.81 | 0.86/0.81 
Number of cells 55 59 


4. In a resonance circuit, Q is expressed as 


sw 2 wh stored energy 


== — — 2 g 
Q ERI 2 R T energy dissipation per period’ 


where w = (LC) "2. The energy stored in the cavity volume is 


Wa=F f HsPav =§ f epav. 
2 V 2 V 
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The power loss in the wall is obtained from the wall current, 


1 be 
Py= 5 | BelHPas = maa f |H|2a8, 


where R, = 1/o6skin is the surface resistance,” óskin = \/2/pow is the skin depth, 
and ø is the conductivity. The total energy loss in one period becomes 


2 Oski 
AW = P= Teaia f |H|?d5. 
w S 
(a) Using the identity fÈ J?(krr)2nrdr = nb? J? (kpb), show that the quality factor 
for a pillbox cavity at TMo19 mode is 


g= 2fyl\HPdV — d b —— 24052 
Oskin Js |H|?2dS Oskin d +b 2R,(1 + b/d)’ 


where b and d are the radius and length of a cavity cell, Rs is the surface resis- 
tivity, and Z = 1/uoc ~ 3772. The Q-factor depends essentially on geometry 


of the cavity. Since dgkin ~ w™!/2, we find Q ~ wt!/2, Find the Q-value for the 
SLAC copper cavity at f = 2.856 GHz. 


(b) Show that the shunt impedance is 


Zed? PR QW ft 


Heh = Fab(b+ a ~ abd) F(b,b) 


= 0.4lwp, 


where k,.b = 2.405. Note here that the shunt impedance behaves like rsh ~ w!/2, 


At higher frequencies, the shunt impedance is more favorable; however, the 
diameter of the cavity will also be smaller, which may limit the beam aperture. 


5. The average power flowing through a transverse cross-section of a wave guide is 
1 
P= 3 E Lx A dS 


where only transverse components of the field contribute. For TM mode, The energy 
stored in the electric and magnetic fields are 


EL X 1 fk, 
aw Ps d 
Hi Oe zz J lea j 


_H 240 _ E k? 2 
Wat, m = £ fin ds — izza J E dS 
Wst = Wst,m + Wst,e = 2Wst,m- 


85In the limit that the mean free path £ of conduction electrons is much larger than the skin 
depth ôskin, the surface resistance becomes Rs = (8/9)(V3u2w?4/167r0)!/3. Since the conductivity 
is proportional to the mean free path £, the resulting surface resistance is independent of the mean 
free path, and is proportional to w?/3. There is little advantage to operating copper cavities at very 
low temperature. See G.E.H. Reuter and E.H. Sonderheimer, Proc. Roy. Soc. A195, 336 (1984). 
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(a) 
(b) 


Show that the energy flow, defined by ve = P/Wet, is Ve = Bc/k. 
Verify that vg = dw/dß = ve. 


6. The disk-loaded linac acceleration structure can be modeled by LC resonant circuits 
coupled with capacitors 2C, shown in the figure below. The model describes only 
the qualitative narrowband properties of a loaded wave guide. Thus the equivalent 
circuit does not imply that a coupled resonator accurately represents a disk loaded 
structure. In the limit of large Cp, these resonators are uncoupled, which corresponds 
to a pillbox without holes, or equivalently, a small beam hole in a pillbox cavity 
corresponds to Cp > Cs. 


(a) 


(b) 


Cc 
elite ce a 
1 i | T 1 
In-1 In In+1 
TOS e e | 
L L L 


Applying Kirchoff’s law, show that 


C 7 
inti — 2cos(kd) in +in-1 =0, cos(kd) = 1+ a — w?CpL. 


S 


Show that the solution of the above equation is 


, + j|[nkd. 
in = e*il +x0] n=0,1,2,--°. 


We identify kd as the phase advance per cell, and k as the wave number. Show 
that the frequency is 

w? = we [1 + «(1 — cos kd)], 
where wo = 1//LC, is the natural frequency without coupling at kd = 0, and 
K = Cs/Cp is the coupling constant between neighboring cavities. 


Show that the condition for an unattenuated traveling wave is wọ < w < wr, 


where 1/2 
C; Cs 
= 1+2— N 1+— 
i vo ( 7 a vo ( +e) 


is the resonance frequency at phase advance kd = m. Draw the dispersion curve 
of w vs k. In a realistic cavity, there are higher frequency modes, which give rise 
to another passband (see Fig. 3.45). 


Find k such that the phase velocity vp = c. 


) Cavities can also be magnetically coupled. The magnetically coupled-cavity 


chain can be modeled by replacing 2Cp in the LC circuit with L,/2. Show that 
the dispersion curve of a magnetically coupled cavity is 


wa = w? [1 + «(1 — cos ka)], 


where wo = 1/V LC; is the natural frequency without coupling at kd = 0, and 
K = Lp/L is the coupling constant between neighboring cavities. Discuss the 
differences between the electric and magnetic coupled cavities. 
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7. Using Eq. (3.318), the electric field of a standing wave rf cavity structure that consists 
of N cells is 
Es = Eo cos ks coswt, 


where s € [0, Nd] is the longitudinal coordinate, k is the wave number, d is the cell 

length of one period, and w is the frequency. The resonance condition is 
kd=mr/N, m=0,1,-,N, 

where kd is the rf phase advance per cell. 


(a) For a particle traveling at velocity v, show that the total voltage gain in passing 
through the cavity is 


sin (k — (w/v))Nd sin (k + (w/v))Nd 


1 
aaa déo (k — (w/v))Nd (k + (w/v))Nd 


Show that the energy gain is maximum when the phase velocity k/w is equal 
to the particle velocity v. Show that the maximum voltage gain of the standing 
wave is (AV) max = Nd&/2, i.e. the energy gain of a standing wave structure 
is only 1/2 that of an equivalent traveling wave structure. 


(b) For a sinusoidal electric field, the power consumed in one cell is 
|Eod|?/2Reh cen; 


where Reh ceil is the shunt impedance per cell for the traveling wave. For an rf 
structure composed of N cells, the power is 


Fa = N|Eod|?/2Reh,ce- 


Using the definition of shunt impedance, show that the shunt impedance of a 
standing wave rf structure is 


1 
Rsh = gN Rsh,cell: 


Thus the shunt impedance for a standing wave structure is equal to 1/2 that of 
an equivalent traveling wave structure.®® 


8. There are two types of traveling wave structures. A constant impedance structure 
has a uniform multi-cell structure so that the impedance is constant and the power 
decays exponentially along the structure. A constant gradient structure is tapered so 
that the longitudinal electric field is kept constant. The electric field is related to the 
shunt impedance per unit length by [see Eq. (3.305)] 

dPa 


e= =r 2a rsh Pals) where a= 


1 dP 
2Py ds í 


The total energy gain for an electron in a linac of length L is 


L 
AB =e | Eds. 
0 


86The above calculation for voltage gain in the cavity structure is not applicable for an standing 
wave structure with kd = 0 and 7, where two space harmonics contribute to the electric field so that 
Es = 2& cosks coswt. This means that the voltage gain in the rf structure is AV = Nd&, and the 
shunt impedance is Rsh = N Rsh,cel- 
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(a) In a constant impedance structure, show that the energy gain is 
—aL 
yon e =. 


AE(L) = eL(2rgn Poa) T 
a 


where P is the power at the input point. 


(b) Assuming that rs, and Q are nearly constant in a constant gradient structure, 
show that 


P= P (1 Z Ža = ga , 


where T = i a(s)ds. The group velocity is equal to the velocity of energy flow. 
Show that the group velocity of a constant gradient structure [see Eq. (3.307)| 
and the energy gain are 


Ug = wh (1 — Ža — a") (QU. - acd \ ie ; 
AE = cEL = ey Porsa L (1 — e727). 


9. The design of the 2 MW spallation neutron source uses a chain of linacs composed of 
ion source, RFQ, DTL, CCL, and SCL to accelerate 2.08 x 10! particles per pulse 
at 60 Hz repetition rate. An accumulator compresses the 1 ms linac pulse into a 695 
ns high intensity beam pulse with 250 ns beam gap. The following table lists linac 
and beam parameters. Calculate the longitudinal bucket and bunch areas in (eVs). 
Compare the rms bunch length in (ns) and in (m) with the rms transverse beam size 
at exit points of linacs. Each microbunch has about Ng = 8.70 x 10° protons, what 
is the longitudinal brightness of the beam in number of particles per (eVs)? 


RFQ DTL | CCL | SRFL 


L (m) length of the structure 3.723 38.7 55.12 | 206.812 
fre (MHz) 402.5 | 402.5 | 805 805 
Ws (differ from linac convention by —7/2) | 60° 45-65° | 60-62° | 20° 
EoT (MV/m) 3.0 3.37 10.6 
KEinj (MeV) 0.065 | 2.5 86.8 185 
KEext (MeV) 2.5 86.8 185 1001.5 
«| (7-MeV-deg) emittance at exit point 0.108 - - 0.60 
c1 (t-mm-mrad) emittance at exit point | 0.21 - - 0.45 
oaw (MeV) 0.0092 0.33 


Abucket (eVs) at injection energy 
Arms (eVs) 


a, (ns) 
ksyn (m+) 
Byjz at exit (m) 0.2/0.2 | - - 10.1/5.3 


10. A prebuncher is usually used to prebunch the electrons from a source, which can be 
thermionic or rf gun. We assume a thermionic gun with a DC gun voltage Vo, which 
is usually about 80-150 kV. Let the electric field and the gap width of the prebuncher 
be Esin(wt) and g. Electrons that arrive earlier are slowed and that arrive late are 
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sped up. At a drift distance away from the prebuncher, the faster electrons catch up 
the slower electrons. Thus electrons are prebunched into a smaller phase extension 
to be captured by the buncher and the main linac. Assuming a small prebuncher gap 
with Vi = Eg < Vo, find the drift distance as a function of the Vo and Vj. Discuss 
the efficiency of prebunching as a function of relevant parameters. 


2021 © The Author(s). This is an Open Access chapter published by World Scientific Publishing Company, 
licensed under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0). 
https://doi.org/10.1142/9789813274686_0004 


Chapter 4 


Physics of Electron Storage Rings 


Accelerated charged particles, particularly electrons in a circular orbit, radiate elec- 
tromagnetic energy. As far back in 1898, Liénard derived an expression for elec- 
tromagnetic radiation in a circular orbit. Modern synchrotron radiation theory was 
formulated by many physicists; in particular, its foundation was laid by J. Schwinger. 
Some of his many important results are summarized below: 


e The angular distribution of synchrotron radiation is sharply peaked in the di- 
rection of the electron’s velocity vector within an angular width of 1/7, where 
y is the relativistic energy factor. The radiation is plane polarized on the plane 
of the electron’s orbit, and elliptically polarized outside this plane. 


e The radiation spans a continuous spectrum. The power spectrum produced 
by a high energy electron extends to a critical frequency we = 37°w./2, where 
wp = c/p is the cyclotron frequency for electron moving at the speed of light.? 


e Quantum mechanical correction becomes important when the critical energy of 
the radiated photon, hw, = hey? /p, is comparable to E = ymc’, or at the elec- 
tron beam energy mc?(mcp/h)'/? = 10° TeV. The beamstrahlung parameter, 
defined as T = 2hiwe /E, is a measure of the importance of quantum mechanical 
effects. 


Shortly after the first observation of synchrotron radiation at the General Electric 
70 MeV synchrotron in 1947,? applications of this radiation were contemplated.* The 


1J. Schwinger, Phys. Rev. 70, 798 (1946); 75, 1912 (1949); Proc. Nat. Acad. Sci. 40, 132 
(1954). 

2D.H. Tomboulin and P.L. Hartman experimentally verified that electrons at high energy (70 
MeV then) could emit extreme ultraviolet (XUV) photons; Phys. Rev. 102, 1423 (1956). 

3F.R. Elder et al., Phys. Rev. 71, 829 (1947); ibid. 74, 52 (1948); J. Appl. Phys. 18, 810 (1947). 

4R.P. Madden and K. Codling at the National Bureau of Standards were the first to apply 
synchrotron radiation to the study of atomic physics. See Phys. Rev. Lett. 10, 516 (1963); J. Appl. 
Phys. 36, 380 (1965). 
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first dedicated synchrotron radiation source, Tantalus at the University of Wisconsin, 
was commissioned in 1968.° Today, nearly a hundred light sources are distributed in 
almost all continents. Applications of synchrotron radiation include surface physics, 
condensed matter physics, biochemistry, medical research, advanced manufacturing 
processes, etc. 


A. Basic properties of synchrotron radiation from electrons 


According to Larmor’s theorem, the instantaneous radiated power from an accelerated 


electron is ; ns 
ee 267%? _ 2ro (dp dp . (4.1) 
4Teo 3c3 3mc \dt dt 


where ù is the acceleration rate and rọ = e7/4me gmc? is the classical radius of the 


electron. The relativistic generalization of Larmor’s formula (obtained by Liénard in 


1898) is 
pe ee) 
3mc \ dr dr 3mc | \ dr dr 
where the proper-time element dr = dt/y, and p, = (po, p) is the 4-momentum 


vector. In Sec. I.2 we will show that the power radiated from a circular orbit of a 
highly relativistic charged particle is much higher than that from a linear accelerator, 


i.e. 
dp) _ 
dr 


where w is the angular cyclotron frequency. 
The radiation power arising from circular motion is 


(4.2) 


1 dE 
qwl|p | > oar (4.3) 


2o + eat. 2 doe eee Pee 5 
P= = — IF e = ——C Meg EB’, 4.4 
ma aga! = YP On ee) 
where F, = w|p| = evB is the transverse force,® v = Bc is the speed of the particle, 


B is the magnetic field of the bending dipole, p is the local radius of curvature, and 


ae 8.846 x 10-° m/(GeV)? for electrons 
Cy = E > z = 4 4.840 x 107 m/(GeV)? for muons (4.5) 
(me) 7.783 x 10718 m/(GeV)? for protons. 


5See e.g. G. Margaritondo, The evolution of a dedicated synchrotron light source, Phys. Today 
61, 37 (2008); D. W. Lynch, J. Synchrotron Rad. 4, 334 (1997). 

SIn other applications, the velocity v is the component perpendicular to the magnetic field, Le, 
v = vı. Since (vi) = 20", the power of apne eee radiation is (P) = ZP = = fo~UraaB” 7, 
where P is the power given by Eq. (4.4), or = irra is the Thomson scattering cross-section, 
Uaa = B? /(2po) is the radiation energy density. 
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The energy radiated from the particle with nominal energy Ep in one revolution is 


Ge dag CBSE [7R ds 
= 2 3 p4 a MGR 20 
Uo = f pat = 0,8 ERa) = f Be (4.6) 


where R is the average radius. For an isomagnetic ring with constant field strength 
in all dipoles, the energy loss per revolution and the average radiation power become 


_ Uy _ CyB EA 


BES _ OCA 
o To 2nRp 


Uy =C, = 


By, AP) (4.7) 
where Zo = uoc = 3770 is the vacuum impedance, e?°cZo œ 18.1 x 107° eV-m, and 
To = 2r R/ Gc is the orbital revolution period. 

Because the power of synchrotron radiation is proportional to E*/p?, and the 
beam is compensated on average by the longitudinal electric field, the longitudinal 
motion is damped. This natural damping produces high brightness electron beams, 
whose applications include ete™ colliders for nuclear and particle physics, and electron 
storage rings for generating synchrotron light and free electron lasers for research in 
condensed matter physics, biology, medicine and material applications. 


B. Synchrotron radiation sources 
The brilliance of the photon beam is defined as 


din diNya 


= dtd AdS (AAJA)  dto,0y0,0y(dA/2) 


(4.8) 
in units of photons/(s mm?-mrad? 0.1% of bandwidth). Neglecting the optical diffrac- 
tion, the product of the solid angle and the spot size dQdS = 0,0,020. is propor- 
tional to the product of electron beam emittances ¢,¢,. Therefore a high brilliance 
photon source demands a high brightness electron beam with small electron beam 
emittances. Furthermore, a beam with short bunch length can also be important in 
time resolved experiments. Using the synchrotron radiation generated from the stor- 
age rings, one can obtain a wide frequency span tunable high brilliance monochromatic 
photon source. 

Synchrotron radiation sources are generally classified into generations. A first gen- 
eration light source parasitically utilizes synchrotron radiation in an electron storage 
ring built mainly for high energy physics research. Some examples are SPEAR at 
SLAC, and CHESS in CESR at Cornell University. A second generation light source 
corresponds to a storage ring dedicated to synchrotron light production, where the 
lattice design is optimized to achieve minimum emittance for high brightness beam 
operation. In Secs. II and III we will show that the natural emittance of an electron 
beam is enat = FCyy70?/IJx, where C} = 3.83 x 10-8 m, J ~ 1 is a damping par- 
tition number, and @ is the bending angle of one half period. The factor F can be 
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optimized in different lattice designs. A third generation light source employs high 
brightness electron beams and insertion devices such as wigglers or undulators to op- 
timize photon brilliance, mostly about 10% photons/|s (mm-mrad)? 0.1% bandwidth], 
which is about five to six orders higher than that generated in dipoles, or about ten 
order higher than the brilliance of X-ray tubes. Using long undulators in long straight 
sections of a collider ring, a few first generation light sources can provide photon beam 
brilliance equal to that of third generation light sources. Table 4.1 lists some machine 
parameters of the advanced light source (ALS) at LBNL and the advanced photon 
source (APS) at ANL. 

The widely discussed “fourth” generation light source is dedicated to the coherent 
production of X-rays and free electron lasers at a brilliance at least a few orders higher 
than that produced in third generation light sources.’ 


Table 4.1: Properties of some electron storage rings. 
Colliders Light Sources 

BEPC | CESR | LER(et) | HER(e~) | LEP APS | ALS 
E [GeV] 2:2 6 3.1 9 55 7 1.5 
Vy 5.8 9.38 32.28 25.28 76.2 35.22 | 14.28 
Vz 6.8 9.36 35.18 24.18 70.2 14.3 8.18 
p [m] 10.35 |60 30.6 165.0 3096.2 | 38.96 | 4.01 
a [x107] 400 152 14.9 24.4 3.866 2.374 | 14.3 
C [m] 240.4 | 768.4 | 2199.3 2199.3 26658.9 | 1104 | 196.8 
h 160 1281 | 3492 3492 31320 |1296 | 328 
frs [MHz] 199.5 | 499.8 | 476 476 352.2 352.96 | 499.65 
Vs 0.016 | 0.064 | 0.034 0.0522 0.085 0.006 | 0.0082 
SE [x10] 4.0 6.3 9.5 6.1 8.4 10 7.1 
A [x10~4eV-s] | 3.5 72 3.1 5.7 78. 4.1 0.43 
€x [nm] 450 240 64 48 51 3.1 4.8 
€z [nm] 35 8 3.86 1.93 0.51 0.045 | 0.48 


TM. Cornacchia and H. Winick, eds., Proc. Fourth Generation Light Sources, SSRL 92/02 (1992); 
J.L. Laclare, ed., Proc. Fourth Generation Light Sources, ESRF report (1996). 
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I Fields of a Moving Charged Particle 


Let Z'(t') be the position of an electron at time ¢’ and let 7 be the position of the 
observer with R(t) = Z — Z'(t') (Fig. 4.1). The electromagnetic signal, emitted by 
the electron at time t and traveling on a straight path, will arrive at the observer at 
time ; 
t=ť + aa (4.9) 
c 
where R(t’) = |Z — #"|; t is called the retarded time or the emitter time; and t is the 
observer time. The motion of the electron is specified by #’(t’) with 


R(t!) P 


Figure 4.1: Schematic drawing of the coordi- 
nates of synchrotron radiation emitted from 
a moving charge. Here t’ is the retarded time. 
X(t’) The unit vector along the line joining the 
point of emission and the observation point 

; P is à = R(t’)/R(t’). 


The retarded scalar and vector potentials (4-potential) due to a moving point 
charge are 


pt. i PPI D R n 
A, (&, t) = iJ ô(t + T = t) d T dt, 


= al od ! me t)dt', a) 


where J (2, t) = ec6,0(z' — r(t’)) is the current density of the point charge with 
By = (8 /c,1), and r(t’) is the orbiting path of the charge particle. The delta func- 
tion in Eq. (4.10) is needed to ensure the retarded condition. With the identity 
J Fo(f(t’))dt’ = F/|df /dt|, the scalar and vector potentials become 


1 3 B 
D(x, t) = i a , A(z, t) = = ss , (4.11) 
4TEo KR lret Atregc KR lret 
maa dt 1dR 
Cag ge — 


where ù = R/R = VR. 
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The electric and magnetic fields are Ë = —V® — aA/ot and B = V x A. Using 
the identity V > VRE = rn, we obtain 


OR? 
= x hw n t) 4 BA ! í jat! 
~ o Sears _ (4.13) 
B = a fax dl wilt! | t) 4 =i í t)]ať' 
= a r — = a a (4.14) 


Since the time derivative of the vector 7 is equal to the ratio of the vector v, to R 


o : 
= = ‘ 4.1 
cdt! R R i wan 
we obtain 
zn e |à- ùdi 1idŽ 
Bt) Arey | K27R2 ` ced KR cKdt'KR = (416) 
3 e B l d B 
B(e,t)= t fì ; 4.1 
n ATEC (aie cK dt! 5) x | ; (e1) 


Note that the magnetic field is in fact related to the electric field by B = (1/c)Ax Ë, 
a feature common to all electromagnetic radiation in free space. Thus it suffices to 
calculate only the electric radiation field. Using the relations 


ai, Boag LB pga- 


ù- f, (4.18) 
we obtain the electric field as 


à- p 


y2 K3 R2 


E(z,t) = < 


e n ` = 4 
= Trg + Tret E x (( = ) x ) Š (4.19) 
t 


rel 


The flux, defined as the energy passing through a unit area per unit time at the 
observer location, is the Poynting vector 


DÀ. (4.20) 
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The total power radiated by the particle is 


dP | 
dQ 


Note here that the electric field in Eq. (4.19) is composed of two terms. The first 
term, which is proportional to 1/R?, is a static field pointing away from the charge at 
time t. This field can be transformed into an electrostatic electric field by performing 
a Lorentz transformation into a frame in which the charge is at rest. The total energy 
from this term is zero. 

The second term, related to the acceleration of the charged particle, is the radia- 
tion field, which is proportional to 1/R. Both E and B radiation fields are transverse 
to ñ and are proportional to 1/R. 


ere: > 
(à - S)R? i = KR? E|. (4.21) 


I.1 Non-relativistic Reduction 


When the velocity of the particle is small, the radiation field, the Poynting’s vector 
(energy flux), and the power radiated per unit solid angle are 


S NENS SEE ee f | 
— e nx (ù x b) g-lgxğ- a 
Aregc R ilo ie 
dP 1 ; o2 . e 
o ee hx (À 2 — isin? O, (4.22 
dQ me | Bra x (A x )| raa i’ sin ©, (4.22) 


where © is the angle between vectors ù and B, Le. ù x B = 5 |sin ©. Integration over 
all angles gives the same total radiated power as Larmor’s formula of Eq. (4.1). 


I.2 Radiation Field for Particles at Relativistic Velocities 


For particles at relativistic velocity, the Poynting’s vector becomes 


+ | eMC ily . 2s . = 9 
n= Te [rp (@-B)x e) (4.23) 
The total energy of radiation during the time between T} and T is 
Tot+(R2/c) "=o gt 
W = (S - ù)dt i (S - à) dt. (4.24) 
T1+(Ri/c) Y-T dt 


Thus the power radiated per unit solid angle in retarded time is 


(4.25) 
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There are two important relativistic effects on the the electromagnetic radiation. 
The first arises from the denominator with k = 1— ñ- B . Note that the instantaneous 
radiation power is proportional to 1/«°, where « = dt/dt' is the ratio of the observer's 
time to the electron’s radiation time. At relativistic energies, we have 


2 


ESTO (4.26) 


1 ~~ 
= 
where @ is the angle between the radiation direction ù and the velocity vector B. 
Since the angular distribution is proportional to 1/«°, the radiation from a relativistic 
particle is sharply peaked at the forward angle within an angular cone of 6 ~ 1/7. 
The second relativistic effect is the squeeze of the observer’s time: dt = kdt ~ 
dt’ /?. When the observer is in the direction of the electron’s velocity vector within an 
angle of 1/y, the time interval of the electromagnetic radiation dt’ of the electron ap- 
pears to the observer squeezed into a much shorter time interval because a relativistic 
electron follows very closely behind the photons it emitted at an earlier time. Thus 
photons emitted at later times follow closely behind those emitted earlier. Therefore 
it appears to the observer that the time is squeezed. The resulting wavelength of the 
observed radiation is shortened or, equivalently, the energy of the photon is enhanced. 


Example 1: linac 


In a linear accelerator, B is parallel to B. . The angular distribution of the electromag- 
netic radiation is 
dP(t') — remew? sin? O 


= ———_—§|_— 4.2 
dQ 4r (1 — 8cos®)>’ Goad) 
where © is the angle between ù and 5 . The maximum of the angular distribution is 
located at 
1 1 
Omax = cos! ES + 156? — 1) >y (4.28) 
y 
The rms of the angular distribution is also (6?)!/? = 1/7. The integrated power is 
dP 1 26246? e dp, \* 
P(t) = dQ = — = E 4.29 
0) f dQ 4rey 303 6re9m?c3 ( dt ) ey 
dp, 3, AE 
wo ee 


Here AE/As is the energy gain per unit length, typically, about 20 MeV/m in the 
SLAC linac, and 25 to 100 MV/m in future linear colliders. 
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Example 2: Radiation from circular motion 


When the charged particle is executing circular motion due to a transverse magnetic 


field, B is perpendicular to B. Figure 4.2 shows the coordinate system (see Exercise 
4.1.3). The power per unit solid angle is 


dP eù? 1 sin? © cos? ® 
dQ 16r?eo (1 — £ cos O)’ 7?(1 — $ cos O)? 
ei? e 1 E 4770? cos? ® . (4.30) 
Irene! (147202) (+7262) 


where ù = 6?c?/p, and p is the bending radius. Therefore the radiation is also confined 
to a cone of angular width of (6?)'/? ~ 1/y. The total radiated power is obtained by 
integrating the power over the solid angle, i.e. 


dP 2e? dp a 
P(t) = dQ = ers 4.31 
(t) la Greed ( ze) ? (esU 
d Zinn 
— Sn =a TABT, M. 
p 


Comparing Eq. (4.31) with Eq. (4.29), we find that the radiation from circular motion 
is at least a factor of 27? larger than that from longitudinal acceleration. 


x(t’) “Pp 


Figure 4.2: The coordinate system for syn- 
chrotron radiation from the circular motion 
of a charged particle. 


I.3 Frequency and Angular Distribution 


The synchrotron radiation from an accelerated charged particle consists of contribu- 
tions from the components of acceleration parallel and perpendicular to the velocity. 
Since the radiation from the parallel component has been shown to be 1/7? smaller 
than that from the perpendicular component, it can be neglected. In other words, the 
radiation emitted by a charged particle in an arbitrary extremely relativistic motion 
is about the same as that emitted by a particle moving instantaneously along the 
arc of a circular path. In this case, the acceleration ù, is related to the radius of 
curvature p by ù, = v?/p = c?/p. 

The angular distribution given by Eq. (4.25) has an angular width (9?)!/? ~ 1/7, 
and the charged particle illuminates the observer for a time interval cdt! © pOrms = 
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p/y. To the observer, however, the corresponding time interval At of the radiation 
and the critical frequency are 
dt p 1 3c 3 
At ~ At ~ At = sae" Wey — w y rita (4.32) 
The frequency spectrum spans a broad continuous spectrum up to the critical fre- 
quency, defined as we = sw, 

To obtain the frequency and angular distribution of the synchrotron radiation, we 
should study the time dependence of the angular distribution discussed in the last 
section. The power radiated per unit solid angle is given by Eq. (4.22), i.e. 

3 1 


dP AN 19 7 ieee ; 
dQ = |G(t)| ? G(t) = ae / [RE] ret (4.33) 


with electric field E given by Eq. (4.22). Using the Fourier transform 


"e / Gieat, Gt) = - / G(w)e™*at, (4.34) 


we obtain the total energy radiated per unit solid angle as 


d 
T -[ 16 (t)/Pdt = = |e w)|?dw, (Parseval’s theorem). (4.35) 


Since the function G(t) is real, the Fourier component has the property G(—w) = 
G*(w). Since the negative frequency is folded back to the positive frequency, we can 
define the energy radiation per unit solid angle per frequency interval as 


dW [* dI(w) 


(4.36) 
with dl (w) 
w m m ana 
EO) = E + EP = AE. (4.37) 
The Fourier amplitude G (w) is 
2 oo A ^ a 7 
A E e 1/2 x ((ûà— B) x B) jut 
Gw) = Gane f MR eat 
2 œ a p À 3 
e 1/2 ñ x ((f — B) x B) jw(t'+R/c) zy 
wo | ae dt, (4.38) 


where R = |Z — r(t')| is the distance between the observer and the electron. With the 
observer far away from the source, we have R = |Z — r(t')| ~ x — ñ- r(t), where x 
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is the distance from the origin to the observer. Apart from a constant phase factor, 
the amplitude of the frequency distribution becomes 


> 


; 2 = ax (iB) xB) uwar 
G = (—__ 1/2 J jolt AF /c) qy 
(u) 32r’€oc L kK e 
2 o0 
= Ao m I af x (x BIET Ge! (4.39) 


where we use integration by parts and the relation âx (l-e 2x6) 4 Rx AKE L, 
We now consider a group of charged particles e;. The radiation amplitude is a 
linear combination of contributions from each charge, and the corresponding intensity 


spectrum becomes 


eBemnrle X eple sem rele 4 L f taJ, yette, 
Cc 
k=1 


2 


dI(w) 


ig? 
dQ 167% e9c3 


(4.40) 


pa fas nx (nx Jje tthe 


Figure 4.3: Coordinate system for a 
circular trajectory of electrons. 


A. Frequency spectrum of synchrotron radiation 


The radiation emitted by an extremely relativistic particle subject to arbitrary accel- 
eration arises mainly from the instantaneous motion of the particle along a circular 
path. The radiation is beamed in a narrow cone in the forward direction of the ve- 
locity vector. The short pulse of radiation resembles a searchlight sweeping across 
the observer. Figure 4.3 shows the coordinate system of a particle moving along a 
circular orbit, where the trajectory is 

F(t’) = p(1 — cosw,t’, sinw,t’, 0), 


B= B(sinw,t’, cosw,t’, 0), 


408 CHAPTER 4. PHYSICS OF ELECTRON STORAGE RINGS 


where w, = 8c/p is the cyclotron frequency and Be= dr(t')/dt' is the velocity vector. 
Let 
h = (cos Osin ®, cosOcos®, sin O) (4.41) 
be the direction of photon emission, as shown in Fig. 4.3. Because the particle is 
moving on a circular path, all horizontal angles are equivalent, and it is sufficient to 
calculate the energy flux for the case ® = 0. The vector Ax (x B) can be decomposed 
into 
ax (fax B) = 6 [—€) sinw,t’ +ê, cosw,t! sin ©], (4.42) 


where êj is the polarization vector along the plane of circular motion in the outward 


& direction and ê, = ñ x êj is the orthogonal polarization vector, which is nearly 
perpendicular to the orbit plane. 

Since the range of the t’ integration is of the order of At’ ~ p/cy, the exponent of 
Eq. (4.39) can be expanded as 


Ae? p. w[i Poa 1 
w(t — 7) = w(t- z Sin wl cos ©) Sa (at eye "| h l o()| 
1 
= Set ge) to, (4.43) 
where 
ywpt' w 23/2 3-3 37c 
y= P a X=70, g= 14X, we = =Ywy = =. 
(1+ X2)2' Tee = 915.) ae: 


Note that both terms in the expansion of Eq. (4.43) are of the same order of magni- 
tude. The critical frequency we has indeed the characteristic behavior of Eq. (4.32). 
With the identity 


f = E (e + zt) dz = AO] (4.44) 
i oe E: (« t =) ae BEE (4.45) 


for the modified Bessel function, the energy and angular distribution function of 
synchrotron radiation becomes 


dP(w) _ Pea? 2 


aaa ra M OIC] (am 
where the amplitudes are 
1 S 3 1,3 2(1 + X?) 

Gy = bx J rotet) dy = 2 K , 4.47 
l Ta ) gs V3? rate), en 

1 1 ae 2X (14 X?)\¥/? 
C= X(1+X? gi dzeta) dy = LL K . (4.48 
begr J TE. (448) 
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Thus the energy radiated per unit frequency interval per unit solid angle becomes 


dP 3e 22 
dwd 16m3€c We 


)?(1 + X?)? | K3)3(€) + Kil), (4.49) 


where the first term in the brackets arises from the polarization vector on the plane 
of the orbiting electron and the second from the polarization perpendicular to the 
orbital plane. The angular distribution has been verified experimentally.’ On the 
orbital plane, where X = 0, the radiation is purely plane polarized. Away from 
the orbital plane, the radiation is elliptically polarized. 


B. Asymptotic property of the radiation 


Using the asymptotic relation of the Bessel functions 


p WYP (v)E”, ifE<«1, 
KE) ~ { Jee. Hes i, (4.50) 


we find that the radiation is negligible for € > 1. Thus the synchrotron radiation is 
confined by 
2w 1 w 
olee or ONA i, 4.51 
The synchrotron radiation spans a continuous spectrum up to we. High frequency 
synchrotron light is confined in an angular cone 1/y. The radiation at large angles is 
mostly low frequency. 


C. Angular distribution in the orbital plane 


In the particle orbital plane with © = 0, the radiation contains only the parallel 
polarization. We find 


dI Je i gp 
— = He 
dR foo L630! oT 
3(D(2)]2y2/3. if 1 
Aoly) = 2K. Y ~w sr) yr, tyl, 4.52 
aly) =y 2/35) rye”, ‘fay Ss, ( ) 


with y = w/w, (Fig. 4.4). Thus the energy spectrum at O = 0 increases with frequency 
as 2.91 (ww /w,)?/ 3 for w < we, reaches a maximum near we, and then drops to zero 
exponentially as e~*/“: above critical frequency. 


SF.R. Elder et al., Phys. Rev. 71, 829 (1947); 74, 52 (1948); J. Appl. Phys. 18, 810 (1947). 
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Figure 4.4: The functions Hə(y) and S(y) for 
synchrotron radiation are shown as functions of 
y = u/uc, where u = hw, te = hwe. 
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y=u/ue 
D. Angular distribution for the integrated energy spectrum 


When the energy flux is integrated over all frequency (see Section 6.576 in Ref. [31]), 


we obtain 
°° dP 7e? Pwe 5X? 
— dw = —— r | 1+ 4.53 
| dada” T 96nec( + XAA (C t TOF XA aa 
where the first term corresponds to the polarization vector parallel to the orbital 
plane, while the second term is the perpendicular component. Integrating over all 


angles, we find that the parallel polarization carries seven times as much energy as 
does the perpendicular polarization. 


E. Frequency spectrum of radiated energy flux 


Integrating Eq. (4.49) over the entire angular range, we obtain the energy flux? 


V3 w f? _ 2e? w 
Iw) = Amege w J_d = P TA (4.54) 
9/3 o0 . oo 
S(y) = ar Y K5/3(y')dy’, f S(y)=1. (4.55) 
vi y 0 


The total instantaneous radiation power becomes 


1 f> 4e? ©, Ef 
I(w)dw = — at (4.56) 


7 7 36menp © 2m p?’ 


2mp Jy 


where C, = 8.85 x 1075 meter/(GeV)?. This result was obtained by Liénard in 1898. 
The instantaneous power spectrum becomes 


Oe ol) - =5(>), (4.57) 


9J. Schwinger, Phys. Rev. 75, 1912 (1949). 
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Since the energy of the photon is hw, the photon flux density is 


= 7 £] Ea (2) (+X?) [Kga -— ato] , (4.58) 


e 1673e9hc w We 1+X? 
dF OH 3e ðw w ) 
dQ lo=o0 |e] 16r’eoħc w am 


= 1.33 x 10" EI [A] He 


w photons 
4. 
T. f mr? 0.1% r] ; (453) 


which peaks at y = 1 or w = we. Thus the radiation due to the bending magnets has 
a smooth spectral distribution with a broad maximum at the critical frequency we- 
The critical photon energy is 


È 


3cy3 
We = Be 
where EF is the electron beam energy and B is the magnetic flux density. 

Using the asymptotic properties of the modified Bessel functions of Eq. (4.50), 
we find that the spectral flux vanishes as (w/w)? for w < we and as e~“/¥e for 
w >> we. Following the traditional convention, we define 4we as the upper limit for 
useful photon frequency from bending magnet radiation. 

Integrating Eq. (4.49) over the vertical angle ©, we obtain 


ue [keV] = hw, = 0.665 E?[GeV] B[T], (4.60) 


dF a ihe V3e ôw w f” Kealu)d 
d® |e=0 e| 8reqhc w V ahaa Bee 
E 13 w photons 
= 2.46 x 10 eGeV AG Se mr 01% bandwidth (4.61) 


Gi(y) y f K5/3(y')dy’ 
y 


The function S(y) = 3G, (y) is shown in Figure 4.4. 


I.4 Quantum Fluctuation 


Electromagnetic radiation is emitted in quanta of energy u = hw, where h is Planck’s 
constant. Let n(u)du be the number of photons per unit time emitted in the frequency 
interval dw = du/h at frequency w, i.e. 


un(u)du = I(w)dw = (uo) (4.62) 
P, at, Wak, [> 
n(u) rears, = ae 7 H Ks/3(y)dy, (4.63) 


Fy=tsw), [r= (4.64) 


412 CHAPTER 4. PHYSICS OF ELECTRON STORAGE RINGS 


The total number of photons emitted per second, M, and the average number of 
photons emitted per revolution are 


o 15V3 P, _ dacy 


N= f n(u)du = : 4.65 
Pad = SE = (4.65 
p T 
N, =N2n- = — av, 4.66 
= Nob = Fy (4.66) 
where a = e7/4meohc is the fine structure constant. Table 4.2 lists synchrotron 


radiation properties of some storage rings. Note that the number of photons emitted 
per revolution is typically a few hundred to a few thousand. In Table 4.2, E is the 
beam energy, p is the bending radius, C is the circumference, Tọ is the revolution 
period, Up is the energy loss per revolution, Te and 7, are radiation damping times 
of the longitudinal and transverse phase spaces (to be discussed in Sec. II), we is 
the critical photon energy, and N, is the average number of photons emitted per 
revolution. 


Table 4.2: Properties of some high energy storage rings 


BEPC | CESR | LER] HER] APS] ALS LEP LHC 
E [GeV] 22 6 3.2 9 ei 16 55 7000 
p [m] 10.35 60 | 30.6 165 | 38.96 | 4.01 | 3096.2 3096.2 
C [m] 240.4 | 768.4 | 2199.3 | 2199.3 | 1104 | 196.8 | 26658.9 || 26658.9 
To [us] 0.80 | 2.56] 7.34] 7.34] 3.68] 0.66 89. 89. 
Uo [MeV] | 0.20) 1.91] 0.30] 3.52] 5.45] 0.11 261. || 0.00060 
7, [ms] 8.8 8.0 TT, 19.| 4.7] 88 19. || 1.0 x 10° 
Tı [ms] 18. 16. | 155. 38.) 94| 18. 38. || 2.0 x 10° 
ue [keV] 2.28 | 7.97 | 2.37] 9.78 |19.50 | 1.86] 119.00 0.040 
Ny 285 777 415] 1166] 907] 194 7125 494 


The moments of energy distribution become 


tf” 8 ‘ Lt. 
w= un(u)du = ——u¢, wey = du = —u?. 
(u) >f un(u)du Va” (u) K u'n(u)du 57 Ue 
3C,C, he Eg 55 


2 
= Uy eF, = 3) Us ne fe 
i aa år (mer p3 24/3 


At a fixed bending radius, the quantum fluctuation varies as the seventh power of the 
energy. 
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Exercise 4.1 


1. A particle of mass m and charge e moves in a plane perpendicular to a uniform, static 
magnetic induction B. 


(a) Calculate the total energy radiated per unit time. Express it in terms of the 
constants m,e,y and B. 


(b) Find the path of the electron. 


2. Plot the angular distribution of synchrotron radiation shown in Eq. (4.49) for 6 = 0.5 
and § = 0.99. Find the maximum angular distribution of synchrotron radiation, and 
show that the integrated power is given by Eq. (4.56). 


3. Using the coordinate system of Fig. 4.2 with B = BÊ, B= (6/oB, and ñ = cos OÊ + 
sin © cos PÊ + sin O sin 7, where j = B x B, verify Eq. (4.30). Plot the angular 
distribution of synchrotron radiation shown in Eq. (4.30) for 6 = 0.5 and 8 = 0.99. 
Find the angle of the maximum angular distribution, and show that the integrated 
power is given by Eq. (4.31). 


4. The synchrotron radiation generated by the circulating beam will liberate photo elec- 
trons from the chamber walls, which will desorb the surface molecules. The photon 
yields depend on the photon energy and the chamber wall material. Using Eq. (4.54), 
show that the number of primarily photons per unit energy interval in one revolution 


1S 
dN 9V3U) [* 
aa et Ks 3(y)dy, 
du Sn ue A 5/3(Y) Y, 


C 
where K5/3 is the Bessel function of order 5/3; uc = 3hcy?/2p is the critical photon 
energy; and 


= Anrpmpc?y* _ ee x 10°°[(E [GeV])*/p [m]] [GeV] for electrons, 


vo 3p ~ (7.78 x 10°°[(B [TeV])*/p [m]] [GeV] for protons, 


is the energy loss per revolution. Show that the total number of primary photons in 
one revolution is given by 


Verify N, of the machines in the table below. 


Proton storage rings Electron storage rings 

VLHC | SSC | LHC | LEP HER(B) | APS 
E [GeV] | 50000 | 20000 | 8000 55 9 7 
p [m] 15000 | 10108 | 3096.2 | 3096.2 | 165 38.96 
y 53289 | 21316 | 8526 107632 | 17612 13699 
Ue [keV] | 3.0 0.28 0.059 | 119 9.78 19.5 
Uo [keV] | 3246 123 10.3 261495 | 3518 5453 
Ny 3530 1429 | 567 7136 1168 908 
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5. At 55 GeV, the magnetic flux density in a LEP dipole is B = 592.5 G. What happens 
if you design the LEP with a magnetic flux density of 0.5 T at 55 GeV beam energy? 
What will the energy loss per revolution be at 100 GeV? With the present LEP dipole 
magnets, at what energy will the beam lose all its energy in one revolution? 


6. Verify Eq. (4.53), integrate the intensity over all angles, and prove that the parallel 
polarization carries seven times as much energy as that of the perpendicular polar- 
ization. 


7. Verify Eqs. (4.59) and (4.61). 


8. In designing a high energy collider, you need to take into account the problems asso- 
ciated with gas desorption due to synchrotron radiations. 


(a) For an accelerator with an average current J [A], show that the total synchrotron 
radiation power is given by 


p-9 4R [m] Z [A] 


P, =6.03 x 1 OA 


[w]. 
(b) Show that the total number of photons per unit time (s) is given by 
17B 
N =4.14 x 107 yI [A]. 
p 


Show that the total number of photons per unit length in the dipole magnet is 
given by!? 


dN R 
a 6.60 x a yI[A]  [photons/m]. 


10The resulting pressure increase is given by 


n _ dN 


AP = ge ae! 


where 7) is the molecular desorption yield (molecules/photon), S is the pumping speed (liter/s), and 
k = 3.2 x 101° (molecules/torr-liter) at room temperature. See O. Grébner, p. 454 in Ref. [19]. 
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II Radiation Damping and Excitation 


The instantaneous power radiated by a relativistic electron at energy E in the mag- 
netic field strength B is given by (4.4), ie. P ~ E?B? ~ E*/p?, where p is the 
local radius of curvature. The total energy radiated in one revolution and the average 
radiation power for an isomagnetic ring are respectively 

C.B2 E* ds isomagnetic Ç, E4 
CPE” neve Cy 


2 


Uo = = 26.5 (E[GeV])? B[T] [keV]. 


21 p 

= Uo = cC 4 

= Ra 
where Ty = 8c/2rR is the revolution period, and R is the average radius of a storage 
ring. For example, an electron at 50 GeV in the LEP at CERN (p = 3.096 km) will 
lose 0.18 GeV per turn, and the energy loss per revolution at 100 GeV is 2.9 GeV, 
i.e. 3% of its total energy. The energy of circulating electrons is compensated by rf 

cavities with longitudinal electric field. 

Since higher energy electrons lose more energy than lower energy electrons [see 
Eq. (4.4)] and the average beam energy is compensated by longitudinal electric field, 
there is radiation damping (cooling) in the longitudinal phase space. Furthermore, 
electrons lose energy in a cone with an angle about 1/y of their instantaneous ve- 
locity vector, and gain energy through rf cavities in the longitudinal direction. This 
mechanism provides transverse phase-space damping. The damping (e-folding) time 
is generally equal to the time it takes for the electron to lose all of its energy. 

At the same time, photon emission is discrete, random and quantized. The quan- 
tum process causes diffusion and excitation. The balance between quantum fluctua- 
tion and phase-space damping provides natural momentum spread of the beam. 

The longitudinal and transverse motions are coupled through the dispersion func- 
tion; there is a damping-fluctuation partition between the longitudinal and transverse 
radial planes. The balance between damping and excitation provides natural emit- 
tance or equilibrium beam size. The vertical emittance is determined by the residual 
vertical dispersion function and linear betatron coupling. In this section we discuss 
damping time, damping partition, quantum fluctuation, beam emittances, and meth- 
ods of manipulating the damping partition number. 


II.1 Damping of Synchrotron Motion 


Expanding the synchrotron radiation power of Eq. (4.4) around synchronous energy, 
we obtain 


dU 
E)= AE a , 4. 
ale dE | E=Eo" (ae 


where Eo is the synchronous energy. Since a particle having nonzero betatron am- 
plitude moves through different regions of magnetic field, its rate of synchrotron 
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radiation may differ from that of an electron with zero betatron amplitude. How- 
ever, if the field is linear with respect to displacement, the radiation power averaged 
over a betatron cycle is independent of betatron amplitude. Thus Eq. (4.68) does 
not depend explicitly on betatron amplitude. We will show that the coefficient W 
determines the damping rate of synchrotron motion. 

First, we consider the longitudinal equation of motion in the presence of energy 
dissipation. We assume that all particles travel at the speed of light. Let (e(r + 
Ts), AE) be the longitudinal phase-space coordinates of a particle, where AE is the 
energy deviation from the synchronous energy. Let (c7;,0) be those of a synchronous 
particle. The path length difference between these two particles is AC = a.C af 
where a, is the momentum compaction factor, C is the accelerator circumference. 
The difference of the arrival time and its time derivative become 


CAE AE dr Ar AE 
Aree =e Se, 4. 
aT AE d hn “E (=a) 


Here, the phase slip factor is 7 = a. — 1/7? © a, for high energy electrons. 
During one revolution, the electron loses energy U(E) by radiation, and gains 
energy eV (T) from the rf system. Thus the net energy change is 
d(AE)  eV(r) —U(E) 


dt Th ; oe 


where the energy loss per revolution is U(E) = Uy +WAE. For simplicity, we assume 
a sinusoidal rf voltage wave and expand the rf voltage around the synchronous phase 
angle @, = hwoTs, 


V(r) = Yosing = Wsin walt + Ts), 


where the rf frequency is wyp = hwo = 2rh/To; wo is the revolution frequency; and h 
is the harmonic number. Now we consider the case of a storage mode without net 
acceleration, where the energy gain in the rf cavity is to compensate the energy loss 
in synchrotron radiation, i.e. 


Ure = eV (T) = Uo + eVr, 


Uo = eVosin(urets), V = wreVo cos(wrfTs). 


Thus, in small amplitude approximation, we have 


d(AE) 1... 
q TeV ~ WAL). (4.71) 


Combining with Eq. (4.69), we obtain 


der dt 
JE } Zon +u2r =0, QE = w= 


(4.72) 
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Figure 4.5: A schematic drawing of damped syn- 
chrotron motion. Particle motion is damped to- 
ward the center of the bucket. 


(ha/v,) 6E/E 
T 


hoot 


This is the equation of a damped harmonic oscillator with synchrotron frequency ws 
and damping coefficient ag. The longitudinal damping time is 7 = 1/ag. Since the 
damping rate is normally small, i.e. ag < ws, the solution can be expressed as 

T(t) = Ae~**! cos(wst — bo). (4.73) 
Figure 4.5 illustrates damped synchrotron motion. Table 4.2 lists the longitudinal 
damping time of some storage rings. Typically, 1/e damping time is 10° — 104 revo- 
lutions. 


The damping partition 


To evaluate the damping rate, we need to evaluate W. Since the radiation energy 
loss per revolution is 


dt. 1 1 DAE 
Una = f Paat = f Pius = fra j sas = TEA +22 ds, 


c 


where D is the dispersion function, p is the radius of curvature, and we have used 
cdt/ds = (1 + x/p). The transverse displacement x is the sum of betatron displace- 
ment and off-momentum closed orbit. Since we are interested in the dependence of 
total radiation energy on the off-energy coordinate and (xg) = 0, we replace x by 
D(AE/E ). The derivative of radiation energy with respect to particle energy is 


= daa 1 ffdP, DP; 
e E =f {Grr = 


Eo 
Using P, ~ E? B? of Eq. (4.4), we obtain 
dP) L Py , oP dB _ oP) Pi dzdB_ oP, oPh DdB 
dE Eo Eo Bo dE Eo Bo dE dx Eo Bo Eo dx’ 


Wraa Lf ch DE BOY a 
dE ¢ Eo BoEydt  ExpSm 


Uo 1 1 2dB 
2+4— $I DP |-+42 ds| . 
+ { MPa) | 


Eo 
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Thus the damping coefficient becomes 


_ 1 dW yaa — Uo 
2h dE 2T)E 


QE (2 +D). 


Here D is the damping re-partition number: 


poa f [or (R) a- [P2 ren) af] 0 


where K(s) = B,/Bp is the quadrupole gradient function with Bı = 0B/Ox. The 
damping re-partition number D is a property of lattice configuration. For isomagnetic 
ring, the re-partition factor becomes 


il 1 
D= x f Dl (+ +2K(s ) ds, 4.75 
= ) 7 (s) PE (4.75) 
which is to be evaluated only in dipoles. 


Example 1: Damping re-partition for separate function accelerators 


For an isomagnetic ring with separate function magnets, where K (s) = 0 in dipoles, 


p= a faas E (4.76) 
2Tp p p 


where ae is the momentum compaction factor. Since normally a, < 1 in synchrotrons, 
D < 1 for separate function machines. 
The damping coefficient for separate function machines becomes 


pe cal (2+ a2) aai (4.77) 


p) Eh E 

The damping time constant, which is the inverse of apg, is nearly equal to the time it 
takes for the electron to radiate away its total energy. 

Example 2: Damping re-partition for combined function accelerators 

For an isomagnetic combined function accelerator, we find (see Exercise 4.2.1) 


a.R 
p 


D=2- 


(4.78) 


and ag ~% 2(P,)/E. The synchrotron motion is damped two times faster at the 
expense of horizontal betatron excitation, to be discussed in the next section. 
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II.2 Damping of Betatron Motion 
A. Transverse (vertical) betatron motion 


A relativistic electron emits synchrotron radiation primarily along its direction of mo- 
tion within an angle 1/7. The momentum change resulting from recoil of synchrotron 
radiation is exactly opposite to the direction of particle motion. Figure 4.6 illustrates 
betatron motion with synchrotron radiation, where vertical betatron coordinate z is 
plotted as a function of longitudinal coordinate s. The betatron phase-space coordi- 
nates are 


z=Acos¢, z = = sing, A? = 2*+(62')’, (4.79) 


where A is betatron amplitude, ¢ is betatron phase, and 8 is betatron function. 


Figure 4.6: Schematic drawing of the damping of 
vertical betatron motion due to synchrotron radi- 
ation. The energy loss through synchrotron radia- 
s tion along the particle trajectory with an opening 
angle of 1/y is replenished in the rf cavity along 
the longitudinal direction. This process damps the 
vertical betatron oscillation to a very small value. 


When an electron loses an amount of energy u by radiation, the momentum vector 
changes by AP, which is parallel and opposite to P with |cdP| = côp = u. Since the 
radiation loss changes neither slope nor position of the trajectory, the betatron am- 
plitude is unchanged except for a small increment in effective focusing force. Putting 
the above statement into equation, we find 


g iy ô after cavit; iy ô 
2'lbefore = Pe = 2! | after = eS (1 2) i (: 2) i 
P P— op P P P 


where the effect of energy compensation is shown in the above equation. Thus the 
change of z’ is 


z >z (1- =), or A =-= = z. (4.80) 
The corresponding change of amplitude A in one revolution becomes 


Uo 
? 


AbA = (8? 2/ Az) = —((B2')°5 


where (...) averages over betatron oscillations in one revolution, and Up is synchrotron 
radiation energy per revolution. Since the betatron motion is sinusoidal, we find 
((62')?) = A?/2. The time variation of the betatron amplitude function and the 
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damping coefficient become 

1dA 1ôA UW 

Ad hA 2ET)’ 

Uo (Py) 
= =i. 4.81 

“2 =E 2E (an 
The radiation loss alone does not result in betatron phase-space damping. The radi- 
ation damping arises from the combination of energy loss in the direction of betatron 
orbit and energy gain in the longitudinal direction from rf systems. The 1/e damping 
time of the vertical betatron motion is t, = 1/a,. The damping rate of Eq. (4.81) 
applies also to the horizontal betatron motion. 


B. Horizontal betatron motion 


The horizontal motion of an electron is complicated by the off-momentum closed 
orbit. The horizontal displacement from the reference orbit is 

aus r =r tta = D'E, 

where xg is the betatron displacement, £e is the off-energy closed orbit, and D(s) is 
the dispersion function. When the energy of an electron is changed by an amount u 
due to photon emission, the off-energy closed orbit £e changes by an amount dx. = 
D(s) (u/E) shown schematically in Fig. 4.7. Since phase-space coordinates are not 
changed by any finite impulse, the resulting betatron amplitude is 


T= tat Ter Le = D(s) 


u 
E 


The resulting change of betatron amplitude can be obtained from the betatron phase 
average along an accelerator. 


xg = —6%, = —D(s)= zg = —dx, = —D'(s) (4.82) 


x Before i After Figure 4.7: Schematic illustration, after M. 

rN Sands [2], of quantum excitation of horizon- 

tal betatron motion arising from photon emis- 

sion at a location with nonzero dispersion func- 

Off—Energy orbit tions. At a location marked by a vertical 

x | - dashed line, the electron emits a photon, and 

7 i — the electron energy is changed by u, and thus 

B i `o the off energy closed orbit is shifted by ôze, 

| ò which perturbs the betatron motion. A small 

and not so important effect is a stronger focus- 
ing field for betatron motion. 


We consider betatron motion with 


tg = Acos, Th = -5 sing, A? = zô + (Baa): (4.83) 
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the change in betatron amplitude becomes 


; u 
AOA = xgdxg + Bada, = —(Dag + B°D'as) =. (4.84) 
Substituting the energy loss u in an element length ôl with 
P, (x) 1 Py dB 
=H St = | P, + ga 1 d 4. 
> £ F Bas +% ; s (4.85) 
into Eq. (4.84), we obtain the change in betatron amplitude as 
o 2dB  xg\ Py 


Here we use ôl = (1 + x/p)ds with x = xg, because we are interested in the effect on 
betatron motion. The off-momentum closed orbit does not contribute to the change 
in betatron amplitude. We have also neglected all terms linear in x, because their 
average over the betatron phase is zero. We are now looking for the time average 
over the betatron phase, where (ag) = 0 and (x3) = 44°. The fractional betatron 
amplitude increment in one turn becomes 


ogera] 4) (fe) oot o 


where D is the damping re-partition number given in Eq. (4.74). In particular, we 
observe that the right side of Eq. (4.87) is positive, i.e. there is an increase in horizon- 
tal betatron amplitude due to synchrotron radiation. Emission of a photon excites 
betatron motion of the electron. This resembles the random walk problem, and the 
resulting betatron amplitude will increase with time. Including the phase-space damp- 
ing due to rf acceleration given by Eq. (4.81), we obtain the net horizontal amplitude 
change per revolution and the damping (rate) coefficient: 


AA Us 


Uo 
= 1 D 5 
( Jom 


oT 


a, = (1 — D) (4.88) 
where the damping re-partition D is given by Eq. (4.74). 

In summary, radiation damping coefficients for the three degrees of freedom in a 
bunch are 


Ay = Tr, Qz = TQ, QE = TEM, (4.89) 
where ao = (P,)/2E, and the damping partition numbers 
CaP. R= Jr=24D (4.90) 


satisfy the Robinson theorem [see K. Robinson, Phys. Rev. 111, 373 (1958)]: 


Si I= Int+Ie+ In=4 or J+ Ip =3 (4.91) 
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provided that all fields acting on the particle are predetermined and are not influenced 
by the motion of electrons. The corresponding damping time constants are 


2E 4nRp 2E 
Tz = = 3 To, 
Tag Py) CCI, ES TeV 
2E 4nRp 2E 
en = ——— = — lpo, 
TAP) CORNI DH IUp : 
2E 4r Rp 2E 
TE = 0; 


~ InP) cO, Jre JeUo 


where Tọ is the revolution period. Note that the damping time, for constant p, is 
inversely proportional to the cubic power of energy and, for a fixed B-field, is inversely 
proportional to the square of energy. Some typical damping times for electron storage 
rings are listed in Table 4.2. The damping decrements are defined as 


Ag = 0/Tx; Àz = Tof Ta ÀE = To/Tr, (4.92) 


i.e. the beam phase space areas are reduced by exp(—A,), exp(—Az), and exp(—Az) 
per revolution respectively. The damping rate of an individual particle or a portion 
of a bunch can be modified if additional forces are introduced that depend on the 
details of particle motion. Some examples are image current on vacuum chamber wall, 
induced current in rf cavity, wakefields, longitudinal and transverse dampers powered 
by amplifiers sensing beam displacement, and electron and stochastic cooling devices. 


II.3 Damping Rate Adjustment 


The damping re-partition and damping times are determined by the lattice design. 
However, insertion devices, such as undulators and wigglers, can be used to adjust 
beam characteristic parameters. We discuss below some techniques for damping rate 
adjustment. 


A. Increase U to increase damping rate (damping wiggler) 


Phase-space damping rates, apart from damping partition numbers, depend on radia- 
tion energy Up per turn. Wiggler magnets, which consist of strings of dipole magnets 
with alternate polarities excited so that the net deflection is zero, can be used to 
increase the radiation energy and thus enhance damping rate. The resulting energy 
loss per revolution and the damping rate become 


Uy = Uo + Uwiggler, Qw = @o + Owigeler- (4.93) 


-ED 


The damping time is shortened by a factor of (1 + Uwiggler/ Uo) ~+. 
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B. Change D to re-partition the partition number 


Many early synchrotrons, such as the 8 GeV synchrotron (DESY) in Hamburg, the 28 
GeV PS at CERN, the 33 GeV AGS at BNL, etc., used combined function isomagnetic 
magnets, where D ~ 2 (see Exercise 4.2.1). Thus the energy oscillations are strongly 
damped (Jg ~ 4) and the horizontal oscillations become anti-damped (7, ~ —1). 

At the CERN PS, in facilitating the acceleration of e*/e~ from 0.6 to 3.5 GeV 
as part of the LEP injection chain, horizontal emittance is an important issue. The 
growth time at 3.5 GeV is about 76 ms (Ją ~% —1, p = 70 m), which is much shorter 
than the cycle time of 1.2 s. Stability of the electron beam can be achieved only by 
having a positive damping partition number, which can be facilitated by decreasing 
the orbit radius R. 

The reason for the change in damping partition due to orbit radius variation is as 
follows. The potential for betatron motion in a quadrupole is 


Vs = 5K(s) (0? — 2), (4.94) 


where K = (1/Bp)(0B./0z) is the focusing function; K > 0 for a focusing quadrupole, 
and K < 0 for a defocusing quadrupole. If the rf frequency is increased without chang- 
ing the dipole field, the mean radius will move inward, and the change of radius AR 
is 


Af AR 
— = —— = - 06s. 4.95 
nf = SE A A, (4.95) 
The actual closed orbit can be expressed as £ = Zeo + %g, where teo < 0 is a new 
closed orbit relative to the center of a quadrupole, and xg is the betatron coordinate. 
The potential for betatron motion becomes 


1 
Ve = 5K (s) (23 — 2? + 2xpaoo + T% )- (4.96) 


Since Zeo < 0, the effective dipole field xeo K (s) in a quadrupole and the quadrupole 
field have opposite signs, i.e. (1/B,)(OB,/0x) < 0. This is similar to the effect of 
a Robinson wiggler, discussed below. The combined effect is that the damping re- 
partition D will get a negative contribution from these quadrupoles. The effective 
dipole field arising from the closed orbit in a quadrupole is given by BpK (xg + 
Leo), where Bp is the momentum rigidity. Substituting the contribution of quantum 
excitation from the quadrupole into Eq. (4.85) gives the additional change of betatron 
amplitude in Eq. (4.86) as 


BAN OE f ana. 
A (+) => fx D?ds 5s, (4.97) 


424 CHAPTER 4. PHYSICS OF ELECTRON STORAGE RINGS 


where we have used zeo = Dô,, and the fractional off-momentum shift 6, = —Af/a-f. 
The resulting change of damping re-partition is (see also Exercise 4.2.9) 


Z-Gfeow)lfze] as 


The CERN PS lattice is composed of Nee = 50 nearly identical combined function 
FODO cells with a mean radius of R = 100 m. Using Eq. (4.74) or Eq. (4.85) we get 
the change in damping partition due to closed orbit variation (see Exercise 4.2.9), 


2 
p B SN 
AD == ¢ D | — | dsAR x ——AR. 4. 
od (=) sAR ZR R (4.99) 


Figure 4.8 shows Jz, Jg vs AR for the CERN PS. 
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C. Robinson wiggler 


Without a Robinson wiggler, changing the damping re-partition requires a large shift 
of the mean orbiting radius (Fig. 4.8), and this limits the dynamical aperture of 
circulating beams. Thus, it is preferable to change the damping re-partition number 
by using the Robinson wiggler, which consists of a string of four identical magnet 
blocks having zero net dipole and quadrupole fields so that it will not produce global 
orbit and tune distortion in the machine. If the gradient and dipole field of each 
agnet satisfy Kp < 0, as shown in Fig. 4.9, the damping re-partition of Eq. (4.74) 
can be made negative. 


5 


x 
B<0 B>0 


Figure 4.9: Schematic drawing of a 
Robinson wiggler, where gradient dipoles 
with B te < 0 are used to change the 
damping re-partition number. 


dB/dx>Q B/dx<q 
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Since these magnets have Kwpw < 0, the wiggler contributes a negative term to 
the damping re-partition of Eq. (4.74). The change of damping re-partition is 


1 dByALwp (| _ 4Lwp = 
By dx 2702 Qn p2, i 


AD = 2(D) (4.100) 
where py, By, dBy/dx, and Ly are respectively the bending radius, the wiggler field 
strength, its derivative, and the length of each wiggler; and p is the bending radius 
of ring magnets and (D) the average dispersion function in wiggler locations. The 
Robinson wiggler has been successfully employed in the CERN PS to produce J; ~ 2, 
which enhances damping of horizontal emittance and reduces damping in energy 
oscillation. The resulting line density of beam bunches is likewise reduced to prevent 
collective instabilities. 


II.4 Radiation Excitation and Equilibrium Energy Spread 


Electromagnetic radiation is emitted in quanta of discrete energy. When a photon 
is emitted, the electron energy makes a small discontinuous jump. The emission 
time is short and thus the synchrotron radiation can be considered as instantaneous. 
This can be verified as follows. In a semi-classical picture, the time during which a 
quantum is emitted is about 

pO Brey 6 -12 


x ———— x l 
c cy BiTeslal ne 


~ 
A 


where y is the relativistic Lorentz factor, p is the radius of curvature, and B is the 
magnetic flux density. Since this time is very short compared with the revolution 
period and the periods of synchrotron and betatron oscillations, quantum emission 
can be considered instantaneous. 

Another important feature of synchrotron radiation is that emission times of in- 
dividual quanta are statistically independent. Since the energy of each photon [keV] 
is a very small fraction of electron energy, the emission of successive quanta is a 
purely random process, i.e., the probability of an electron emitting n photons per 
second is given by a Poisson distribution f(n) = p"e~?/n!. Here p = (n) is the 
average rate per second. The variance of Poisson distribution o? is equal to p. 
In the limit of large p, Poisson distribution approaches Gaussian distribution, i.e. 
P(n) = (1/V2rp)e- 0=P}/2P, 

Discontinuous quantized photon emission disturbs electron orbits. The cumulative 
effect of many such small disturbances introduces diffusion similar to random noise. 
The amplitude of oscillation will grow until the rates of quantum excitation and 
radiation damping are on the average balanced. The damping process depends only 
on the average rate of energy loss, whereas the quantum excitation fluctuates about 
its average rate. 
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A. Effects of quantum excitation 


When a quantum of energy fw is emitted, the energy of the electron is suddenly de- 
creased by an amount hw. The impulse disturbance sets up a small energy oscillation. 
The cumulative effect of many such random disturbances causes energy oscillation to 
grow (as in a random walk). The growth is limited by damping. 

In the absence of any disturbance and damping, the energy deviation AE from 
the synchronous energy, expressed in complex representation, is 


AE = Aget” tto), (4.101) 


where Ay is the amplitude of synchrotron motion, and ws is the synchrotron frequency. 
Now if the energy is suddenly decreased by an amount u at instant tı via quantum 
emission, the energy oscillation of the particle becomes 


AE = Ape) — yell) = Ajetet) (t > ty), (4.102) 
where 
A? = A? + u? — 2Aou cos ws(tı — to). (4.103) 
The quantum emission has changed the amplitude of synchrotron oscillation. Since 
the time tı is unpredictable, the probable change in amplitude will be 


6A? = (A? — A2), = v2, (4.104) 


where (...), stands for time average. Qualitatively, the amplitude growth rate be- 
comes 
(PE d(A?) 
dt dt 


where M is the rate of photon emission. 


=Nv, (4.105) 


B. Equilibrium rms energy spread 


Since damping time of the amplitude A is Tg = 1/ag, as shown in Eq. (4.72), the 
damping time of A? is Tz/2. The equation for the synchrotron amplitude thus becomes 


aa) (A) 


Nu? 4.1 
T m Nv’, (4.106) 


where the stationary state solution is (A?) = $Nu?rg. A qualitative estimation of 
the rms beam energy spread for sinusoidal energy oscillation is 
j A? 1 ; 
on = Hl = Nutz. (4.107) 
2 4 
For an order of magnitude estimation, we use u ~ hw,., N ~ P,/hw,, and Tg ~ E/P, 
to obtain an rms energy oscillation amplitude of og x WEhw, ~ y?. The energy 
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fluctuation is roughly the geometric mean of electron energy and critical photon 
energy, and is proportional to y?. To attain a better calculation on the equilibrium 
beam momentum spread, the quantum fluctuation should be obtained from the sum of 
the entire frequency spectrum because the photon spectrum of synchrotron radiation 
is continuous. 

Let n(u)du be the photon density at energy between u and u+du. The amplitude 
growth rate due to quantum fluctuation becomes 


d( A?) 
dt 


= L uwn(ujdu=N(u?), N= a n(u)du. (4.108) 
0 0 


This shows that the amplitude growth rate depends on mean energy loss (u?) of 
electrons, which depends on electron energy F and local radius of curvature p. Since 
the radius of curvature may vary widely along the ring, and damping time Tg and 
synchrotron period 1/ws are much longer than revolution period Tọ, it is reasonable 
to average the excitation rate by averaging M (u?) over one revolution around the 
accelerator. We define the mean square energy fluctuation rate Gg as 


1 


Gz = (Nw’))s = 5 


N (u*)ds, (4.109) 


where the subscript s indicates an average over the ring. The mean square equilibrium 
energy width becomes 


a = — GETE. (4.110) 


p- P, 
P, Bo e o (4.111) 
designed orbit 27 P (1/p )p 
Equation (4.67) then gives 
ie (P) 
N (u?) = “O, hc, (4.112) 
designed orbit 2 |p| (1/2) 
where C, = 55/24V3. Using Eq. (4.109) and Te = 2E/Jm(P,), we obtain 
3 (Py) 
Gg = ~C, heyy 1/1) 4.113 
3 (1/p?) 
sad 3C,hmey4 Coy’ 
2 une T 3 TEn? CRI 3 
Op = —— (1 : —) = — — (1 s 4.114 
ii 3C, 55 h 
C, = — = = 3.83 x 107" m. 4.115 


4me 32/3 mc 
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For an isomagnetic ring, we obtain 


ħwe 2 
Zp- O ag. ge eG iia 


Sos Zh 4.116 
48V3 IEE "Tep E Jrplm] ' ) 


( 


Note that the energy spread is independent of the rf voltage. For a bunch with a 
given momentum spread, the bunch length is shorter with higher rf voltage, and the 
resulting phase-space area is smaller; with lower rf voltage phase-space area is larger. 
In many electron storage rings, the bunch length is also affected by wakefields [5]. 


C. Adjustment of rms momentum spread 


Insertion devices, such as undulators and wigglers, can change the rms energy spread 
of Eq. (4.110). Two competing effects determine the equilibrium energy spread. In- 
sertion devices increase radiation power, which will increase quantum fluctuation G'g. 
Since the damping time is also shortened, the resulting equilibrium energy spread 
becomes 


i hay 
02, = orn (1 + 2) (1 + 2) (4.117) 


1 1 1 1 
k= fp h= fp lw = | as, lay = | pi 


where J’s are radiation integrals for ring dipoles and wigglers respectively. Because 
the magnetic field of insertion devices is usually larger than that of ring dipoles, i.e. 
|Pw| < p, the rms energy spread will normally be increased by insertion devices. 


D. Beam distribution function in momentum 


The energy deviation AF at any instant t is a result of contributions from the emission 
of quanta at an earlier time t;. We can write 


AE(t) = X` uet) cos [w(t — t:)], (4.118) 


where u; is the energy of a quantum emitted at time t;. Since the typical value of 
AE(t) is much larger than the energy of each photon, and t;s are randomly dis- 
tributed, the sum at any time t consists of a large number of individual terms, which 
are positive and negative with equal probability. The central limit theorem (see Ap- 
pendix A) implies that the distribution function of energy amplitude is Gaussian: 


W(AE) = ae (4.119) 
E 


where og is the rms standard deviation. Normally the damping time is much longer 
than the synchrotron period, 27/w,. For a particle executing synchrotron motion, 
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we find the off-energy and the relative-time coordinate to a synchronous particle [see 
Eq. (4.69)] are 


AE(t) = Acos(wst — x), r= = sin(wst — x), (4.120) 


Ws 
where a, is the momentum compaction factor, and y is an arbitrary phase factor. 
The normalized phase-space coordinates are (AE, 0 = Ew,T/a,). 

Since the normalized phase-space ellipse is a circle, the Gaussian distribution of a 
beam bunch is 


W(AE, 0) = NBV (AE) (0), (4.121) 
where Np is the number of particles in a bunch, and 
U0) = —— e/h, (AE) = — eE, 


V2TOE i V2TOE 


The bunch length in time is o, = $£ 0g, which depends on the rf voltage. We define 


the invariant amplitude A? = AE? + 6?, and the distribution function becomes 


(A) = NA eA /0k = y2A,- 47/03, (4.122) 
j oF o3 


where o} = (A?) = 20}. Using the variable W = A? with dW = 2AdA, we get the 
probability distribution function as 


h(W) = a (W) = 20}. (4.123) 


II.5 Radial Bunch Width and Distribution Function 


Emission of discrete quanta in synchrotron radiation also excites random betatron 
motion. The emission of a quantum of energy u results in a change of betatron 
coordinates, i.e. 

ôxg = —D (u/Eo), ôx; = —D' (u/ Eo). (4.124) 


The resulting change in the Courant-Snyder invariant is 


ĝa? = - Dag + (B,D! — =D)(B22' — ep |+ = 


pala - Boy] (4) 
Bel NT 8 Ey’ 
where 6, and 6/, are the horizontal betatron amplitude function and its derivative 
with respect to longitudinal coordinate s. Averaging betatron coordinates xg, £4, the 


resulting amplitude growth becomes 


õla) = H(— 


BD’ a [p? + (B,D! 58.0?) (4.125) 


430 CHAPTER 4. PHYSICS OF ELECTRON STORAGE RINGS 


where the H-function depends on the lattice design. In an accelerator straight section, 
where there is no dipole, the H-function is invariant; it is not invariant in regions with 
dipoles. The rate of change of betatron amplitude (emittance) is obtained by replacing 
u? with N (u°) and averaging over the accelerator, i.e. 


dla?) 1 


a (Nw). 


where (---), stands for an average over a complete revolution. The emittance growth 
in a transport line is de/dt = az fo Nu?) Hads. Adding the damping term of 
Eq. (4.81), we obtain 


d(a”) (a°) 
=-2 + Gy. 4.12 
dt Ta G ( Y 
The equilibrium rms width becomes 
2 1 2 1 2 
(a*) = zC and 73, = 5 Bea"): (4.128) 


Using Eq. (4.67) for N (u?), we obtain 


Py (H/lel) _ 3Cqeroy?(H/\p"|) 


G,= : areri 


E?(1/p?) 3(p?) (1/p") 
o? 1 2(H /| |3) isomagnetic XH) 
tB y P 8 pi mag 
e N od) OC _ (4.129 
an a € TALJE) =Z Aa 
where C4 = 3.83 x 107"? m is given by Eq. (4.115) and (H)mag = 35 faipole #45 is 


the average H-function in isomagnetic dipoles. The emittance of Eq. (4.129) is called 
the natural emittance. Since the H-function is proportional to LO? ~ p0’, where 0 
is the dipole angle of a half cell, the natural emittance of an electron storage ring 
is proportional to y?6°. The normalized emittance is proportional to 730. Unless 
the orbital angle of each dipole is inversely proportional to y, the normalized natural 
emittance of an electron storage ring increases with energy. Comparing with the 
energy width for the isomagnetic ring, we find 


2 
gis _ Temas (28)? (4.130) 


bs Je E 


The horizontal distribution function 


The distribution function for particles experiencing uncorrelated random forces with 
zero average in a simple harmonic potential well is Gaussian: 


1 xv 
U(ag) = ae on TEA \. (4.131) 
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Since the betatron oscillation period is much shorter than the damping time, the 
distribution in phase-space coordinates follows the Courant-Snyder invariant 


1 23 + (Busty — (8,/2)0)" 
exp 5 . 
V 21028, 2075, 


The total radial beam width has contributions from both betatron and energy 
oscillations. The rms beam width is Gaussian quadrature 


2 2 DAA Or ——— mo, 


2 
Or = Orbe Ore F Teg 
£ 


U(x, £3) = (4.132) 


(4.133) 


II.6 Vertical Beam Width 


Synchrotron radiation is emitted in the forward direction within a cone of angular 
width 1/y. When the electron emits a photon at a nonzero angle with respect to its 
direction of motion, it experiences a small transverse impulse. Consider the emission 
of a photon with momentum u/c at angle @, from the electron direction of motion, 
where we expect 6, < 1/y. The transverse kick is then equal to 6,,u/c. The transverse 
angular kicks on phase-space coordinates become 
= PN E 

6x =0, 62 = Bye” 6z=0, 6z = BE,” (4.134) 
where 0z, 0, are projections of onto a, z axes respectively. Since dz’ is small com- 
pared with that of Eq. (4.124), we neglect it. We consider only the effect of random 
kick on vertical betatron motion. Emission of a single photon with energy u gives rise 
to an average change of invariant betatron emittance J(a?) = (u/Eo)?62,. Including 
both damping and quantum fluctuation, the equilibrium beam width is 


1 


O28 = qrp (4.135) 
292 2) (92 2 
g, NOD Ide NPD NGD aao) 
E2 F2 ZE? 
where we have used the fact that (82) ~ 1/y?. Recalling that (N (u?)) = Gg, we 
obtain 2 GB Tol 82) 
Oz TzGzPz E\Pz 
Z= N : 4.1 
o? TEGE JIB? ae, 


Using J, = 1, we obtain 
o? ~ C,(B2)/p or e: © C4(B2)"/?/p, (4.138) 


which is very small. Thus the vertical oscillation is energy independent and is less 
than the radial oscillation by a factor of 1/7”. The vertical beam size is damped 
almost to zero. 
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Emittance in the presence of linear coupling 


Sometimes it is desirable to introduce intentional horizontal and vertical betatron 
coupling. When the coupling is introduced, the quantum excitation is shared up to 
an equal division. Let €, and e€, be the horizontal and vertical emittances with 


Ex + Ez = Enat, (4.139) 


where the natural emittance €nat is Eq. (4.129). The horizontal and vertical emittances 
can be redistributed with appropriate linear betatron coupling 


(4.140) 


where the coupling coefficient « is (see Exercise 4.2.8). 


II.7 Beam Lifetime 


We have used a Gaussian distribution function for the electron beam distribution 
function. Since the aperture of an accelerator is limited by accelerator components 
such as vacuum chambers, injection or extraction kickers, beam position monitors, 
etc., the Gaussian distribution, which has an infinitely long tail, is only an ideal 
representation when the aperture is much larger than the rms width of the beam so 
that particle loss is small. 


A. Quantum lifetime 


Even when the aperture is large, electrons, which suffer sufficient energy fluctuation 
through quantum emission, can produce a radial displacement as large as the aperture. 
If the chance of an electron being lost at the aperture limit, within its damping time, 
is small, then the loss probability per unit time is the same for all electrons. The loss 
rate becomes 
see (4.141) 
N dt Te 
where 7, is the quantum lifetime. We discuss quantum lifetime for radial and longi- 
tudinal motion below. 


Radial oscillation 


We consider radial betatron oscillation x = acoswgt. The invariant amplitude of 
betatron motion is W = a?. Quantum excitation and radiation damping produce an 
equilibrium distribution given by 


h(W) = aw (W) = 202. (4.142) 
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To estimate beam lifetime, we set up a diffusion equation for h(W). We assume an 
equilibrium distribution without aperture limit and consider an electron at amplitude 
Wo, with Wo > (W), so that the probability for the electron to have W > Wọ is 
small. Once the electron gets into the tail region (W > Wo) of the distribution, it is 
most likely to return to the main body of the distribution because of faster damping 
at large amplitude, i.e. 


dW 2W 
— = 4.14: 
dt Tx ( 3 
The flux inward through Wọ due to damping is 
d 2NWoh 
Naw = 2NWoh(Wo) (4.144) 
dt Wo Tx 


In a stationary state, an equal flux of electron passes inward and outward through 
Wo, 1.e. . 7 


— ———— = 4.14 
dt Ta Ta (W M (416) 
where Wo has been replaced by W. Thus the quantum lifetime is 
aa, BEE _ 
T, Ẹ : 4.146 
a”: W) Arn 


Note that the formula is valid only in a weakly damping system [See M. Bai et al., 
Phys. Rev. E55, 3493 (1997)]. 


Synchrotron oscillations 


For synchrotron motion, the aperture is limited by rf voltage and bucket area. The 
Hamiltonian of synchrotron motion is 

V 
EC [cos d — cos ds + (6 — ds) sin gs], (4.147) 


where 6 = Ap/p = AE/E, ¢ = hcr, and h is the harmonic number. If the nonlinear 
term in the momentum compaction factor is negligible and the synchrotron tune 


H(6,¢) = shud | 


differs substantially from zero, the Hamiltonian is invariant. 
The Hamiltonian has two fixed points, (0, s) and (0,7 — ¢;). The value of the 
Hamiltonian at the separatrix is 


A. = H(0, T — Qs) 


woe Vo | cos s 4 € ds) sin g : (4.148) 


The stable rf phase angle s is determined by the energy loss due to synchrotron 
radiation with eVo sin s = Uy = C)E*/p. From Eq. (4.146), the quantum lifetime is 


n= eE, (4.149) 
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where € = H,,/(H), (H) = hwoa.(o~/E)”) is the average value of the Hamiltonian 
of the beam distribution, and 


ga 48/3 pai 


55rha Ue 


— cos Ọs + (Z — 0s) sin A ; (4.150) 


B. Touschek lifetime 


In the beam moving frame, the deviation of the momentum Ap, of a particle from that 
of the synchronous particle, which has zero momentum, is related to the momentum 
deviation in the laboratory frame Ap by 


Ap, = Ap/y. (4.151) 


Thus the momentum deviation in the rest frame of the beam is reduced by the rela- 
tivistic factor y. Because of synchrotron radiation damping and quantum fluctuation 
in the horizontal plane, the rms beam velocity spreads in the beam moving frame 
satisfy the characteristic property 


(E) > (P) = (App), (4.152) 


where xg and zg are betatron coordinates; x4 = drg/ds, z4 = dzg/ds are the slopes 
of the horizontal and vertical betatron oscillations; and po is the momentum of a 
synchronous particle. Since the transverse horizontal momentum spread of the beam 
is much larger than the momentum spread of the beam in the longitudinal plane, 
large angle Coulomb scattering can transfer the radial momentum to the longitudinal 
plane and cause beam loss. This process was first pointed out by Touschek et al. in 
the Frascati ete” storage ring (AdA) [see e.g. C. Bernardini et al., Phys. Rev. Lett. 
10, 407 (1963)]. The Touschek effect has been found to be important in many low 
emittance synchrotron radiation facilities. 

We consider the Coulomb scattering of two particles in their center of mass system 
(CMS) with momentum 9) init = (Pr, 0,0) and Po init = (—Pz, 0,0), where the momenta 
are expressed in the ĉ,ŝ, and 2 base vectors. The velocity difference between two 
particles in the CMS is 

v = 2p,/m. (4.153) 


Since the transverse radial momentum component of the orbiting particle is much 
larger than the transverse vertical and longitudinal components, we assume that the 
initial particle momenta of scattering particles are only in the horizontal direction. In 
the spherical coordinate system, the differential cross-section is given by the Möller 
formula, 


(4.154) 


i are | | 


sinfð sin? @ 
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where rọ is the classical electron radius. Let x be the angle between the momentum 
Pi,scatt Of a scattered particle and the s-axis, and let y be the angle between the x-axis 
and the projection of the momentum of the scattered particle onto the z-z plane, as 
shown in Fig. 4.10. 


Z 


Figure 4.10: The schematic geom- 
etry of Touschek scattering, which 
transfers horizontal momentum into 
longitudinal momentum in the center 
of mass frame of scattering particles. 
We use 7,5, and Z as orthonormal 
curvilinear coordinate system. Par- 
ticle loss resulting from large angle 
Coulomb scattering gives rise to the 
sin X cos Touschek lifetime, which becomes a 
limiting factor for high brightness 
electron storage rings. 


a 


With the geometry shown in Fig. 4.10, the momentum of a scattered particle is 


Pi scatt = (De sin X cos P, Px COSX, Pa sin xsin 9), (4.155) 


where the momentum of the other scattered particle is — pi scatt- The scattering angle 
0 is related to x and y by cos@ = sin y cosy, and the momentum transfer to the 
longitudinal plane in the CMS is Apems = px| cos x|. Now we assume that the scat- 
tered particles will be lost if the scattered longitudinal momentum is larger than the 
momentum aperture, i.e. 


A 
| cos x| > P 
YPx 


where Ap = (2r%/hac)Y¥(¢s) is the rf bucket height. Thus the total cross-section 
leading to particle loss in the CMS is o, = do /dQ)dQ, i.e. 


(4.156) 


Sie Abie 


4r? cos! (Ap/ypx) 2m 4 3 
ac iia) dol m 
“8 (v/c)4 1 po xf ý z — sin? ycos? p)? 1 -— sin? x cos? y 
8rr2 22 A 
ee ee + In — > (4.157) 
(u/c)* | (Ap)? Ye 


The number of particles lost by Touschek scattering in the CMS becomes 


dN = 20, N ndz, (4.158) 
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where n is the density of the beam bunch, ndz is the target thickness, N is the total 
number of particles in the bunch, and the factor 2 indicates that two particles are lost 
in each Touschek scattering. Thus the loss rate in the CMS is dN/dt = 2 f o,un7dV, 
where dV is the volume element, and v = dx/dt. 

In the laboratory frame, the Touschek loss rate becomes 


dN 2 
ans 5 f voqntav, (4.159) 


where the factor 1/7? takes into account the Lorentz transformation of ov from 
the CMS to the laboratory frame. Since Touschek scattering takes place only in the 
horizontal plane, the vertical and longitudinal planes can be integrated easily, and 
the Touschek loss rate becomes 

dN N? 1 


ao 2 ere | vootor ozz) — xə)dxıdx dxzdzs, (4.160) 


where g, and o, are respectively the rms bunch height and bunch length, and the 
function ô(xı— x2) indicates that the scattering process takes place in a short range be- 
tween two particles. For Gaussian longitudinal and vertical distributions, the integrals 
of the vertical and longitudinal planes are respectively (2,\/7o,)~+ and (2\/70,)71. 
Using the Gaussian horizontal density function 


ne exp = (e + (Bas! a)l, (4.161) 


we easily integrate the integral of Eq. (4.160) to obtain 


p(z, a’) ad 


1 dN Nric ymc\* 
—— = ——— | — ]} D8), 4.162 
N dt 827020205 ( Ap (€), (4102) 


where € = (Ap/7op,)? = (BrAp/7ymcoz)?; Fp, = YMC / Bx; and 


7 al be WHE) oes 
D(e) = ve f (a+ ©? 56 ln z Je +9) du. 4.163) 


The Touschek loss rate is inversely proportional to the 3D volume o,¢,03. 
With typical parameters Ap ~ op; op/p = \/Cyy/V Tep [see Eq. (4.114)]; Cz = 
VBr€e; and €, = FCyy°6?/ Ta [see Eq. (4.167) Sec. II]; the parameter € is 


10) | BeFe 
Ex TIAIA 4.164) 


where J; and Jpg are the damping partition numbers, p is the bending radius, F is 
the lattice dependent factor, and 0 is the orbital bending angle in one half period. 
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Figure 4.11: The Touschek integral 
D(&) of Eq. (4.163). 


Thus the typical € parameter for Touschek scattering is about 107° to 1. In this 
parameter region, D(€) is a slow varying function of the parameter € (see Fig. 4.11). 


In a low emittance storage ring, the betatron amplitude function can change 
appreciably. The actual Touschek scattering rate should be averaged over the entire 


ring, i.e. 
1 1dN 1 1 dN 
a Z alas 


T 


Since D(€) a a slowly varying function, we can approximate (D(£)) = 1/6 to obtain 


PETU: 
A8y?r0,0205 | Ap 
~ : 4.1 
Tr Nric ( D (4.166) 


The Touschek lifetime is a complicated function of machine parameters. It can be 
affected by linear coupling, rf parameters, peak intensity, etc. If we choose Ap ~ 100p, 
i.e. the rf voltage increases with energy with Ve x 7°, we obtain 7, « 7°, and at a 
fixed energy the Touschek lifetime is proportional to V;, because a, x Vz >” Actual 
calculation of Touschek lifetime should include the effect of the dispersion function. 
See, e.g., J. LeDuff, CERN 89-01, p. 114 (1989). Touschek lifetime calculation is 
available in MAD [23] and other optics codes. The beam current in many high 
brightness synchrotron radiation light sources is limited by the Touschek lifetime. 


II.8 Summary: Radiation Integrals 


To summarize the properties of electron beams, we list radiation integrals in the left 
column and the corresponding physical quantities in the right column. Here (S) is 
the spin polarization, Psr = —8/5,/3 is the Sokolov-Ternov radiative polarization 
limit, C, and C, are respectively given by Eqs. (4.5) and (4.115). 
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Exercise 4.2 


1. Show that the damping partition number is D = 2 — (a,.R/p) for an isomagnetic 
combined function lattice, and D = (a-R/p) for an isomagnetic separate function 
lattice with sector magnets. 


(a) In thin-lens approximation, show that the damping re-partition number for an 
isomagnetic combined function accelerator made of N FODO cells is given by 


2 
Da2 R a ; 
p \2N sin (®/2) 


where R is the mean radius of the accelerator, p is the bending radius of the 
dipole, and ® is the phase advance per cell. 


(b) Show that the damping re-partition number for a separated function double 
bend achromat with sector dipoles [see Eq. (2.195) is 


v= (= 


where N is the number of DBA cells for the entire lattice, and 8 is the bending 
angle of a half DBA cell. The damping re-partition number of DBA lattices is 
independent of the betatron tunes. 
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(c) Use the midpoint rule to evaluate the integral of the damping re-partition D, 
and show that the damping re-partition number for the separate function FODO 
cell lattice is P 

RO 
DA aT 
p sinf(®/2) 


where R is the average radius of the ring, p is the bending radius of the dipoles, 
0 is the bending angle of a half FODO cell, and Ẹ is the phase advance per cell. 


2. The damping partition number D for energy spread and natural emittance is given 
by D = (Isa + 2I4,)/I2, where the radiation integrals are 


D D 1 
Tia, = f sds, Ign = f Kus, Ty = I ads. 
p p p 


Here p is the bending radius, D is the dispersion function, and K = (1/Bp)ðB+/ðx 
is the quadrupole gradient function. 


(a) For a separate function isomagnetic machine with sector dipoles, show that 
Tig = 2racR/ p? and I4, = 0, where a, is the momentum compaction factor and 
R is the average radius of the synchrotron. 


(b) Show that the contribution from the edge angles of a non-sector type magnet to 
the integral I4p is [see e.g. R.H. Helm, M.J. Lee, P.L. Morton, and M. Sands, 
IEEE Trans. on Nucl. Sci. NS-20, 900 (1973)| 


where 6; and ô are entrance and exit angles of the beam, Dı and Də are 
values of the dispersion function at the entrance and exit of the dipole with 
Də = (1 — cos 0)p + Dı cos@ + (pD; + Dı tan ô) sin 8. 


3. The beam energy spread of a collider should be of the order of the width of the 
resonance in the energy region of interest. For example, r(J/ọ : 3100) = 0.063 MeV 
and T (4 : 3685) = 0.215 MeV. The rms beam energy spread is given by Eq. (4.114). 
Show that : 

op(MeV] = ra eeN 
Te pln] 


For a SPEAR-like ring, with p = 12 m and Jpg ~ 2, find the energy spread at the 
J/w and w' energies. Note that, when the energy spread is large, the production rate 
is reduced by a factor of T'/og. 


4. From the previous problem, we learn that the beam energy spread can reduce the 
effective reaction rate. Now imagine that you want to design an interaction region 
(IR) such that the higher energy electrons will collide with lower energy positrons 
or vice versa. What is the constraint of the IR design such that the total center of 
mass energies for all electron-positron pairs are identical? Discuss possible difficulties. 
Discuss your result. 


5. Verify Eq. (4.125) for the change of betatron amplitude in photon emission. 
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6. Show that the vertical emittance resulting from residual vertical dispersion is given 


by 
_ a 2{Hz/lol*) 
Ez = Cay FA1/p?) ’ 


where Í 

B [D? (B.D), H a,Dz)"], 
z 

bz and qa, are vertical betatron amplitude functions, and D, and D! are the residual 

vertical dispersion function and its derivative with respective to s. Make a realistic 

estimate of the magnitude of the vertical emittance arising from the residual vertical 

dispersion. 


Hz = 


7. Near a betatron coupling resonance, the horizontal action of each particle can inter- 
change with its vertical action, while the total action of the particle is conserved, as 
shown in Eq. (2.221). Use the following model to find emittances of electron storage 
rings. The equation of motion for emittance of an electron storage ring near a linear 
coupling resonance is 


de 

r = —C (er — €z) — A2(€x — €0), 
de 

En = —C (ez — Er) — Qz€z, 


where @r, &z are damping rates, €o is the natural emittance, and C is the linear 
coupling constant. 


(a) Show that the equations of motion for horizontal and vertical emittances are 


der dex 

Te + (Qar + az + 20) H [paz +C (ar + Az) |€r = Az (az + Che, 
de de 

= + (az + az +2C) H [araz + C(az + az)l€z = arco. 


Find the equilibrium emittances. 


(b) For a, = a, = a, show that the emittance can be expressed by Eq. (4.140) 
where the & parameter is given by 


C 
atc 


8. The damping partition D can be decreased by moving the particle orbit inward. Use 
the following steps to derive the expression for AD/AR. 


(a) The synchrotron radiation power is 


p= GOTA E? B2. 
2T 
If the rf frequency is altered, the average radius and the beam energy are changed 
by AR/R = —Af/fo and Ep + ôe, and the magnetic field can be expanded as 
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9. 


10. 


B = Bo + B't.o+ B'xg. Using Eq. (4.86) show that the average rate of betatron 
amplitude diffusion per revolution is 


ôA 23 2 B B' 2 
a= oe (Ey 4 a) fD |! — Zo) oR B 2B? ds. 


(b) Show that the change in damping partition with respect to 2¢o is 


E a (apoE) (F389) 


For an isomagnetic FODO cell combined function machine, show that 


AD re 83Na 
Teg ~ R’ 
where Nee is the number of FODO cells. 
(c) The above analysis assumes that zeo = AR. In fact, £eo = Dd;, where 
— IAf . LAR 
S N 


is the fractional momentum deviation from the momentum at frequency fo. 
Show that the variation of the damping partition with respect to dg is 


AD BY i: \ 

= {2¢6 D?( —) d sds). 
Ad, ( f (a) ) (f P :) 
For a FODO cell combined function lattice, show that 


AD 8 8 N2 
— x — d AD=—HAR. 
Ads  sin?(®/2) E WR 


(d) Compare your estimation with that in Fig. 4.8 for the CERN PS. 


Consider a weak focusing synchrotron (Exercise 2.4.5) with focusing index 0 < n < 1. 
Show that (H) = p/(1 — n)?/?; D = (1 = 2n)/(1—n); Iz = n/(1— n); Te = (3 

4n)/(1 — n); and és = Cyy?/nV/1 =n, where p is the bending radius. Show also that 
the quadrature horizontal beam size of the electron beam is o2 = 3pCy77/[n(3 —4n)]. 


The displacement vector from a reference orbit for a particle is x = xg + Dô, and 
x = xg + D8, where zg, x, are phase space coordinates of betatron motion and 6 is 
the off-momentum parameter. If the betatron motion and synchrotron motion are 
independent, show that (see Exercise 2.2.14): 


2 22 2 122 i2 
Oz = Br€g + D of, Ox = atx + D Of, Ogg’ =—QzrEg + DD'a5, 


where agr(s), 82(s) and yz(s) are the betatron amplitude functions, D(s) and D'(s) are 
dispersion functions, and €y and a5 are the rms emittance and the rms off-momentum 
width of the beam. Show also that the effective emittance defined as that of Eq. (2.57) 
is 


Ex,eft = 4/0202, — 02 ëz [ex + H(s)o?], 


T x! - 


where H(s) = YD? + 2a DD' + 8,D”. 
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11. 


12. 


13. 
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The horizontal beta-function and dispersion function at s=0 of a long drift space from 
s=?10m to 10m (straight section without any magnet elements) are measured to be 
Bro = 20.0 m, Azo = —2.00, Dro = 2.0 m and Da = +0.10. 


(a) Find the location of the minimum horizontal beta-function, and its value. Find 
the value of the H-function at the end of the straight section, i.e. s = +10 m. 


(b) What is the phase advance from s = 0 to s = 10m? 


(c) A Gaussian beam is measured to have €pms = 15.0 nm (known as 7-nm), and 
os = 3.0 x 1074. What is the effective rms emittance of the beam at s = 5 m? 


The brilliance of the photon beam is inversely proportional to 0,0, and oz0x. In 


Exercise 2.4.19, we derived the effective emittance, defined as 1/0202, — Oo 55 for the 
horizontal plane of the electron beam. However, if the photon beam does not retain 


the correlation of the electron beam, show that the effective source emittance becomes 
cat = (020) = ( /Bale)e + DPR) (allea + D708) ) 


where (...) is the average of s within the length of the photon emission. In reality, 
ox = Maximum( Ky/y, 1/7, Ve ). If the angular divergence of the photon beam 
Ky, /7 or 1/7 is larger than the angular divergence of the electron beam \/7€z, the 
photon brilliance will be independent of the divergence of the electron beams, and 
the brilliance is proportional to 


1 il 


(oz) [in(s)ex + D203) 


Particle loss through random and non-resonant processes in a storage ring can be 
described by 


t 1 1 
N(t) = Noes (—2), -= =, 
T 


T ATi 
a 


where 7 is called the lifetime of the beam, 1/7; is the decay rate the i-th process. The 
decay rates of independent processes add. The half-life is equal to 0.6937. Mecha- 
nisms contribute to beam loss are (1) the interaction of the beam with the target, (2) 
intrabeam interaction induced emittance growth resulting in beam loss due to lon- 
gitudinal or transverse acceptance of the ring, (3) scattering loss due to large angle 
Coulomb scattering with residual gas atoms; elastic and inelastic nuclear reaction; (4) 
diffusion processes due to finite dynamic aperture, etc. Signal on a wall gap monitor 
or Pick-up electrode (PUE) is proportional to the number of particle in the beam. 
Show that the lifetime of the beam is related to the decreases of beam signal power 
(in unit of dB) in a time interval At via 


At 
T= 8.7 


Decrease of beam power in dB’ 
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III Emittance in Electron Storage Rings 


The synchrotron light emitted from a dipole spans vertically an rms angle of 1/7 
around the beam trajectory at the point of emission, where y is the Lorentz factor. 
Horizontally, the synchrotron light fans out to an angle equal to the bending angle 
of the dipole magnet. The critical frequency or the critical photon energy of the 
synchrotron light spectrum is given by Eq. (4.60). Beyond the critical photon fre- 
quency, the power of the synchrotron light decreases exponentially e~“/#e. Because 
synchrotron light sources from electron storage rings are tunable, they have been 
widely applied in basic research areas such as atomic, molecular, condensed matter, 
and solid state physics, chemistry, cell biology, microbiology, electronic processing, 
etc. The brilliance of a photon beam, defined in Eq. (4.8), is inversely proportional to 
the product of electron beam emittances €,¢,. Thus a small electron beam emittance 
is desirable for a high brightness synchrotron radiation storage ring. 

The amplitudes of the betatron and synchrotron oscillations are determined by 
the equilibrium between the quantum excitation due to the emission of photons and 
the radiation damping due to the rf acceleration field used to compensate the energy 
loss of the synchrotron radiation. The horizontal (natural) emittance of Eq. (4.129) 
is 


o = p HL) omens (apo 

Ie(1/ P) Tap 
where C, = 3.83 x 107" m, J, ~ 1 is the damping partition number, p is the bending 
radius, the H-function is given by Eq. (2.159), and (H) is the average of H-function 
in an isomagnetic ring. The objective of low emittance optics is to minimize (H) in 
dipoles. Computer codes such as MAD [23], SYNCH [24] or ELEGANT [25] can be 
used to optimize (H). However, it would be useful to understand the theoretical limit 
of achievable emittance in order to determine the optimal solution for a given lattice. 
Since H ~ LO? = p0?, the (H) and the resulting natural emittance obey the scaling 
laws: 


(H)/Te = Fiatticeph? and Er = Frsttice yO, (4.167) 


where the scaling factor Fjattice depends on the design of the storage ring lattices, 
and @ is the total dipole bending angle in a bend-section. The resulting normalized 
emittance €n = YEr = FratticeC (yO)? . depends essentially only on the lattice design 
factor Fiattice for electron storage rings at constant y0. 


II.1 Emittance of Synchrotron Radiation Lattices 


Storage ring lattices are designed to attain desirable electron beam properties. Elec- 
tron storage rings have many different applications, and each application has its spe- 
cial design characteristics. For example, the lattice of a high energy collider is usually 
composed of arcs with many FODO cells and low ( insertions for high energy particle 
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detectors. The function of arcs is to transport beams in a complete revolution. On the 
other hand, lattices for synchrotron radiation sources are usually arranged such that 
many insertion devices can be installed to enhance coherent radiation while attaining 
minimum emittance for the beam. Popular arrangements include the double-bend 
achromat (DBA), three-bend achromat (TBA), FODO cells, etc. In this section, we 
review the properties of these lattices. 


A. FODO cell lattice 


FODO cells have been widely used as building blocks for high energy colliders and 
storage rings. Some high energy colliders have been converted into synchrotron 
light sources in parasitic operation mode. A FODO cell is usually configured as 
{4Qp B Qp B 5Qr}, where Qr and Qp are focusing and defocusing quadrupoles and 
B is a dipole magnet (see Chap. 2, Sec. II). The H-function, given in Eq. (2.160), 
is invariant outside the dipole region. The ratio H,/H, is typically less than 1, as 
shown in the left plot of Fig. 4.12. Note that the dispersion invariant 


1.05 FE 
a E z 
X 0.85 is | 
ica fe 
X 0.65 [i 
jal E Figure 4.12: Left: the ratio H,/Hp; 
E right: the lattice factor F with Js = 1 
ORE iz heal F for a FODO cell lattice. 
0,0 Pehnin iad narbh 
0 50 100 150 0 50 100 150 


(deg) è (deg) 


Since the dispersion invariant does not vary much from QF to QD, The (H) in the 
dipole can be approximated by averaging H, and H, (see Exercise 4.3.1) to obtain 
the lattice coefficient F of the FODO cell: 

H) x 1 93 cos(®/2) [(1+ 4sin(®/2))? (1 — 4sin(@/2))? 
= 2 sin3(6/2) | (1 +sin(@/2))_ C- sin(@/2)) 
1 — ł sin?(®/2) A 

Frovo = sin? (®/2) cos(®/2) Je ene 
The right plot of Fig. 4.12 shows the coefficient F as a function of phase advance per 
cell, where we assume Jy = 1. The coefficient decreases rapidly with phase advance 
of the FODO cell. The factor F has a minimum of about 1.3 at ¢ ~ 140°. At this 
phase advance, the chromaticity and the sextupole strength needed for chromaticity 
correction are large. Nonlinear magnetic fields can become critical in determining the 
dynamical aperture. 

One can employ focusing quadrupole and the defocusing combined function dipole 
for the FODO cells to increase packing factor and thus reduce emittance. The left plot 
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of Fig. 4.13 shows the lattice structure (top), H/p0° (middle), and betatron amplitude 
functions (bottom) at ©, = 99°. The right plot shows H/p8? as the betatron phase 
advance increases. At large betatron phase advance, the dispersion function inside the 
dipole is minimum at the middle of dipole, but the H-function is larger inside dipole 
than that at the quadrupole, although the H-function decreases with the betatron 
phase advance. 
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Figure 4.13: Left: the lattice function (bottom), H/p6° (middle), and lattice configuration 
(top) with Ly = 0.5 m, Kiq = 3.8 m~? Ldipole = 1.0 m, and Ky dipole = —1.5. The betatron 
tunes and the chromaticities of the cell are p = 0.2749, uz = 0.1266, Cz = —0.311 and 
C, = —0.215. Right: 21/0? as phase advance ¢, increases. 


The scaling properties of (H) normalized to the TME lattice of p03/[12V/15] of 
Eq. (4.180), and the normalized chromaticities, C,,/v, and C,/v, marked with symbol 
”X” and ”Z” respectively, are shown in Fig. 4.14. 
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Figure 4.14: Left: the scaling property of (H) /[p9°/12V/15] vs the horizontal phase advance 
for the FODO cell. The normalized chromaticities are marked ”X” or ”Z” respectively. 


Right: the scaling property of (H),/[90°/3V/15] vs the normalized phase advance. 


The (H) depends only on the horizontal phase advance ®,. If the strength of 
defocusing dipole is too weak (e.g. |Aya| < 1.5), the vertical plane becomes unstable 
too quickly (see the necktie diagram in Fig. 2.10), and the corresponding vertical 
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betatron function will be too large and the vertical chromaticity also becomes very 
large (see the Kiq = —1.5 m~? cases in Fig. 4.14, where the (H) is still large, while the 
vertical chromaticity is already large). If the strength of the focusing quadrupole is too 
large, the horizontal chromaticity also becomes large. The H-function at the focusing 
quadrupole, normalized to the TME value p63 /[3/15] of Eq. (4.180), is shown in the 
right plot of Fig. 4.14. It depends only on z. Since H, of the FODO cell arc section 
is small, it requires a special matching this section to rest of the accelerator lattice. 
It is tempting to replace the focusing quadrupole of by a combined function fo- 
cusing dipole at the same strength so that we need to make only one kind of dipole. 
Figure 4.15 shows the lattice functions and the corresponding normalized H-function. 
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Figure 4.15: Left: the lattice configuration of a combined function FODO cell (top), the 
lattice function (middle), and the normalized H-function (bottom). Right: the scaling 
property of (H),4/[p9°]] vs the normalized phase advance. 


Note that the H-function in defocusing dipole is higher than that in the focusing 
dipole. The average of the H-function turn out to be nearly equal to the H function in 
straight section. Although the dipole angle in this configuration is smaller by a factor 
of 2, ie. its H-function is smaller by a factor of 8, the resulting (H) is still larger 
than that of the configuration with focusing quadrupole shown in Fig. 4.13 by about 
a factor of 2. If the magnet sagitta is not an issue, so that all the dipole magnets are 
straight, we need only one kind of dipole magnet in this FODO cell section. Possible 
schemes of the low emittance FODO section is schematically shown in Fig. 4.16. 


Figure 4.16: Possible FODO arc schemes 
for low emittance lattices. 
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The wholly combined function FODO cell of the scheme (2) has a problem of 
damping partition number. The contribution of the radiation integral J, to the damp- 
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ing partition of the combined function arc-cell section in Fig. 4.16(2) is 


2K Dz 2Laipole — 2p [D} (s2) — D), 
/ 1 ds = dipol p| n (s2) alsd)] (4.169) 


o P p 


where Laipole iS the total length of the arc dipoles, p is the bending radius of dipoles, 
and D! is the slope of the dispersion function. Detailed calculations show that the 
dipole length is nearly compensated by the slope of the dispersion-function term. It is 
worth noting that the number of FODO cells can be optimized to attain proper phase 
advances (both the horizontal and vertical planes) for nonlinear optics optimization. 


B. Double-bend achromat (Chasman-Green lattice) 


The simplest Chasman-Green lattice is made of two dipole magnets with a focusing 
quadrupole between them to form an achromatic cell (see Exercise 2.5.14). A possible 
configuration is {{OO] B {O Qr O} B [OO]}. The betatron function matching [OO] 
section can be made of doublets or triplets for attaining optical properties suitable 
for insertion devices such as wigglers, undulators, and rf cavities. The {O Qr O} 
section may consist of a single focusing quadrupole, or a pair of doublets, or triplets 
with reflection symmetry for dispersion matching. Since the dispersion function is 
nonzero only in this section, chromatic sextupoles are also located in this section. In 
general, the dispersion function inside the dipole is 


D = p(1—cos¢) + Do cos ġ + pDjsin ¢, (4.170) 
D 

D= (1 - 2) sing + Dg coso , (4.171) 
p 


where ¢ = s/p is the bend angle at a distance s from the entrance of the dipole, p 
is the bending radius, and Dp and Dj are respectively the values of the dispersion 
function and its derivative at s = 0. For the Chasman-Green lattice, we need Do = 0 
and Dj = 0 to attain the achromatic condition. 

The evolution of the H-function in a dipole is (see Exercise 2.4.14) 


H(p) = Ho + 2(aoDo + oDe) sin — 2(y0D0 + aoDp)p(1 — cos ¢) 
+ sin? ¢ + yop?(1 — cos ¢)? — 2agpsin o(1 — cos ġ), (4.172) 


where Ho = pD? + 2aoDo Dh + BoDF, and ao, Bo, and yo are the Courant-Snyder 
parameters at s = 0. Averaging the H-function in the dipole, we get 


1 1 I 
(H) = Hot (ap Do + Bo D5 )OE(0) = 30D + ao D4) 00° F (0) 


+2er4(0) — 6° B(0) + TPO), (4.173) 
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where L and 6 = L/p are the length and bending angle of dipole(s) in a half DBA 
cell, and 
E(8) 
B(0) 


2(1 — cos 0)/0”, F(0) = 6(0 — sin 0)/6?, A(0) = (60 — 3sin 20) / (40°), 
(6 — 8 cos 0 + 2 cos 20)/0*, C(0) = (300 — 40 sin 0 + 5 sin 26) /6°. 


In the small angle limit, we find A > 1, B => 1, C = 1, E => 1, F — 1. With the 
normalized scaling parameters 


= 73) dy = — Bo = = ño = Yl, A = Qo, (4.174) 


the avgH-function becomes 


(H) = pe { [Bod + 24d ' Boa? look Lp do 


|3 Qo , Ê Qo 
+ ve tr] d+ Ba ; 


B4 tel . (4.175) 


B1. Minimum emittance DBA lattice 


Applying the achromatic condition with dọ = dọ = 0, we get the average H-function 
as 


Bo 4 ão p Po 


= 3 
AER 1” T0 


, (4.176) 


where Boo = (1+ a). The Courant-Snyder parameters that minimize (H) and its 
minimum value are (see Exercise 4.3.3) 


x 6€ _ V15B _  8V/5A GC z 
Bo = JEG’ Qo = G vo = AG’ = (H) usan = Fale (4.177) 


where G = V16AC — 15B?, shown in Fig. 2.40, decreases slightly with increasing 0. 


; i ii f ; Ho : “a Be _ _3 
The corresponding minimum -function value and its location are Br... = 7 zol 
and s* = ŽL. 


MEDBA 
The dispersion action H(0) outside the dipole is an important parameter in de- 
termining the aperture requirement. For a minimum emittance (ME) DBA lattice, 
we find H = 0 at s = 0, and the H-function at the end of the dipole is 


o PË sin? 0 2 sin (1 — cos @) 4(1 — cos 6)? 
H(0) = EG feci zz ]— 15B[ 75 ]+ 10A| Ji ] 
ee (thin lens approximation). (4.178) 
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One can understand the result of Eq. (4.177) as follows. Since H(¢) ~ ¢°, the average 


of H is ł of its maximum value, i.e. (H) = FH(0), The minimum emittance DBA 
lattice factor of Eq. (4.167) is Funny = 1/(4V 152). 


In zero gradient approximation, the horizontal betatron phase advance across a 
dipole for the MEDBA lattice is 156.7°, and the phase advance in the dispersion 
matching section is 122° (see Exercise 4.3.3). Thus the minimum phase advance for 
the MEDBA module is 435.4°, which does not include the phase advance of the zero 
dispersion betatron function matching section for the insertion devices. Thus each 
MEDBA module will contribute about 1.2 unit to the horizontal betatron tune. Since 
the phase advance is large, the chromatic properties of lattices should be carefully 
corrected. The resulting emittance is smaller than the corresponding FODO cell 
lattice by a factor of 20 to 30. 


B2. Examples of low emittance DBA lattices 


Many high brilliance synchrotron radiation light sources employ low emittance DBA 
lattice for the storage ring. Figure 4.17 shows the lattice functions of a nearly mini- 
mum emittance DBA lattice ELETTRA at Trieste in Italy for 2 GeV electron stor- 
age ring (left), and the low emittance DBA lattice of APS at Argonne for 7 GeV 
electron storage ring (right). The total phase advance of each ELETTRA DBA- 
period is about 429°, while the corresponding phase advance of APS DBA-period 
is about 319°. The ELETTRA lattice employs defocusing combined-function dipole 
with q = \/|Bi|/Bplaipoe = 0.9439 to increase damping partition number Js. The 
resulting horizontal emittances of these lattices are respectively €ctettra /€ zx 1.38 
and €aps/Eynppa © 3-64. 
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Figure 4.17: The low emittance lattice functions for a superperiod of ELETTRA (left) 
and APS (right). The ELETTRA lattice has 12 superperiods, and the APS lattice has 40 
superperiods. 


B3. Triplet DBA lattice 


A variant of the DBA lattice is the triplet DBA, where a quadrupole triplet is used 
in the dispersion matching section for the achromat condition. Because there is no 


450 CHAPTER 4. PHYSICS OF ELECTRON STORAGE RINGS 


quadrupole in the [OO] section of the DBA, the lattice is very simple (see the lower 
plot of Fig. 2.34). The minimum emittance lattice factor ist! FME triplet = s, where 
8* is the value of the betatron amplitude function at the symmetry point of the 
dispersion free straight section, and £ is the length of the dipole. 


C. Theoretical Minimum Emittance (TME) lattice 


Without the achromat constraint, each module of an accelerator lattice has only one 
dipole. The optical functions that minimize (H), i.e. the dispersion and betatron 
amplitude functions, are symmetric with respect to the center of the dipole. 

From Eq. (4.173), the minimization procedure for (H) can be achieved through 
the following steps. First, (H) can be minimized by finding the optimal dispersion 
functions with 

OH) _ 0 OH) 
ôd °” Ody 


=0, 


where we obtain 


l 1 LoS fw By TA 

do,min = zE domin = -3% (H) = B (aå _ aoB + 15° (4.179) 
with A = 4A — 3E?, B = 3B — 2EF, and Č = $C — 3F?. With the relation 
Boo =1 4 az, the minimum emittance is 


(4.180) 


where G = V16AC — 15B? is also shown in Fig. 2.40. The corresponding lattice 
properties at the entrance of the dipole are 


7 sc. VIB. WV TSA 


=—=-, ®Ww=—., = = 4.181 
0 JEG 0 G Yo G ( ) 


The waist of the optimal betatron amplitude function for minimum (H) is located 
at the center of the dipole, i.e. s*,, = L/2. The corresponding minimum betatron 
amplitude function and dispersion function at the waist are 8%, = L/ V60 and Dip = 
L0/24 respectively. The required minimum betatron amplitude function is 6% = 
A Pž eosa: Lhe attainable theoretical minimum emittance lattice factor of Eq. (4.167) is 
Fun = 1/(12V157,). To attain the minimum emittance, the betatron phase advance 
across the dipole is 151°, and the dispersion matching section is 133.4°. Thus the 


horizontal betatron tune of this minimum emittance single dipole module is 284.4° 


See Exercise 4.3.9, where we find that the stability condition is incompatible with the achromat 
condition. Therefore, this minimum emittance condition can not be reached. 
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(see Exercise 4.3.4). Each minimum emittance module with a single dipole would 
contribute a horizontal betatron tune of 0.79. 

The values of the dispersion H-function on both sides of the dipole are important 
in determining the beam size in the straight sections, where insertion devices such 
as undulators are located. Using Eq. (4.179) and (4.181) for the ME condition, we 
obtain 


H(0) = H(@) = 6CE? — ~ BEF =+ sare} Ce. (4.182) 


3 
Wi VB” { 
In small bending angle approximation, we have H(@) = see = 4(H}) ug, which is 
equal to FH (8) uenea: 

The brilliance of the photon beam from an undulator depends essentially on the 
electron beam width. The horizontal beam width is given by the quadrature of the 
betatron beam width and the momentum beam width. It is appropriate to define the 
dispersion emittance as 


€d = Ye(Dos)* — b! (Dos)(D'o5) + By(D'o5)? = H(0)o?, (4.183) 


where o? = (og/E)? = Cay? /pIe is the equilibrium energy spread of the beam 
below the microwave instability threshold. Because the H-function is invariant in 
the straight section, €q is invariant in the straight section. Substituting H(0) of 
Eq. (4.182) into Eq.(4.183), we obtain 


1 CPE 
€d = — A 
ois Je 


For a separated function lattice, we find Jg © 2, J, ~ 1 or Je % 2Ja. The effective 
1D emittance for a bi-Gaussian distribution becomes 
1 CP 
2 q 

Ex,1D = E&x + Hipds = Eme + Ed = — = = Gack: 4.185 

T, T ô ME 4/15 Tn MEDBA ( ) 
where Hm is the H-function at the ID locations. The decrease in betatron beam size 
in minimum emittance lattice is accompanied by an equal amount of increment in 
the dispersion beam size, i.e. the 1D effective emittances of the TME and MEDBA 
lattices are equal. The brilliance of a photon beam is inversely proportional to the 
phase space areas 0;,02/0201 ~ €x,€z,et, Where the effective horizontal and vertical 
emittances are €, ef = \/€r:,1p and €z ef = €; [see Exercises 2.4.19 and 4.2.12]. 


(4.184) 


D. Three-bend achromat 


Now we are ready to discuss the minimum emittance for three-bend achromat (TBA) 
lattices, which have been used in synchrotron radiation sources such as the Advanced 
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Light Source (ALS) at LBNL, the Taiwan Light Source (TLS), the Pohang Light 
Source (PLS), etc. The TBA is a combination of DBA lattices with a single dipole 
cell at the center. 

To simplify our discussion, we use small angle approximation, which is good ap- 
proximation provided that the bending angle for each dipole is less than 30°. Since 
the H-function is invariant in the optical matching section without dipoles, equating 
Eqs. (4.178) and (4.182), we find 


p203 = 39167, or (4.186) 


L3 _ Li 

> A 
where p1, 01, Lı and po, 02, Lo are respectively the bending radii, bending angles and 
lengths of the outer and inner dipoles. This is the necessary condition for achieving 
dispersion phase space matching.!? The matching condition of Eq. (4.186) requires 
Ly = 313 L; for isomagnetic storage rings, or pı = V3p2 for storage rings with equal 
length dipoles. 

Thus we have proved a theorem stating that an isomagnetic TBA with equal 
length dipoles can not be matched to attain the advertised minimum emittance. For 
an isomagnetic storage ring, the center dipole for the TBA should be longer by a 
factor of 31⁄3 than the outer dipoles in order to achieve dispersion matching. In 
this case, we can prove the following trivial theorem: The emittance of the matched 
minimum TBA (QBA, or nBA) lattice is 

293 
EMETBA ~ N (4.187) 
4/15 Je 


where 4, is the bending angle of the outer dipoles, provided the middle dipole is longer 
by a factor of 31/3 than the outer dipoles. The formula for the attainable minimum 
emittance is identical to that for the MEDBA. 


E. Summary of Lattice Properties and QBA 


The lattice factor Fiattice is generally smaller for the nBA lattices. The natural emit- 

tance depends also on the number of dipoles. Figure 4.18 shows a compilation of 

achieved natural emittance for published synchrotron light sources scaled to 3 GeV 
~ 13 

energy. 


12S,.Y. Lee, Phys. Rev. E 54, 1940 (1996). The necessary condition for finite angle can be 
obtained by equating Eq. (4.178) and Eq. (4.182). 

13G. Mülhaupt, EPAC1990, 65 (1990); M. Böge, et al, EPAC1998, 623 (1998); M. Böge, 
EPAC2002, 39 (2002); L. Dallin, et al, PAC2003, 220 (2003); M.-P. Level, et al, PAC2003, 229 
(2003); R.P. Walker, PAC2003, 232 (2003); R. Hettel et al, PAC2003, 235 (2003); D. Einfeld et al, 
PAC2003, 238 (2003); B. Podobedov et al, PAC2003, 241 (2003); H. Ohkuma et al, PAC2003, 883 
(2003); Greg LeBlanc, et al., PAC2003, 2321 (2003); M. Eriksson et al, EPAC2004, 2392 (2004); 
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bay o3 Emittance scaled to 3 GeV energy ` Figure 4.18: Compilation of the nat- 

101 L ò + ural emittances in unit of nm achieved 

=> Es fo $ J for some synchrotron light sources vs 
E z ioe the number of pairs of dipoles, in- 
ae 100: penmet eee ji + cluding some of the recently upgraded 
w E ]} 6 GeV light sources. All emittance 
F is scaled down to 3 GeV beam en- 

107t p- 3 ergy. For example, a 12 cell 7BA corre- 

E se QBA at sponds to 42 pairs of dipoles. The lines 

w2 L O non achromat a are the minimum emittance for DBA 


E 4 lattice and the theoretical minimum 
Fo tb hbbl “>i 3 emittance (TME) respectively. The 
+0 POTES 50: W0: 100 200 minimum emittance of nBA lattice is 
Pairs of dipoles given by Eq. (4.187). 


The diamond symbols are emittances of the achromatic lattices. Many storage 
ring designers choose non-achromatic (TME) concept in order to reduce the natural 
emittance by a factor of 3, shown as the square symbols. For the multiple-bend 
lattices, the pairs of dipoles is not equal to the number of cells. For example, a lattice 
with 12(7BA) is equivalent to 42 pairs of dipoles. 

Although the non-achromatic lattice can reduce the natural emittance by a factor 
of 3, the effective emittance does not gain as much as one wishes. Since it is difficult 
to design a lattice reaching MEDBA or TME condition, we ask a simple question: 
would it be better off with the achromatic or the non-achromatic mode of operation? 

We assume that we can design a lattice at the achromatic mode with era = 
fa€mepBa, and another non-achromatic mode with Erna = fna€rme, Where both fa 
and fna are typically about 2~4. The effective emittance (see Exercise 4.2.10) of 
these lattices can be compared as follows: 


fa 293 fa 1 
Exa = = 0 ; Ex na = | = t SS 
we 7" G 12V15J,  3V1I5Js 
Er, eff na = Fra (fa + 2) 
Era 3fa l 


where we have used Hip © Hrmp with J ~ 1 and Jg ~ 2. If both fa and fna 
are 2, the effective emittance of the non-achromatic lattice is about 0.47 of the 
achromatic one, i.e. the effective emittance is only reduced by about a factor of 2. 


CP, 


(4.188) 


However, all straight sections are non-achromatic, and the insertion devices in these 
non-achromatic straight sections can increase the natural emittance to be discussed 


J.B. Murphy et al, EPAC2004, 2457 (2004); A. Jackson, PAC2005, 102 (2005); Z. Zhao et al, 
PAC2005, 214 (2005); R.O. Hettel, PAC2005, 505 (2005); G. Vignola et al, PAC2005, 587 (2005); 
V.M. Tsakanov, PAC2005, 629 (2005); E.S. Kim, APAC2004, 85 (2004); C.C. Kuo, et al., PAC2005, 
2989 (2005); D. Einfeld et al, PAC2005, 4203 (2005). K. Tsumaki, et al, PAC1989, 1358 (1989); 
D.Einfeld and M.Plesko, Nucl. Instru. and Methods, A 335, 402 (1993). 
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in Sec. II.3. The effect of emittance increase is most important in low energy storage 
rings, where high power wavelength shifters are needed for hard X-ray production. 
These wavelength shifters in the dispersive straight section can dramatically increase 
the natural emittance of the beam. 


Figure 4.19: A basic QBA cell. Sev- 
I I Ll I eral QBA cells can be grouped together 
Td I I HAT T to form a superperiod with different op- 


tical properties in the straight sections. 


This defect can be remedied by the introduction of the quadruple-bend-achromatic 
(QBA) cell, defined as a super cell made of two double-bend (DB) cells (see Fig. 4.19), 
where the two inner dipoles have larger bending angles than those of two outer dipoles 
required for dispersion function matching. For the same number of dipole, the natural 
emittance of a QBA lattice is about half of that of the DBA, while retaining 50% 
of achromatic straight sections. The number of straight sections is the same as that 
of the DB cells. In thin lens approximation, the necessary condition for a minimum 
emittance is Linner dipole/ Louter dipole = 3/3 as shown in Eq. (4.186) for isomagnetic 
lattice. In actual lattice design, the ratio is found to be about 1.5~1.6 for an optimal 
matching. Figure 4.20 shows the optical functions of a QBA lattice with 12 QBA 
cells (equivalent to 24 DBA cells) with circumference 486 m.'4 


25 


20 


Figure 4.20: The Optical functions 
of two QBA cells with a 10.91 m 
and a 5.31 m dispersion-free and 
two 5.31 m dispersive straight sec- 
tions. The dipole length ratio is 
L2/L, = 1.5. The circumference is 
C = 486 m. At 3 GeV, the resulting 
natural emittance is about 3.0 nm. 


a 


Optical functions (m) 
a 


The QBA lattice provides an advantage over the DBA by reducing the emittance 
by a factor of 2, and over the double-bend non-achromat in performance by providing 
50% zero-dispersion straight-sections. The X and star symbols on Fig. 4.18 are the 
natural emittance obtained from the QBA lattices. 


14M.H. Wang, et al. Review of Scientific Instruments, 78, 055109 (2007). 
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Figure 4.21: Lattice configura- 
tion of an upgrade low emittance 
lattice cell for the ESRF-U. 


F. Design concepts of recent light source upgrades 


In recent years, there are efforts toward diffraction limited light source upgrade 
projects at Argonne Photon Source (APS-U), European Synchrotron Radiation Facil- 
ity (ESRF-U), and the Spring-8-U in Japan. An interesting idea proposed by ESRF- 
U design is the combination of DBA and small emittance FODO-cell arc, shown in 
Fig. 4.21.15 

The optical functions of the ESRF upgrade lattice is shown in Figure 4.22. The 
three low emittance FODO cells in the middle of the arc is matched to dispersion 
free-straight sections by 2 DBA-like matching sections. The matching section of each 
DBA-section can create a large dispersion bump for chromatic correction. The ESRF 
lattice has also an interesting trick in the dipoles of the DBA-like section. The dipole 
field is stronger at the low H-function location so that its (H/|p|*) in these DBA- 
like dipoles contributes about equally to the radiation integral Js of the low emittance 
FODO cells. A simple model of longitudinal gradient dipole on the dispersion function 
and (H/|p|?) is given in Exercise 4.3.7. 


Figure 4.22: Optical functions of an 
upgrade low emittance lattice of ESRF. 
Top: The H-function in low emittance 
cell. Note that the H-function is in- 
creased to a large number for achiev- 
ing a large dispersion function for 
non-linear chromatic correction. These 
two-dipoles on both sides of the cell re- 
semble the DBA-like structure. In the 
middle of the superperiod, there are 3 
low emittance FODO cells, with phase 
advance of about 101 degree per cell. 


O œ 
Dy (cm) 


v p 


[e] 


It is worth noting that the lattice of the APS upgrade project employs reverse- 
bend dipoles inside the DBA-like structure to control dispersion function matching 
without affecting the betatron amplitude functions.!® Independent control of the 
dispersion function and betatron amplitude functions can provide a better matching 
of the low emittance lattice. 


15L, Farvacque et al., IPAC2013, 79 (2013) 
16M. Borland et al., IPAC2015, 1776 (2015). 
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All light source upgrade projects are limited by the existing tunnel and the optical 
beam-lines, the cell length can not be changed. All storage ring lattices with very low 
emittance have very small dynamic aperture, due to very strong sextupoles needed for 
chromaticity correction. Increasing the dispersion function at the matching section 
can minimize the strength of sextupoles. For green-field light sources, the number 
of the low emittance FODO cells may be optimized to create proper phase advances 
between sextupoles for nonlinear dynamic aperture optimization. 


III.2 Insertion Devices 


The straight sections in storage rings can house insertion devices (IDs), e.g. wigglers 
or undulators, that can greatly enhance the brilliance and wavelength of photon 
beams. The IDs are normally made of dipole magnets with alternating dipole fields 
so that the orbit outside the device is un-altered. A simple planer undulator with 
vertical sinusoidal fields, that satisfies Maxwell’s equation, is 


B, = By cosh(kywz) cos(kws), (4.189) 


where ky = 27/Aw is the wiggler wave number, Ay is the wiggler period, and Bw 
is the magnetic field at mid-plane.” The corresponding horizontal and longitudinal 


magnetic fields, and the vector potential are B} = 0, B; = — Bw sinh kwz sin kws, and 
1 
A, = -g Bw cosh kwzsin kws, A,=0, <A, =0. (4.190) 
Thus the Hamiltonian of particle motion is 
1 : 1 
H= 5 (Pex + 7 cosh ky z sin kws)? + zP» (4.191) 


where pw is the bending radius of the wiggler field, i.e. Bwpw = p/e with particle 


momentum p. The equation of motion is 
id 1 
a’ = — cosh kyz cos kws, 
Pw 
S AE ; 
y Sin kwssinh 2kwz p 
ij 


(4.192) 


Z sinh kyz sin kys & 0. 
P, 2kw pw 


The nonlinear magnetic field can be neglected if the vertical betatron motion is 
small with kwz « 1. The horizontal closed orbit becomes 


To= : (1— cos kws), 2, = 6. = i sin kws = Ew sin kws, (4.193) 
pyk, Pwkw y 
eByrAw 

kK = ——_ = 0:9348,,/T | Aw : 4.194 
aaa 0.93 [T] Aw [em] (4.194) 


The magnetic field Bw at z = 0 is related to the field B at the pole-tip by By = B/ cosh(77g/Aw), 
where g is the wiggler gap-height. Small period wigglers demands small-gap operation with g < 
0.5Ay. The dynamic and physical aperture of small gap wigglers may be small. 
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where we use 1/pwkw = Ky/By ~ Ky/y with Kw as the wiggler parameter. Table 4.3 
lists some wiggler parameters of some insertion devices for the third generation light 


sources. 


Table 4.3: parameters of some undulators and wigglers 


Machine | F [GeV] | B [T] | Aw [cm] | £ [m] | Kw 
ALS 1.5 5 14 1.96 | 65 

1.15 | 9 4.8 9.7 
APS 7 0.65 | 2.2 5 1.3 


The transverse electron angular divergence inside the undulator or wiggler is equal 
to Ky/y. For Kw ~ 1, the device is called an undulator; for Kw > 1, it is called a 
wiggler. The velocity vector of an electron in the planar undulator is B = b1 ĉ + Bs, 
where 8? = 8? + Bi = 1— 1/7, or 


i g 1/2 
Y Y 
14+ K2 sin? kys 1+ K? rms Ko rms 
4 + ion S] a TE cos 2kws. (4.195) 
2y 2y 2y 


Note that the magnitude of the longitudinal velocity oscillates at two times the un- 
dulator wave number. The quantity Kw rms = aK is called the rms undulator 
parameter for planer undulator. The photon emitted in each wiggler period is en- 
hanced by a resonance condition to be discussed in the next section. 


A: Ideal helical undulators or wigglers 
We next consider a helical wiggler with magnetic field'® 


By = By (ĉ cos cL re a, (4.196) 
Aw aw 
where (ĉ, 8, 2) are unit vectors of the curvilinear coordinate system for the transverse 
radial, longitudinal, and transverse vertical directions. The transverse equation of 
motion for electrons traveling at nearly the speed of light in the longitudinal direction 
inside the wiggler is 


dB — eBy 
ds yme 


yen. = eBcs x B, or (Zcoskys — ĉ sin kws), 

18Ty order for the ideal helical magnetic field to obey the Maxwell’s equation, we need to include 
higher order nonlinear terms in the magnetic field. For linear betatron motion, we neglect all higher 
order terms in the following discussions. 


458 CHAPTER 4. PHYSICS OF ELECTRON STORAGE RINGS 


Figure 4.23: Coherent addition of radi- 


weg ation from electrons in wigglers or un- 
et es 88 


et oe eo dulators. Longitudinal coherence gives 
ae gam rise to resonance condition of single 
2 ‘= frequency of diffraction like structure. 


> Kw 
B= ae cos kws + Zsinkys) + pjs, (4.197) 
1 1+ K? 
2_ 2 2 ag w 
ASPERIS a a a 


where the wiggler parameter Kw is defined in Eq. (4.194). Note that the magnitude 
of the transverse velocity vector is 8, = Kw/y. Unlike the planer undulator, the 
helical undulator does not produce a large tune shift in linear approximation. 

The displacement vector of the electron in the wiggler is obtained by integrating 
Eq. (4.197): 


r(t Ky i 5 3 
me) = —(ésin wyt! — 2 cos wyt’) + Bi t's; (4.198) 
c WwY 


where t’ is the reference frame of the moving electrons. Let the observer be located 
at one end of the wiggler. The ñ can be written as (see Fig. 4.23), 


A= o@+p2+(1- Te) (4.199) 


with œ? + y? = 6?, where these angles are of the order of 4. The observer’s time t is 
related to the electron’s time t’ via the retarded condition, i.e. 


F(t 14+ k2 26? Kw Ky 
jaf 2 re) es ee OES Fp + CE i (4.200) 
c 27? Wwy Wwy 
Let € = wwt', Eq. (4.200) can be transformed to 
27? 27oKw 279Kw 


Wyt = E sin 4 cos €. (4.201) 


— 0 
1+ K2 +776 1+ K24+ 770 1+ K2 +7262 
It is apparent to see that the periodic motion of the electron in the wiggler are 
transformed to the observer at a frequency boosted by the factor shown in Eq. (4.201). 
Let us use the notation w, for the laser frequency, i.e. 

272 


“=i + K2 +770? j 


w: (4.202) 
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Here w, corresponds to the characteristic frequency of the device in the observer’s 
frame. We can rewrite Eq. (4.201) as w,t = € — psing + q cos €, where 
2yo Ky QW Kw 
pS, gee es (4.203) 
(1+ Ky + 776?) (1+ K3 +770?) 


The integrand of the radiation integral in Eq. (4.39) of the classical radiation formula 
is 


oo 


3 Ky Ky . 
ax (ax B) x êlo- 2 coswyt!}] + 3[d — 2 sin wyt’), (4.204) 
y y 


where we retain only terms up to the order of 1/y. The radiation integral of Eq. (4.39) 
becomes 


2,2 \ 1/2 poo - > 

n 2 Kw Kw. aa \ j 

G==j Eaa I [o — — cos €]@ + [6 — — sin ¿]2 ) eI"dé. 
87?w2¢ a y y 

For a periodic wiggler, we obtain 


T a E 2ywo Ky e2 1/2 z T Ky . , 
G ON + K2] (<=) NyStw/,) | iG E cosg ) ĉ 


=n 


+ (o-“Ssing) 2] x ewf JZE psin + goose) } ds, (4.205 


L 


where Nw is the number of the wiggler period, the apparent angular frequency w, (0 
at the forward direction is 
2 À 

WwW 


2y a 
w, (0) =w, (0 =0) = TF Ra A, = gyal + Kw) (4.206 


and the spectral coherent factor (w/w,) is sharply peaked at integer harmonics of 


w, (0): 


2 sin Nym sin TNw(w — wn) /w 
a pe a 4.2 
S(w/w,) = | n Nw(w — wn) /w, | ) ( 07) 
L 
292 -1 
y 0 
Wa = ma (A) = nw,,(0) (: + i =) 
The corresponding photon energy at the fundamental frequency is 
.95 E2 é 13.1(1 + K2)àw 
e[keV] = fw(0) = _0.95E2|GeV] . r A [å] = 13.1. + Ky)Awlem] (4.208) 


(1+ K2)Aw [cm] E2|GeV] 
Thus the photon energy can be adjusted by tuning the electron energy, or the wiggler 


parameters, Aw and Kw. The spectral distribution of the diffraction pattern has a 
full width half maximum at the n-th harmonic: 


Aw 27 _ 0.85 


~ 
~ 


Wy anN, nN, 


(4.209) 
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Due to the coherent interference nature, the frequency spectrum is discrete. The 
maximum power is proportional to N2. The photon flux is proportional to the number 
of electron due to incoherent nature. The frequency spectrum will also be broadened 
by the momentum spread of the electron beam. 


B. Characteristics of radiation from undulators and wigglers 


If the wiggler parameter is large, i.e. Ky >> 1, the spectra are similar to those of 
synchrotron radiation from dipoles. Synchrotron radiation has a continuous spectrum 
up to the critical frequency wew = 37%c/2pw. Since a wiggler magnet may have a 
stronger magnetic field, the synchrotron radiation spectrum generated in a wiggler is 
shifted upward in frequency. Such a wiggler is also called a wavelength shifter. 

If Ky < 1, the radiation from each undulator period can coherently add up to 
give rise to a series of spectral lines given by 


_ 1+K?+70?, _ 18.1 A, [cm] 


An 2ny? ~  nE? [GeV] 


(1+ K2+70*) [A] (n=1,2,...), (4.210) 
where © is the observation angle with respect to the undulator plane. For reference, 
the critical wavelength from a dipole is 


ENNE 4xmc 0.007135 H= 18.6 [à] 
c dipole 3eBY BT) 32" B [T] E? [GeV] ~~ 


The resonance condition for constructive interference is achieved when the path length 
difference between the photon and electron, during the time that the electron travels 
one undulator period, is an integer multiple of the electromagnetic wavelength, i.e. 
Aw/ Bi — Aw cos O = nàn. Figure 4.24 shows schematically the sinusoidal electron orbit 
and electromagnetic radiation (vertical bars), where the electron (circle) lags behind 
the electromagnetic wave by one wave length in traversing one undulator period for 
n=l. 


Figure 4.24: Schematic drawing of the sinu- 
soidal orbit of an electron in a planar undu- 
lator and the electromagnetic wave (vertical 
bars). The resonance condition is achieved 
when the electron travels one undulator pe- 
| | | | j | riod, it lags behind the electromagnetic wave 
by one full wave length for the n = 1 mode. 


The pulse length of a photon from a short electron bunch is 


Ne Nee 


NyA 
cos O x Z2, 


At = —— 
Bye g ic 


(4.211) 
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Thus the frequency bandwidth is 


T TC Wy 


Aw = = = 
Y= At MA 2Nq’ 


(4.212) 


where A, is the wavelength of the fundamental radiation. The fractional bandwidth 
is then Aw/w; = 1/(2Ny) with the angular aperture (9?)'/? = /A/NyAw and the 
source radius VÀNwAw/4r, i.e. the emittance of the photon beam is \/47. Optical 
resonance cavities have been used to enhance the radiation called the free electron 
laser (FEL).!° The number of photons, emitted within the solid angle A/(NwAw) and 
bandwidth Aw/w, is Ny = 7€a{[JJ|? per undulator period, where € = K?/(2 + K?), 
and the factor [JJ] = Jo($€) — Jı (4€) comes from the planar undulator. 

With the progress in small emittance beam sources from photocathode rf guns, 
emittance preservation in linacs, longitudinal bunch compression, and precise undu- 
lators, efforts are being made in many laboratories to demonstrate the self-amplified 
spontaneous emission (SASE) principle, to produce an infrared FEL, and to achieve 
single pass X-ray FELs such as the Linac Coherent Light Source (LCLS) at SLAC 
and DESY. 


II.3 Effect of IDs on beam dynamics 


The rm beam emittance €, and the fractional energy spread og/E in electron storage 
rings are given by the the radiation integrals listed in Sec. II.8). The natural emittance 
and the energy spread of the beam in the presence of IDs become 


Lo La, — =) = 1+ Isw/I50 
eneolit) (tee) meo ois 
g ( ) ( Iæ — Lao Tiber Toy. /120 ( ) 


2 2 Tage oe ie E Ts 
(22)° = (Z)" (14S) (14 etn) (ey? Ls [Iso 
E E70 139 2199 T Iso E 70 1+ low /T20 
where J, [39, J40, and Iso are radiation integrals evaluated in bending dipoles, and 
€x9 = Cyy7150/(L20 — Lio) and (o¢/E)2 = Cyy?Ig0/(2L20 + Luo) is the emittance of the 
lattice without IDs and Iw, Igw, Jaw, and sw are radiation integrals evaluated in 


wigglers with Ly < Do, Ian & Tow, and 4w < Igo for high energy storage rings with 
separated function magnets. In particular, we find Igy, /Lo9 = Uw /Uo, where 


, (4.214) 


Uo = C,E*/po, 
U = C,E*L,,/(4rp2,), planer undulator, 
C,E*L,,/(27p2,), helical undulator, 


The free electron laser was realized in 1977 by J. Madey’s group [D.A.E. Deacon et al., Phys. 
Rev. Lett. 38, 892 (1977)]. Since then, this field has been very active, with many regular workshops 
and conferences. See, e.g. R.H. Pantell, p. 1708 in Ref. [16]; G. Dattoli, A. Torre, L. Giannessi, and 
S. Dopanfilis, CERN 90-03 p. 254 (1990); G. Dattoli and A. Torre, CERN 89-03 (1989). 
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are the energy losses in the storage ring dipoles and in an undulator or wiggler in one 
revolution respectively. Here pọ and py are the bending radii of storage ring dipoles 
and wiggler magnets, Lw is the length of the undulator or wiggler, and E is the beam 
energy. Depending on the values of these radiation integrals, the emittance and the 
energy spread can increase or decrease. 


A. Effect of IDs on beam emittances 


Normally, the change of the H-function due to the ID with rectangular magnets 
is small. The natural beam emittance depends on $ H/|p|?ds = (H) $(1/p*)ds = 
27(H)/p2, where (H) is the average of H-function in dipoles. Let the parameter fp 
be defined as (H) = fnHin, where Hp is the value of the H-function at an ID section. 
Thus the value of f, may vary slightly in different straight sections. For example, we 
find fp = co in an achromatic straight section, fp = 0.25 for a TME lattice, and a 
typically well designed non-achromatic lattice has fa + 0.5 ~ 0.8. Since H = Hyp is 
constant in the entire ID region, we find 


2T 
to = Tad p” ~ (H) f ads = gim (4.215) 


4 HipLy 
1 3 planer, 
in ah J yds) 9) i" (4.216) 
w lol as helical, 
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where we assume sinusoidal magnetic field for undulators. The ratio of the radiation 
integrals becomes 
8p0 Uw — 8Bw Uy 
I5w. ~ 3T fr Pw Up 7 37 fnBo Uy 
EN = po Uw = By Uy helical 
fnpw Uo frBo Uo’ 


where Bw and Bo are the magnetic flux densities of the undulator and the main dipole 
magnet, and the emittance becomes 


-1 
p> 2 An 14 i planer 
Ex 3T fh Pw U Uo ? 


= w 4 (4.218) 
ExOmin 1 Po Uy . 
14 , helical. 
(1 yian) ( SE) i 


The emittance will decrease slightly when the undulators field is Bw < 3th Bo, and 
the natural emittance will increase for strong field wigglers. To minimize the emit- 
tance increase, strong field IDs should be installed in straight sections with smaller 


planer 
(4.217) 
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Hip. For a given (H), we would prefer a larger H in the dispersion matching sec- 
tion, and a smaller H in the ID section. To minimize emittance degradation in the 
non-achromatic lattice, one chooses a strong main dipole field by making the dipole 
length short, or pọ small. The drawback is that the value of dispersion function in 
the dispersion matching section, which is proportional to p96?, becomes smaller, and 
thus the chromatic sextupole strength becomes larger. Optimization of the dynamic 
aperture becomes a difficult task in the design of such a machine. 

Since Up > Uw in high energy photon sources such as the ESRF, APS, and Spring- 
8, non-zero dispersion function in the IDs does not cause much emittance degradation, 
and thus there is a small advantage of non-achromatic DB mode over the DBA mode 
of operation as shown in Eq. (4.188). 

Each ID increases radiation power in a storage ring. If an ID is located in an 
achromatic straight section, where Hm = 0 or fa = oo, the natural beam emittance 


becomes 
Ex0 


“IHU /Uo’ 
where we assume the effect of the ID on dispersion function is small so that J5,, œ% 0. 
Since €,9pBA © 3€20min, the energy loss Uw in the damping IDs must be at least twice 
that in the dipole Up to achieve the same emittance as the non-achromat lattice. 
In order to maximize emittance damping effect, one chooses a low main dipole field 
option, the dipole length L is increased, and the dispersion function (~ p96) in the 
dispersion matching section is larger. This, in turn, reduces the sextupole strength 
needed for chromatic correction. The dynamic aperture is still a very difficult problem, 
but is relatively easier to handle than in the high field dipole option. However, 
the DBA design requires a larger circumference or potentially, a smaller fraction of 
available space for IDs. 


(4.219) 


Ex 


B. Effect of IDs on momentum spread 


Evaluating the radiation integrals in Eq. (4.214), we obtain 


4 Lry 8 Po Uwy 

27 3T p, Tayy 3T pw Uo 

I39 = =, liy = Ta — = TR 
2o ag ° Lw Iso Po Uw 
ps, Pw Uo 


—1 


2 
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If By < 3T Bo/8 for the planer undulator, the beam momentum spread will decrease. 
On the other hand, the high field IDs can increase momentum spread, particularly 
important for the low main dipole field design. 
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C. Effect of ID induced dispersion functions 


We consider a simple ideal vertical field wiggler (Fig. 4.25), where pw = p/eBy is the 
bending radius, 6 = Oy = Ly/py is the bending angle of each dipole, and Ly is the 
length of each wiggler dipole. Since the rectangular magnet wiggler is an achromat 
(see Exercise 2.4.20), the wiggler, located in a zero dispersion straight section, will not 
affect the dispersion function outside the wiggler. However, this wiggler can generate 
it’s own dispersion (see Exercise 2.4.20), ie. 


_ J -8?/2pw rey f —8/ pws 0<s<l, 
Dis) { “pie ie eae OO api allie, Te So ai 


, 0 Pag — ed , 8 
Oy 8) ( Pw ee) s Figure 4.25: A schematic drawing 


of a period of a vertical field wiggler. 


0 Ly ekg, | 4y 


We assume that the center of the wiggler magnet is located at the symmetry point 
so that 6,(s) = 8*+(s—2L,,)?/6%. The radiation integral I;,, in the wiggler becomes 


4 2 103 L? 4p* 
Toy = —6*—* (14+ —— ) = 0? , 4.221 
i so ( +T až) 3p (4-221) 


where we make an approximation that 8* > Lw with Ow = Lw/pw. The approxi- 
mation implies that each pole contributes an equal amount to the radiation integral 
Isw. The contribution of each wiggler period to Is is Iny = 4Ly/p?, = 40y/pw. For 
Nw wiggler periods in the straight section, the emittance of Eq. (4.213) becomes 


2 Tat] —1 
fw (: A (: . aS -LEE x (Uw/Uo) a 
Ex0 3m py (H)o T Pw 1 + (Uw/Uo) 
*Q2 3 
pa Pelee a WD yy (%) , (4.223) 
3pw(H)o 3 Oo 


where we have used Iso = 2n (H)o/pf and Iz = 27/po for the isomagnetic storage 
ring with Iso ~ 0 and Iyy ~ 0, B% ~ 4LyNy & NwAw, (H)o > TTE: and 6p is the 
bending angle of the outer nBA or DBA dipole. For a sinusoidal wiggler, 6, = Ky/7. 
For most high field wigglers, we find F, < 0.01 and the wigglers in dispersion-free 
regions will reduce the beam emittance. The emittance reduction is approximately 
given by Eq. (4.219). At a constant field strength, i.e. constant pw, the factor F, is 
smaller if 0, or Ly is reduced while maintaining a constant NwOw, i.e. increasing 
the number of poles by reducing the length of each pole. 
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Similarly, the dispersion functions in the insertion region induced by a sinusoidal 
vertical wiggler field of Eq. (4.189) is 


1 Le — 1 +] 43 Le 
D=- E (1-os [e (s+)]). D = Pa a [e (s+ £), 
(4.224) 


where we have assumed Dp = Dj = 0 at s = —L,,/2, and Lw is the wiggler length. 
The sinusoidal wiggler is achromatic if kyLy is an integer multiple of 27. With 
By = B* + s*/8*, the radiation integrals of the sinusoidal wiggler are 


Ly 4Ly _ 8Nw(Bx) _ 8Nw(Bx) 


lw = z) y= ; 5Bw ~ 
eS ae ON Bre, 


3 
BAR ae 68, (4.225) 


where Ow = 1/(pwhw) = Kw/By is the maximum orbit angle of the electron beam in 
the wiggler. Using [oy /l29 = Uw/Uo, we find 


14+ F; x (Uw/Uo) ins 1+ Fag x (Uw/Uo) 
1+(Uy/Uo) ’ PO PO L4(Uw/Uo) 


3 3 
pa SAG yy (=) js (=) | Fap =P (4227) 
VJ 15 Lw 8o v15 Oo 3T Pw 


where we use (H)o > T00 in main-dipoles and (8,) ~ Lw. Since F, ~ 0.01, 
the damping wigglers will generally reduce the emittance, given approximately by 
Eq. (4.219). For a given Uw/Uo = (po/2Pw)NwOw with a constant NywOy, the factor F 
is smaller for a smaller 0w. However, wigglers with very large Ky values may increase 
the beam emittance. The momentum spread of the beam will increase or decrease 
depending on whether the magnetic field Bw of the planer wiggler is larger or smaller 
than (37/8) Bo of the main dipole field. 


(4.226) 


Ex = €x0 


D. Effect of IDs on the betatron tunes 


The IDs with rectangular magnets is achromatic, and the edge defocusing in the 
rectangular vertical field magnets cancels the dipole focusing gradient of 1/p?. Thus 
there is no net focusing in the horizontal plane. The focal length of the vertical 
betatron motion and the tune shift resulting from the rectangular wiggler dipole are 
respectively 


2 
Pw Pw 1 Bz Ly total (G2) 
wy “7 ay Av, = ds x — ; 4.22 

Ie na Ale “z = In I F” Amp 22s) 


where Ly total = 4NwLw is the total length of the undulator, and (3.) is the average 
betatron amplitude function in the wiggler region. 
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Similarly, the vertical sinusoidal field undulator of Eq. (4.189) generates average 
vertical focusing strength and vertical betatron tune shift: 
sin? kys o 1 A 1 b-(s)ds (Bz) Lw,total 


= „= = 4.229 
Drv 203, m) z re m 


( 


where Ly, is the total length of the undulator. The tune shift induced by the sinusoidal 
undulator is a factor of 2 smaller than the dipole undulator because the effective (rms) 
dipole field is 1//2 of the peak dipole field. The nonlinear field in the wiggler can 
also affect the dynamical aperture. The betatron tunes should avoid all low order 
nonlinear resonances. 


III.4 Beam Physics of High Brightness Storage Rings 


High brilliance photon beams are generally produced by the synchrotron radiation 
of high brightness electron beams, which can be attained by high quality linacs with 
high brightness rf-gun electron sources or by high brightness storage rings. Here, we 
discuss only the physics issues relevant to high brightness electron storage rings. Some 
of these issues are the emittance, dynamical aperture, beam lifetime, beam intensity 
limitation, beam brightness limitation, etc. 


A. Low emittance lattices and the dynamical aperture 


In Sec. II.1, we have studied methods of attaining a small natural emittance. At 
the same time, the vertical emittance is determined mainly by the residual vertical 
dispersion and the linear betatron coupling. The beam brightness is proportional to 
Ng/€x€., where Ng is number of electrons per bunch. If we neglect the effects of the 
residual vertical dispersion function, the vertical emittance is arrived from the linear 
betatron coupling with €r + €- = era. Thus, minimizing the natural emittance in 
an accelerator lattice and minimizing the vertical emittance by correcting the linear 
coupling will provide higher beam brightness. 

The natural emittance obeys the scaling law éna, = F Cay’ 63, where 6, is the total 
bending angle of dipoles in a half-cell or of dipoles in the outer half-cell of nBA lattice. 
The lattice factor F is 


— MEnBA Triplet DBA FODO 


5 + 3 cos ® 
Vist = 4 = — 2(1 — cos ®) sin © 7, 


Here 6* is the betatron amplitude function at the symmetry point of the dispersion 
free straight section, L is the length of the dipole, and ® is the phase advance of a 
FODO cell. To maximize beam brightness for synchrotron radiation with insertion 
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devices, lattices with zero dispersion-function straight sections are favorable. Thus 
DBA, TBA, or nBA lattices are often used in the design of synchrotron radiation 
sources (see Sec. II.1). 

Low emittance lattices require strong focusing optics. The correction of large 
chromaticities in these lattices requires strong chromaticity sextupoles. Dynamical 
aperture can be limited by strong nonlinear resonances and systematic chromatic stop- 
bands. Multiple-families of sextupoles are needed to correct geometric and chromatic 
aberrations. Since a strong focusing machine is much more sensitive to the dipole 
and quadrupole errors, the lifetime and brightness of the beam can be considerably 
reduced by power supply ripple, ground motion, and other error sources. 


B. Diffraction limit 


The conjugate phase space coordinates of a wave packet obey the uncertainty relation 
OrOkn ~ Z, where o, and Gkr are the rms beam width and the rms value of the 
conjugate wave number. The equality is satisfied for a Gaussian wave packet. Thus 
Or0x! = Os(Okr/k) ~ 1/(2k) = à/(4r), where k = 27/X is the wave number in 
the longitudinal direction. The emittance of photon with wavelength A is €photon = 
Az,Aat = Az,Az = o,o! ~ A/4r,where the subscript r stands for radiation. The 
electron beam emittance that reaches the diffraction limit is €gig ~ €photon- 

The electron beam emittance for producing hard X-ray at energies 10 keV is about 
ceait © 1071 m. High energy linacs can reach such a small emittance. For a storage 
ring, the emittance is given by Eq. (4.187). The photon wave length in undulator 
radiation is given by Eq. (4.210). To reach hard X-ray energy of 10 keV or wavelength 
of 0.1 nm for undulator wavelength of Ay, = 15 mm and Ky = 1, the electron energy 
must be larger than 6 GeV. We consider the 11BA lattice as a candidate of this 
storage ring. Each 11BA cell is made of 11 dipoles with middle dipole 6, = 1.50, 
for dispersion function matching. We find that the bending angle is 64 = 0.77°, and 
the required number of superperiods is N = 27/](2 +9 x 1.5)0,] ~ 30. The dipole 
bending radius is determined energy spread of Eq.(4.116). With the energy spread 
about 05 = 5x 1074, the bending radius is p = 115 m. the circumference is about 2400 
m, and the compaction factor of this 30-11BA storage ring will be about 9 x 107°. 
With broadband impedance of |Zj/n| ~ 0.5Q, the single bunch peak current for the 
microwave threshold is about 180 mA. This is about a thousand times smaller than 
that can be achieved in linacs. 

Now we consider vacuum ultra-violet (VUV) photons of 100 eV. The photon 
emittance is about 1 nm. A number of storage ring at 1 GeV can produce respectable 
emittance that reaches the diffraction limit. As an example, we consider a storage 
ring with p = 3.5 m, 6; = 20°, C = 120m, the emittance of TME lattice is 1.34 nm. 
The momentum spread and compaction factor of such a lattice are gs = 4.6 x 1074 
and a, = 1.9 x 1073. The microwave threshold peak current is about 5 A. 
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C. Beam lifetime 


Since high energy photons can desorb gases in a vacuum chamber, vacuum pressure is 
particularly important to beam lifetime in synchrotron radiation sources (see Exercise 
4.1.8). The beam gas scattering processes include elastic and inelastic scattering with 
electrons and nuclei of the gases,” bremsstrahlung, ionization, ion trapping, etc. The 
beam-gas scattering lifetime is 


Tg = ——— = raben, (4.230) 


where drot is the total cross-section, n = 3.22 x 10? P [Torr] m7® is the density of the 
gas, and {ic is the speed of the particle. 

Because of these problems, many high brightness storage rings employ positrons 
with full energy injection. An effect associated with beam gas scattering is the mul- 
tiple small angle Coulomb scattering, which results in emittance dilution. The small 
angle multiple Coulomb scattering between beam particles within a bunch is called 
the intrabeam scattering. This is particularly important for high-charge density low- 
energy beams (< 1 GeV). The beam emittances in low energy storage rings are usually 
determined by the intrabeam scattering. 

The quantum lifetime can be controlled by the rf cavity voltage. The Touschek 
scattering discussed in Sec. II.7 arises from the Coulomb scattering that transfers 
transverse horizontal momentum into longitudinal momentum. If the longitudinal 
momentum of the scattered particle is outside the rf bucket, the particle will be lost. 
The Touschek lifetime depends on a high power of y, and it is usually alleviated by 
increasing the beam energy. Another solution is to increase the rf voltage. However, 
the corresponding bunch length will be decreased and the peak beam current may be 
limited by collective beam instabilities. 


D. Collective beam instabilities 


Collective instabilities are important to high intensity electron beams. The single 
beam instabilities are usually driven by broadband impedance. The turbulent bunch 
lengthening or microwave instability leads to increase in bunch length and momentum 
spread (see Sec. VII.4; Chap. 3). The broadband impedance can be reduced by 
minimizing the discontinuities in the vacuum chamber. The transverse microwave 
instability has usually a larger threshold provided that the chromaticities are properly 
corrected. 

In storage ring, there are high-Q components such as the rf cavities, un-shielded 
beam position monitors, etc. These accelerator components can lead to coupled 


20See e.g., E. Weihreter, CERN 90-03, p. 427 (1990) for analysis on the vacuum requirement for 
compact synchrotron radiation sources. 
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bunch oscillations. The results are emittances dilution, fluctuation, lifetime degra- 
dation, intensity limitation, etc. Methods to combat these collective instabilities are 
minimizing the impedance by careful design of vacuum chamber, de-Qing HOMs of rf 
cavities, enlarging the tune spread with Landau cavities, and active feedback systems 
to damp the collective motion [5]. Besides collective beam instabilities, stability of 
the beam orbit is also an important issue. Power supply ripple, ground motion, me- 
chanical vibration, and/or ground motion can perturb the closed orbit of the beam. 
Bunch-by-bunch feedback system is normally implemented for the control of the beam 
orbit. 


Exercise 4.3 


1. Dividing the dipole into two pieces, we can express the dispersion function transfer 
matrix of the half dipole by 


1 L L6/8 
Mip=|0 1 0/2 |, 
0 0 1 


where L and @ are the length and the bending angle of the dipole in the half cell. 


(a) Use thin lens approximation and show that the dispersion function at the center 
of the dipole of a separate function FODO cell is 
_ Lø- $sin? $) PL 0 
sin?(@/2) sin(®/2)’ 


where ® is the phase advance per cell and L is the half cell length; and show 
that the dispersion invariant at the center of the dipole is 


_ p8? d-i? 1 a? 
sin? (®/2) cos(®/2) 4 2 32 2” 


(b) Apply 3-point Simpson’s rule and show that the average of H-function in dipole 
of a separate-function FODO cell is 


1 — $sin?(®/2) + $ sin*(®/2) 


tH) = pb sin®(®/2) cos(®/2) 


The number in brackets is the F factor of Eq. (4.167), where the numerator 
depends slightly on the dipole configuration. 


2. In a zero gradient dipole, the dispersion transfer matrix is 


cos p psing p(1-— cosg) 
M = | —(1/p)sinp cosy sin yp 
0 0 1 
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where p is the bending radius, and y = s/p is the beam bending angle along the 
dipole. Using Exercise 2.4.11, show that the average of the H-function in the dipole 
is 


1—cosé sin @ 

(H) = Ho +2(a0Do 4 oD%)! T ) 2(70Do + aoDo)e 1- -) 
p3 _ ¢0820. — 6o sin20. | 2,3 2sind — sin20 
Pog eee og Ge ae 


where @ is the bending angle of dipoles in a half cell and p is the bending radius. 
Express the (H) in Eq. (4.173). 


Show that average H in a dipole for a double-bend achromat (DBA) is 


— 993 ( Po _ 20 , W 
ape (= oy). 


in small angle approximation, where £ = p0, p and @ are respectively the length, the 
bending radius and bending angle of the dipole. If the betatron amplitude functions 


are normalized with G9 = ao, Bo = §o/e and ïo = y£, the average of the H-function 


in the dipole becomes (H) = p0? (af — bão + co), with a = 3, b= t, c= 5- 


(a) Consider the function F (ão, 89, Jo) = aĝo — bão + CF with BoFo = 1 + az. Show 


that the minimum of the function F is F = v4ac — b? with ão = b/V4ac — b?, 
Bo = 2c/V4ac — b?, and yo = 2a/V4ac — b?. Using the result to show that the 


minimum of (H) is 


1 ‘ 6 8v15 
H = —~pé? with = V15, = £, = : 
(H) meppa MIE” wi a0 Bo JE Yo 30” 
ee : : x _ 3 ; *_ 3 
where the minimum of the (H) function occurs at s* = ġ4 with 6* = We 
(b) Show that the horizontal betatron phase advance across the dipole for a MEDBA 
lattice is 


(tan`! V15 + tant 5V/15/3). 


(c) Evaluate (aD + BD')/\/ Br and D/VBz at the exit points of the dipole magnet 
for the MEDBA condition and show that 


: (aD + pp) =E 15. 
VBx 8(15)/4p" VBx 8p 


Use the result to show that the phase advance of the dispersion function match- 
ing section of the MEDBA is 2tan~1(7//15). 


4. When the (H) of the minimum emittance (ME) lattice in Eq. (4.179) is minimized, 


show that the dispersion and the betatron amplitude functions inside the dipole are 
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where s = 0 corresponds to the entrance edge of the dipole, ¢ is the length of the 
dipole magnet, and 8* = £/v60. Show that the horizontal betatron phase advance in 
the dipole is 2tan7! V15. Evaluate (aD + 8D’)/./By and D/,/B,y at the exit point 
of the dipole magnet for the ME condition and show that 


1 NE 
T T BD’) ~ 44/2 (15) 1/49’ VB 12/2 


Use the result to show that the phase advance of the matching section is 2 tan~!(9/A/15). 


3/2 1/4 93/2 
32 1 p ee 


5. A minimum emittance n-bend achromat (MEnBA) module is composed of n — 2 ME 
modules inside a MEDBA module. Show that the necessary condition for matching 
ME modules to the MEDBA module in small angle approximation is 

B 

p? 


03 
2 


ME p MEDBA 


Thus an isomagnetic nBA can achieve optical matching for the minimum emittance 
only if the middle dipole is longer than the outer dipole by a factor of 31/3, Find the 
minimum emittance. Extend your result to find a formula for the condition necessary 
for a matched MEnBA without using small angle approximation. 


6. The dispersion function in the combined function dipole is 


D= (cosh ¢ — 1) + Do cosh ọ + Lp, sinh ¢, 
p 


VK 


a sinh ¢ + D6 cosh ¢, 


where K = —K, =|+B,/Bp+1/p?| is the defocusing strength with Bı = ôB, /ðzx, 
o = v Ks is the betatron phase, s = 0 corresponds to the entrance of the dipole, and 
Do and Dj are respectively the values of the dispersion function and its derivative at 
s = 0. The evolution of the H-function in a dipole is 


D' = (Dov K + 


2 
+ 89 Dp) sinh  — —>(y0Do + ao Dh) (cosh ¢ — 1) 


HO) = H = 


2 
04 (ao Do 
pv K 


| Bo sinh? ¢ 4 W (cosh @ — 1)? 


OK PK? sinh ¢ (cosh ¢ — 1), 


ag 
p2K3/2 


where Ho = yD? + 2ao Do Dh + Bo DÈ, and ag, 8o, and yo are the Courant-Snyder 
parameters at s = 0. 


(a) Averaging the H-function in the dipole, show that 


(H) = Ho + 10° | (Godo + Bod) (a) — $ (odo + doe) F(a) 


o 


+A) = TBO + ew) ; 


472 CHAPTER 4. PHYSICS OF ELECTRON STORAGE RINGS 


where 0 = L/p is the bending angle of the dipole, L is the length of the dipole, 
= VKL is the defocusing strength of the dipole, the normalized betatron 
amplitude functions are G = ao, bo = Bo/L, Jo = YoL, do = Do/LO, dy = Db /9, 


and 
2(cosh g — 1) 6(sinh q — q) 3sinh 2q — 6q 
Ba) =, po- SE Ag- 
q q q 
6 — 8 cosh q + 2 cosh 2q 30q — 40 sinh q + 5sinh 2q 
B(q) F qi , C(q) = @ ʻ 


b) The minimization procedure can be achieved through the following steps. First, 
8 8 
H) can be minimized by finding the optimal dispersion functions with 
8 


AM o ADe 
Odo i adh ` 
Show that the solution is domin = ZF (q J do, nin = -3E(q), with 


-Leii — ag + YE 
(H) = = 00° (BoA - pB + LË), 


where A = 4A — 3E?, B = 3B — 2EF,C = $C — 3F?. 
(c) Using the relation ĝoĵo = 1+ 42, show that the minimum (H) is 


G Ø. with Ay= 8C =, - VB ~ _ 2V15A 
Vis,’ o a OS G i 0! G , 


where G = V16AC — 1582. Plot G vs q. Show also that the value of the 
dispersion H-function at both ends of the dipole for the ME condition is 


H(0) = Hq) = 


(H) vip = 


15 ~ 5a 
06E? — —BEF + —AF?}. 
EE” {6C 5 + 5AF’} 


(d) Show that the damping partition number J, for horizontal motion is 


4 ib. 33 
Se= eo H- (cona 1 e) j 
p q 2 


Discuss the effect of damping partition number for the combined function ME 
lattice. 


7. Consider a dipole in an achromat cell, shown schematically as follows, where (a) is a 
uniform field dipole, and (b) is divided into two sections having different dipole field 
strength. These two dipole schemes have the same bending angle, i.e. 


0= L =b +02 = z ł L : 
2p1 2p2 
Dy=0 | D,=0 | 
> E E tes > E E E E bes 
t— P = P P 
D%'=0 D,'=0 íl 2 
SO Si S2 S0 Si s2 
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(a) Show that the dispersion function at the non-achromat end of the uniform field 
dipole in small angle approximation is D,}(s2) = 5L0 and D},(s2) = 0. 


(b) Show that the dispersion function at the end of different strength dipole in small 
angle approximation is Dz(s2) = 4L0 + }L(01 — 62) and D/,(s2) = 0. 
The dispersion function is larger than that of the uniform dipole field if 0; > 62. 
This means that the dispersion function at the non-achromatic end of a dipole with 
higher field at the achromatic end will be larger. The theoretical (H/p?) minimum is 
not smaller for the longitudinal gradient dipole than that of the uniform field dipole. 
However, it appears easier to minimize (H./p°) in realistic lattice design. 


8. Show that the dispersion function generated by a helical wiggler in a dispersion-free 


straight section is 
Ky Qn: Qn: 
p= lésin TS + a(i cos e, 
Aw 


Find the ratio of the transverse beam sizes arising from the dispersion function and 
betatron motion, where we assume Ky = 5, y = 800, Aw = 8.0 cm, o5 = 0.1 %, 
Bb, = bz = 10 m, and e, = 27 mm-mrad. 


9. A variant of the double bend achromat is to replace the focusing quadrupole by a 
triplet. The configuration of the basic cell is?! 


Iq oo Lli : Triplet DBA 


l 
B è Qp Qp QF B 
Here 2L; is the length of the zero dispersion straight section, and £ is the length of 


the dipole. Since the mid-point of the straight section is the symmetry point for the 
lattice function, the betatron amplitude function inside the dipole is 


(s + IL) 
pr? 


where s = 0 corresponds to the entrance of the dipole. 


p= pt+ 


(a) In small angle approximation, show that the average of the H function in the 


dipole is 
— 43 | B* i L} Jf, £ 
(H) = p8 e(a i 


where 2L; is the length of the zero dispersion straight section, and £ is the length 
of the dipole. Show that the minimum emittance of the triplet DBA is 


a (2 3h, 3 


£ E 4 * 20° 


(H) min = pos with 


21 Because there is no quadrupole in the straight section, such a configuration has the advantage of 
a very compact storage ring for synchrotron light with dispersion free insertions. This configuration 
appears in the SOR Ring in Tokyo and the ACO Ring in Orsay, where combined function dipoles 
are used. 


ATA 


(c) 
(a) 
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Since the emittance is proportional to the betatron amplitude function at the 
insertion region, the emittance will be altered by insertion devices that alter the 
betatron amplitude function. 


Show that the betatron phase advance of the dispersion matching section for a 
minimum emittance triplet DBA is 


Ae? + 34 78 
Vet b+ 2 


where € = L/l. Plot the betatron phase advance of the matching section and 
B*/€ as a function of £. 


What happens to (H) and the natural emittance if the dipole is replaced by a 
combined function magnet? 


Study the linear stability of the triplet DBA lattice. 


w = 2arctan 
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Chapter 5 


Special Topics in Beam Physics 


In preceding chapters, we have focused on particle dynamics of betatron and syn- 
chrotron motions, nonlinear beam dynamics, the effects of space-charge force, linac, 
impedance and collective beam instabilities, radiation damping and quantum fluctua- 
tion in electron storage rings, and synchrotron radiation. However, this introductory 
textbook does not address advanced topics including free-electron laser, laser-particle 
interaction, beam-beam interaction, beam cooling, advanced nonlinear beam dynam- 
ics, and collective beam instabilities. There are many textbooks and workshop pro- 
ceedings on these advanced topics [14, 15, 16, 17, 18]. Nevertheless, this chapter 
provides introduction to two topics: free electron laser and beam beam interaction. 


In Chapter 4, we discussed incoherent spontaneous synchrotron radiation of each 
individual electron in dipole or wiggler fields. The radiated electromagnetic wave 
plays no role on the motion of electrons. The radiation is incoherent and the power 
or intensity of the radiation is proportional to the number of electrons in a bunch. To 
produce coherent photons, it is necessary to induce laser oscillation in a laser cavity 
consisting of undulator and mirrors.! The idea has been extended to vacuum ultra- 
violet (VUV) and X-ray production by a process called Self-Amplified Spontaneous 
Emission (SASE), a collective instability induced microbunching in electron beam 
through interaction with the EM fields. 


The center of mass energy available in fixed target experiments is limited by the 
kinematic transformation. Since 1960’s, there are great efforts in developing colliders, 
where two counter-traveling beams collide at interaction points. The space charge 
force between two counter-traveling bunches produces large impulse on each other. 
The force is highly non-linear. It perturbs the beam distribution, degrades beam 
lifetime, causes beam instability, induces noises in the detector area, and plays a 
major role in limiting the luminosity of all high energy colliders. 


1J.M.J. Madey, J. Appl. Phys. 42 (1971) 1906; R.L. Elias et al., Phys. Rev. Lett. 36 (1976) 717; 
see also C.W. Robinson and P. Sprangle, a Review of FELs, p. 914 in Ref. [14]. 


475 


476 CHAPTER 5. SPECIAL TOPICS IN BEAM PHYSICS 


I Free Electron Laser (FEL) 


Lasers are coherent and high power light (radiation) sources. The radiation is gener- 
ated by coherent transition from population-inverted states to a low-lying state of a 
lasing medium made of atomic or molecular systems. A free electron laser employs 
relativistic electron-beams in undulators to generate tunable, coherent, high power 
radiation. Its optical properties possess characteristic of conventional lasers: high 
spatial coherence and near the diffraction limit. Its wavelengths are tunable from 
millimeter to visible and potentially ultraviolet to x-ray.? Figure 5.1 summarizes the 
existing laboratories with free electron laser research facilities. For a complete up- 
dated list, see the World Wide Web Virtual Library of the Free Electron Laser at 
http://sbfel3.ucsb.edu/www/vl_fel.html. 


o—a XFEL 
e—* LCLS2 F ü 
aa aviv University (sre aD e 
niv o; ente (Netherlan e— . . . 
KAERI (Korea Ko o Figure 5.1: A compilation of the ex- 
apan, . Fi . . é 
Univ. of Tokyo | © isting FEL laboratories with associated 
CEA (France) 0—© meP (china) FEL wavelength. High gain X-ray FEL 
oa Darmstadt Univ. projects, such as the LCLS and XFEL 
er Dortmund (Germany) to be completed around 2007, are not 
o UVSOR li = ta 
o Tsukuba isted on this graph. The wavelengths of 
TESLA . 
K these projects are of the order of 0.1 nm. 
o——_—_uUCSB $ : iaat A 
eo—o Science Univ. Tokyo Besides these operational facilities listed 
JLab 
oo . 
o———0 Stanford in the graph, there are about 10 FEL 
° o—— o Orsay 7 R š P 
FOM (Netherlands) @———® @ development centers in universities and 
o—o Vanderbilt š A 
oe —? Duke National Laboratories. 
l A | $ i iFEL (Oska) 
10710 1078 1076 1074 1072 


à (m) 


The circularly polarized plane electromagnetic (EM) wave, produced by the rela- 
tivistic electron-beam in a helical wiggler magnetic field Bw of Eq. (4.196)? is 


E= Eo|ê sin(kos — wot + do) + £ cos(kos — wot + do)], B=-8xEk (5.1) 


propagating along the wiggler axis §. Here kọ = 27/A, wo = 27c/X, œo is an arbi- 
trary initial phase of the EM wave, s is the longitudinal distance, and t is the time 


coordinate. In the presence of the electromagnetic fields, the equation of motion for 
electron is 


de so = a 3 
= = eË + ec8 x (B + By) + Fac + Foecation: (5.2) 


?See Ref. [32] and FEL Physics, in SLAC-R-521 Chapter 4, (2001) and reference there in. 

3For radiation from planar undulator, see Exercise 5.1.1. For simplicity, we limit our discussion 
to 1D FEL-theory, where the amplitude Eo is independent of the transverse coordinates, and is a 
slowly varying function of t and s. 
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where 8c is the speed of the electron. The space charge force Fy... is proportional 
to 1/7? (see Exercise 2.3.2), it is negligible at the energy of our consideration. The 
radiation reaction force Fyadiation is also small in the energy Æ of electrons of our 


interest because 
Fradiation — P, 2roc 


eB ae = Sma) Bw = 4.22 x 10-® (E[GeV])? By[T] < 1. 


Here P, is the instantaneous radiation power in the wiggler and rọ is the electron 
classical-radius. 

The wiggler field provides electron trajectory while the EM-fields interact with 
electrons for energy exchange. Using Eqs. (5.1) and (4. ue we obtain the energy- 


exchange between the electron and electromagnetic wave: me} = —eË Be, or 
d E EoKw 
= ts = _ oP of sing = mi 0 sin @, (5.3) 
ds mc ymc 
b = (kw + ko)s — wot + do. (5.4) 


With ds/dt = cf of Eq. (4.197), the stationary phase (or resonance) condition to 
maximize the energy exchange is 


_ dp Om ix _ Aw(1 + K?) 
ossi pagea) 6 


For a planar undulator, the longitudinal velocity vector is given by Eq. (4.195), and 
thus the wiggler parameter in the resonance condition should be replaced by the 
rms undulator parameter Kw rms = Kw/ J2 (See also Exercise 5.1.1). The resonance 
condition m a 
soe Aw(1 + K?) xe RS is + Ky 
r 2X 27? 
agrees with Eq. (4.210). When this resonance condition is satisfied, electrons lag 
behind the EM wave by one wavelength as electrons advance one wiggler period, i.e. 


(5.6) 


woAt = wo( 3 — Aw) = = 27, graphically represented in Fig. 4.24. 
The equation of motion for the phase angle ¢ becomes 
2 
Vr 
Q = k(1 — +). (5.7) 
y 
The coupled equations (5.3) and (5.7) can be derived from the Hamiltonian 
2 
Yr e oly 
H=k,(1+ aa) E cos ¢, (5.8) 


where (7, @) are conjugate phase-space coordinates and longitudinal distance s serves 
as the independent “time” coordinate. The energy exchange between the electron and 
the external electromagnetic fields can be obtained by solving Hamilton’s equation. 
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I.1 Small Signal Regime 


In a small radiation loss regime, y ~ yp, we define a small parameter 


The Hamiltonian and Hamilton’s equations of motion are 


EyKw EyKw 
H = kun? — Y cos; f= -— 
me? 


sind, ¢ = 2kwn, (5.10) 


mor? 


where (7,@) are conjugate phase-space coordinates and the longitudinal coordinate 
s is the independent variable. The Hamiltonian resembles that of the synchrotron 
motion. The small amplitude wave-number « is 


2kwyeEoKw 2 Fow Kw 
fe a, (5.11) 
mey2 Tyme 
K eEoàwKw 5 V KwAwlem]| Eo[MV /m] 
= =A, 107° : 2 
ky \ mme oi E|GeV] ioe) 


Here, the quantities kw and «/kw play the roles of the orbital wave number and “syn- 
chrotron” tune respectively. The Hamiltonian and Hamilton’s equations of motion 


become 
-\2 2 N2 
2 phe ca ea 
H=kyn 5 kw (4) cos 6 = Dk f (5) = ; (5.13) 
1 kw Kya. 
$ = 2kyn, q= -3 p) sin ¢, (5.14) 


where (4, £) forms a set of normal phase-space coordinates. Figure 5.2 shows tori of 
Hamiltonian flow in phase-space (¢'/k = 2kyn/k,). The separatrix corresponds to 
a Hamiltonian torus that passes through (@ = +7, 2 = 0) and (¢ = 0, z = +2): 


PS 


Ey Kw Eno Kwy 
Ho = ken? — É 2 coso = £ o 
=- mag 


MER (5.15) 


The energy exchange between the electron and EM-fields depends on the electron 
trajectory in phase-space. The electron can lose or gain energy. To calculate the 
energy transfer, we have to integrate the electron paths and average over the initial 
condition of all electrons in the beam bunch. The time evolution of the electron beam 
distribution function f(¢,nņ,s) is governed by the Vlasov equation. 
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Figure 5.2: The phase-space ellipses of the energy 
loss ¢'/k vs. @ for electrons in an undulator. The 
energy exchange between the electron and the EM 
fields resembles the synchrotron motion for a particle 
in the rf system. 


A. Vlasov equation in longitudinal phase-space coordinates 


When the transverse and longitudinal oscillations are decoupled, the longitudinal 
distribution function obeys the Vlasov equation: 


Əf OF f 

Os Od ` n On 
where the conjugate coordinates (¢, n) satisfy Eq. (5.13). A steady-state solution of 
the Vlasov equation is a function of the Hamiltonian: feg = feqg(H(¢,17)), which is an 
even function of 7. If an initial beam distribution is not a function of the Hamiltonian, 
the distribution function evolves with “time”, s. Depending on the initial condition, 
the time evolution of the bunch can be obtained by solving the Vlasov equation. Once 
the distribution is obtained, the energy exchange can be calculated by averaging the 
variable 7 over distribution function in phase-space coordinates, i.e. 


(n) = if nf (b, n)dodn. 


Any equilibrium distribution function that is an even function of 77 gives (7) = 0. The 
equilibrium distribution function has no net energy-exchange between electrons and 
EM-fields. For example, we consider a distribution that is initially uniform in ø, i.e. 


fol.) = Flo, s = 0) = $9(n). (5.17) 


where no is the number of particle per unit volume. The maximum change in the 


energy-deviation coordinate in one wiggler period is Ay|max © me) as shown in 
Eq. (5.14). Since * is a small number, we expand the distribution function in power 


series of (£)? and solve the distribution function iteratively: 


f = 5 fal, 1, NG” 


to 0, (5.16) 


Ofn | s Ofn = ba a Ofn—1 e 
J; | 2kwn T sing On (5.18) 
h= no dg (cos ġ — cos(@ — 2nkws)), (5.19) 


82 dn 
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where we use fy of Eq. (5.17) to obtain fı, which is not a uniform function of ¢, i.e. 
the electron beam becomes bunched. 
The exchange of energy between the electron and the EM-fields is 


K 


on = f nivinto+ ÈP f ahino= t (E) on 620 


where A(n) = (n) — (n)o = (y)1 = 0 in the ¢-integral with the distribution func- 
tion (5.19). The beam is bunched in the first order perturbation expansion without 
producing any energy exchange. 

To obtain an energy exchange, we need to perform a second order perturbation 
calculation by expanding f2 as 


m=2 


f = 5 fome P (5.21) 


m=—2 
The term that contributes to the energy exchange is fọ with 


O fz = Nokiw ( ð È Og 


Pare 10g 
}) sin(2nkws) + 2kws (2) con(2nh5) 


Os 327 On | On 
` 1 — cos(2nkws)]| . 5.22 
fro = RS | Aa — con(2nkys)] (5.22) 


Averaging 7 over the distribution function fo), we obtain 


Aln) = (m) = (ho = B (FE) Chus)? f atm FCnbos)an, (528) 


16 (kw 
with 
Pos ajrit jar] so O 


where S(r) is the line-shape function of the spontaneous emission in an undulator. 
The line shape function is equal to the square of the diffraction coherent function in 


4 
Eq. (4.207). The factor 78 (£) in Eq. (5.23) can be expressed as 


k 
no f K ~ ial U, 

Lea O — 5.25 
16 (+) 3 | prai) pyme ee 


where Uem = (Ue+Um) = eo Ee is the average energy-density of electromagnetic fields, 
Pre is the FEL (or the Pierce) parameter: 


2)2 72 > 2 7 aga 
Longe” Ay, KS KyWpi IT XK 
pre)? = =2 = 5.2 
(prei) 8r?yèm ( YWw be) 


~ Ty 2ndDe73" 
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Here, wp) = y noe? /ceoym is the plasma frequency of the electron beam, wy = ky, 
Î = nodeec is the peak current, I, = ec/ro = 17.0 kA is the Alfvén current, and 
Xe is the electron beam cross-sectional area. Equation (5.23) allows us to evaluate 
the average electron energy exchange at the exit of the wiggler: s = Nwàw and 
T = N2kws = n4nrNw. The gain function F(r) is plotted in Fig. 5.3. Electrons lose 
energy if 7 > 0 and gain energy if r < 0. The gain is proportional to the slope of the 
spontaneous emission line-shape function. 


0.10 mo J 
g [ J 
2 L | 
© 0.05 4 
I L J 
3 L J 
E 0.00 F | Figure 5.3: The gain function 
es [ | F(t) = [cost — 14 (7/2) sin 7]/73 of 
f L J the FEL is plotted as a function of 
—0.05 L- - the parameter T = 2nkyws = 4r Nywn. 
0.10 =- o Li] 


If the initial energy distribution is narrow compared with the width of the function 
F(T), e.g. 4nNyAn < 2 or An < ING we can approximate g(7) = 6(7 — no). The 
energy exchange becomes 
Uem 


Yrmce 


Aln) = = (+) (4T Nu)? E (7) = {4(4mpiaNw)*F (70) } 


z. (5.27) 
where 7 = 4r Nwno. The maximum energy loss is obtained with 7 = 2.6 or no = z, 
which corresponds to F (To) = 0.0675. 


B. The free electron laser gain 


The energy loss or gain of the electron beam bunch transforms energy to or extracts 
energy from the electromagnetic fields. The gain of the free electron laser, defined as 
the fractional increase of electromagnetic wave intensity of the spontaneous emission 
in a single pass, is 
NwAwdeYrmc?(An) 
Go = OE = A (Arr pea Nw)? F (70), 5.28 
0 Nie X Uem (Ar pia Nw)" F (T0), ( ) 
where X, and X, are the cross-sectional areas of the electron and photon beams and 
Xe = Ly = NyAwA/(167) is assumed at the undulator. 
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Electrons lose energy if y > yr and gain energy if y < yr. There is no energy 
exchange if y = 7,. The maximum energy gain occurs at the condition 7 = 2.6: 


5.2 Ir 
A a pa © Sa 


5.29 
max 4n Ny, ( ) 


The efficiency for spontaneous emission in an undulator is < 5. For a beam with 
finite momentum spread, the gain function is reduced by foldie iciagtal of Eq. (5.23). 
If the fractional momentum width is larger than 1/2Nw, ie. o/y > 1/2Nw, the 
effective gain becomes nearly zero. The natural momentum width of the beam, given 
by Eq. (4.114), is normally well within the limit. 

The FEL gain Go in Eq. (5.28) is proportional to the peak current Î. It is im- 
portant to increase the peak current in wiggler region in order to enhance the FEL 
gain. Since the FEL gain is only a few percent, an optical cavity with two mirrors 
in the simplest configuration can be added to induce FEL oscillation. One of these 
mirrors is assumed to be a perfect reflector, while the other is assumed to transmit a 
fraction go of the incident light (see Fig. 5.4). Neglecting the possible loss of light in 
the cavity, the system can be a laser oscillator if the gain is larger than the loss, i.e. 
G > go. When G = go, the system is in steady state operation. At the steady state, 
the laser output power is 


P, = efficiency x Elw, (5.30) 


where Jay is the average electron particle current and EF is the energy of the electron. 
The efficiency of the device, i.e. the fraction of energy transfer, is about z- 


(——) Figure 5.4: A schematic drawing of 

an optical cavity for FEL resonator 

with mirrors, while the electron beam 
electron beam is guided by the deflectors. 


Because the laser gain is proportional to the peak electron beam current, the space 
time structure of the laser beam reflects the electron beam structure. For a bunch 
beam operation, the laser pulse length is equal to the electron pulse length øs. The 
time structure of the laser line width becomes 

0c Oo A Ly(1+K2) 


pee ay (ae ee, 5.31 
"= Os oe Os 2920s Ny (221) 


which is smaller than the diffraction limit of 1/2Nw. To sustain amplification, the 
synchronization of the laser pulses with the electron beam bunches is important as 
well. The synchronization procedure can be achieved by adjusting the length of the 
optical cavity. 
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I.2 Interaction of the Radiation Field with the Beam 


We obtained the gain of EM field-intensity through the electron motion. When the 
gain is large, the system is coupled. The evolution of the electromagnetic fields is 
obtained through Maxwell’s equation: 


> ton > 7 5 
Vx B-42 = wJ, J=ecX Buð- r). (5.32) 


where J is the transverse electric-current: The electric and magnetic fields are (see 
Eq. (5.1)) 


Ë Eo(s, t)[& sin(kos — wot + bo) + 2 cos(kos — wot + ¢o)], 


W: 
ll 


1 ` P 
zEls, t)[&@ cos(kos — wot + ġo) — Zsin(kos — wot + ġo)]. 


The amplitude and phase, Æo(s,t) and ¢o(s,t), are slowly varying functions in coor- 
dinates s and t within one optical wave length, i.e. 


OF OE 27 0d Od 
“ sute ZK > Ei Ge <wobo; o> < Fr by 
Carrying out some algebraic manipulation, we obtain 
OE) 10E Ooo , 10¢ 
= Jay Er H = Jb, 5.33 
as © Ot Hoc o( Ae cO ) Hoc, (5.33) 
CK y si 
Ja = Ja sin(kos — wot + po) + Jz cos(kos — wot + o) = = no( a i: 
Yr I+ 
Jy = Jy cos(kos — wot + bo) — Jz sin(kos — wot + o) = ae aD. 
Yr 1+” 


Here (...) is the ensemble average over the beam distribution in phase space coordi- 
nates @ and 7 = + given by Eqs. (5.3) and (5.9), and we use Eq. (5.32) to obtain 
J, and J. The ensemble average of any function g is defined as 


Gi = i dd J dng(d,n) flo, n, 8) (5.34) 


where the electron-beam distribution-function f(¢,17) satisfies the Vlasov equation 
Eq. (5.16). The system of coupled equations can be solved numerically at a given 
initial condition to obtain the time and space evolution of the electron beam and of 
the EM fields. 


A. Perturbation solution of the Maxwell-Vlasov equations 


The perturbed distribution function of Eq. (5.19), up to the first order of E is 


(n) 4 


no 109 


P cos @ + cos( Inkws NG) (5.35) 
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This solution was obtained by assuming a constant electric field-amplitude Ey. Using 
the zeroth order distribution function, we find (cos ¢) = 0 and (sin ¢) = 0, and this 
J, =Oand J, = 0. 

Using the first order perturbation distribution function, which carries the infor- 
mation of beam bunching, we obtain J, and J, as 


Ky ieee 
I-s i no( ne [sin(2nkws) — (2nkws) cos(2nkws)], 
echy KB xg 1 ; 
h = = no(z-)*gleos(2nkws) — 1 + (2nkws) sin(2nkys)]. 


The change in the electric field-amplitude Eo, up to first order in i, and the gain 
of electromagnetic-field energy can be obtained by integrating Eq. (5.33): 
Longe Ay Kw 3 
AE = ——— 2kws)? F (T0). : 
p = PETE EP 2ks) (m0) (5.36) 
2AE 
Go = —— = 4(4T pia Nw)? F (T0) 


which is identical to that of Eq. (5.28). This verifies the fact that energy loss or gain 
in electron beam is equal to the energy gain or loss in the electromagnetic radiation. 


B. High gain regime 


The wavelength of the electromagnetic wave radiated by electrons in an undulator is 
determined by the resonance condition Eq. (5.5) with a line-width of (4.209). The 
radiation is not transversely coherent and its power is proportional to the peak beam 
current, or the number of electrons. Under certain conditions, the EM-wave can cause 
the electron-beam to bunch itself into microbunches with bunch-length equal to the 
wavelength of the EM-wave. All electrons in each microbunch radiate coherently in- 
phase. The radiation-intensity is proportional to the square of the total charge in a 
microbunch; and its power is greatly enhanced. 

The population inversion in the free-electron coherent-lasing process is produced 
by the electron beam microbunching. The electromagnetic radiation occurs through 
coherent transition of the microbunched electron beam as a single identity. The 
process can be described by the coupled Vlasov-Maxwell equations. We consider a 
simple one-dimensional (1D) approximation: 


a OF i 


+h T =0, (5.37) 
a 13E 
2B ue (5.38) 
kyy Rag noecKy , sing 
! = wy fo=(— sing, Ja = 2 
d m og) ee ag 
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With the coordinate-transformation from (s,t) to (s, ġ) of Eq. (5.4), Maxwell’s equa- 
tion (5.38) becomes (see Exercise 5.1.2) 


OE Lono@eK y 1 J l P 
‘ps a) > dndọ f(n, ġ)sinọ| , (5.39) 


where we assume Fo is independent of ¢ or the detuning of the electric field amplitude 
Eo is neglected. The amplitude of the EM-field can be enhanced by the electron-beam 
distribution function. 

Now we consider perturbation to the electron beam distribution function with 
f = fo(n)+ fi(n, ¢), where fo is the unperturbed distribution, and f, is the perturbed 
distribution function resulting from the interaction with the EM-field. With «/kw 
from Eq. (5.12), the linearized Vlasov equation is 


Of, Of, _( eKw Ofo Lj j 
+ 2kw =4 ~ J? _ eti?) Eo. A 
Os n oQ 1 292mc? On (¢ at) Eo ay) 
The perturbed electron beam distribution fı is coupled to the ponderomotive force 
of the electric field. 
Self-consistent solution of the electric field and the perturbed distribution function 
can be expressed as 
Eo = Eo expli (Qs] + c.c., (5.41) 
fi = fis expli (Qs — ġ)] + fi- expli (Qs + @)] + c-c.. (5.42) 
Substituting the above equation to Eqs (5.39) and (5.40), we obtain the equation for 
eigen-wave-number (0:4 


Ofo/On 1 _ = fo(n) 
ele in =0- (Bpk) f qe 


For an initial delta-function distribution function with fọ = 6(7), the eigenvalues are 


OQ + (2pterkw)? dn=0. (5.43) 


20 27 
Qı = 2Prfeikw, Q2 = 2 Pet kw exp (: =) , Q3 = 2Pfeikw exp (- =) ; (5.44) 


where pfe is the FEL parameter given by Eq. (5.26). There is a mode that grows 
exponentially. The exponential growth-factor of the electric field |Eo| and the mi- 
crobunching in the electron beam distribution function is determined by the imagi- 
nary part of the eigenvalues: |Im(Q2)| = V3preikw. The evolution of the magnitude 
of electric field and power is 
|Eo| ~ elm(Q)|s — eVBPiakws Power ~ |Eo|? m e? VBprikws — 98/Lg_ 
1 _ Aw 
AmO] I3 rpa 
4R. Bonifacio, C. Pellegrini, and L. Narducci, Opt. Commun., 50, 373 (1984); K.-J. Kim, Nucl. 


Instru. and Methods, A250, 396 (1986); J.M. Wang and L.H. Yu, Nucl. Instru. and Methods, 
A250, 484 (1986). 


Lg 1D = (5.45) 
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where the power gain-length is defined as the e-folding distance of the electromagnetic- 
field energy. The electric field gain-length is twice the power gain-length. The expo- 
nential growth will eventually saturate at a saturation length about 20L¢. 

The fact that the beam microbunching arises from the shot-noise and its effect 
is amplified by the beam-laser interaction. This instability is called self-amplified 
spontaneous emission (SASE) process. 


I.3 High Gain FEL Facilities 


Since 1980, experiments using high gain FEL as an amplifier have been successfully 
carried out at LLNL.° The high peak beam-current of the induction linac accelerators 
is used as the amplifier from microwave to CO, laser attaining up to 35% efficiency 
with tapered undulators. 

In 2000, there were many successful SASE-FEL experiments.® These experiments 
verified the exponential growth of FEL power, statistical nature of the SASE process, 
and the transverse coherence of the photon beam in diffraction pattern. The high- 
gain harmonic generation (HGHG) concept uses the high-gain amplifier by dividing 
the undulator into a modulator, a dispersive section for electron beam-bunching, and 
a radiator section for harmonic generation. The resulting coherent radiation can be 
greatly enhanced at a narrower bandwidth and shorter wavelength.’ 

Upon the verification of the SASE-FEL and HGHG principles, many proposals 
aimed to produce single pass high gain FEL from vacuum-ultra-violet (VUV) to X- 
ray. In 2009, the LCLS at SLAC were successfully commissioned. Development of 
coherent light sources is an important topic in accelerator physics research. 


Exercise 5.1 


1. Ina planar undulator, the closed orbit and the velocity vector are given by Eqs. (4.193) 
and (4.195). The interaction of the electron with the EM field becomes 


dy = _ cols, t) Kw sin kws ere + c.c.) 
ds 2mc?y 


5See e.g. T.J. Orzechowski, p. 1840 in [14] and references therein. 

®See e.g. J. Rossbach, in Proc. of Linac Conference 2002, p.582 (2002) and references therein; 
M. Hogan et al., Phys. Rev. Lett., 81, 4867 (1998); S. Milton et al., Phys. Rev. Lett., 85, 988 (2000), 
Science 292, 2037 (2001); J. Andruszkow et al., Phys. Rev. Lett. 85, 3825 (2000); V. Ayvazyan 
et al., Phys. Rev. Lett. 88, 104802 (2002); see also G.T. More, Nucl. Instrum. Methods 239, 19 
(1985); K.J. Kim, Phys. Rev. Lett., 57, 1871 (1986); S. Krinsky and L.H. Yu, Phys. Rev. A35, 
3406 (1987); L.H. Yu, S. Krinsky and R. Gluckstern, Phys. Rev. Lett., 64, 3011 (1990); Z. Huang 
and K.J. Kim, Nucl. Instrum. Methods A 475, 59 (2001); 

TL.H. Yu et al., Science 289, 932 (2000); see also S.G. Biedron, Ph.D. thesis, University of Lund 
(2001). 

8J.N. Galayda, Proc. of IPAC 2010, p. 11. 
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eEo(s,t)Kw 


soii . jp—2kws 


where Eo(s, t) is a slow-varying amplitude of the electric field and the phase factor Y 
is defined as Y% = (kw + ko)s — wot. 


a) The energy exchange is maximum at the stationary phase condition: (dy/ds) = 
g 8 
0. Show that the resonance condition and the equation for the phase factor w 


are 
a _dw(l+3K5) a aaa HG 
Vr = a} E id wo Oy 
d 
w = 2kyn + 2kwb cos 2kws, 
s 


where 7 = Ay/7r as defined in Eq. (5.9) and the constant b = 4K23 /(1 + 4K2). 
The phase factor 7 is not monotonic, it oscillates at twice the undulator wave 
number. Defining the phase factor ¢ = w + bsin 2k,,s, show that the equation 
for the phase factor ¢ becomes 


do 
— = Qkyn. 
ds w 


(b) Expanding the exp(—jbsin 2kws) in Bessel functions (see Sec III in Appendix B), 
show that the energy equation of the electron becomes 


dy _ _ eEoKw[JJ] ʻi dn _ eEoKw[JJ] i 


ing, or — =-—~ r sino, 
$, ds 2mc?¥?2 $ 


ds 2M? Yr 
where the factor [JJ] is defined as [JJ] = Jo(b) — Jı (b) and Jo(b) and Jı (b) are 
the Bessel functions of order 0 and 1. Note that (¢,7) forms a set of conjugate 
phase-space coordinates. The spontaneous emission of electrons in an undulator 
is identical to that of a helical undulator with the FEL parameter of Eq. (5.26) 
replaced by 
pone Ag KG [TI]? 

16n2y3m 


(2p%e1)° = 


2. With the coordinate-transformation from (s,t) to (s,¢ = [kw + ko]s — wot + ġo): 
O\ (90 Oo a\ _(9 o 
(a),5 (ae), * (ae), (05), = (ae) r + (aa), 
(a), = (ae), (58), = e (a5) 
a), (E), B8, A D), 


show that Maxwell’s equation (5.38) becomes 


zx — 


OEo 1 OEo = OEo OEo nP OEo = Lignoce Ky 1 
Os cô As “ a$ Os 


Re) E S anao sn.e)sino} 
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II Beam-Beam Interaction 


Coulomb force plays an important role in high brightness beams. The small-angle 
intrabeam scattering causes emittance dilution. The Touschek scattering is a process 
of momentum-transfer from the horizontal to longitudinal planes. The mean field of 
Coulomb force is called the space charge force, which is proportional to y7? due to 
cancellation between the electric and magnetic fields. Thus the beam brightness at 
low energy is normally set by the space charge limit. 

For high energy colliders, the beam-beam interaction describes the force between 
two oppositely moving colliding beam bunches. The force is enhanced by the addition 
of both the electric and magnetic fields. The luminosity of all colliders are limited by 
the beam-beam force. This section addresses its effect on particle motion. The electric 
potential ® of a bunch can be obtained from the Poisson equation, i.e. V?® = —p/eo, 
where p is the beam charge distribution. However, for simplicity, we discuss only 
the Gaussian charge distribution where the electric potential can easily be obtained. 
Although a real charge-distribution may not be Gaussian, results based on Gaussian 
distribution quantitatively agree with most beam-beam phenomena. 


II.1 The Beam-Beam Force in Round Beam Geometry 


We consider head-on collisions between two Gaussian round beams of length L with 
transverse charge distribution: 


Ne r? 


5.46 
F (5.46) 
where Ne = f p(r)2rrdr is the charge per unit length, o? = 4(r?) is the rms beam 
width. The Lorentz force on a test particle due to the opposing bunch at a radius r 


is F, =e(E+0x B) = e(E, + BcBy)f: 


a Nel 2 2 Ne? 
Pod eUr 1— exp PD f Bot j f(a +22 +++), 
A4reor 202 


where 6 = v/c, y = y 1-— 8?, and + signs correspond to the force seen by the 
like/unlike charges. The kick-angle Az’ is (in linear approximation) 


JE (ds/¥ Bat Pea 


Aa! = Æ 5.47 

ä ymc? p? yo? Ren 

where Ng = f Nds is the number of particles in the opposing bunch, ro = Tema is 
the classical radius. The focal length of the beam-beam kick is + = At’ = Tg, 


The linear beam-beam parameter épp is defined as the magnitude of the linear beam- 


beam tune shift: 3 Narob X 
1p" Bro” BTO 
= |Av| = = = 4 
So» = [Av] Fe f Aryo? Are,” ee) 
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where 8* is the betatron amplitude function at the interaction point and eṣ is the 
normalized emittance of the bunch. The beam-beam force is highly nonlinear, and 
Ep Serves as the scaling factor for the nonlinear beam-beam force. 


A. The beam-beam potential 


The beam-beam kick can be derived from a beam-beam potential Vpp(x, z), which 
is obtained by solving Poisson’s equation for a beam distribution function. For a 
Gaussian beam distribution, the beam-beam potential is (see Exercise 5.2.1): 


2 2 
2z __ z 
Nro eo” | =e Qoz+t 2oF+t 


Vov(2,z) = dt 
ae 202 + t)(202 +b) 
= _Nro ( x ‘ z ) 
EA CETAMACETA 
Nro DER. 233 1+2R4 
xu 4 : Her 5.4 
mel a ee 3R | (maa 


where o, and g, are the rms radii of the beam, R = o, /C+ is called the round-beam 
parameter. In linear approximation with £ < Oz and z < oz, the beam-beam kicks, 
the focal lengths, and the beam-beam parameters are (see Exercise 5.2.1) 


2N 2N) 
Aa’ = pee y Az’ = en oD y (5.50) 
10x(Fx T oz) Yoz (ox F Tz) 
I 2Npgro 1 2Nero 
Sap n Ssp ee 5.51 
fa Ou (Ox TF oz) Jo YOz (Ox F Oz) ( ) 
N: e * N: M * 
a= ae par u (5.52) 
20YOr(Ox + Oz) 2nyo2(Cr + 02) 


The focal length is positive (focusing) for the collision of unlike-charges, and negative 
(defocusing) for the collision of like-charges. 


B. Dynamics betatron amplitude functions 


At &» ~ 0.05, the focal length |fjp| ~ 6* is usually small and the beam-beam 
force is strong. Thus the linear lattice is also strongly perturbed by the beam-beam 
interaction. The one-turn map, including a thin-lens beam-beam kick, is 


M- woo B§ sin Bo ) ( 1 1) 


E 
— yò sin Po cos ®o — ap sin ®o F 1 (5.58) 


where ò, aj, and yğ are the values of the unperturbed betatron amplitude function 
at IP, o is the unperturbed betatron phase advance in one revolution. Identifying 
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the one-turn map M with Courant-Snyder parametrization, we obtain 


cos ® = cos ®o — sb sin Po = cos Dp F 27Epp sin Bo, (5.54) 
6* sin Bp 

= RIF? t 5.55 
Be sin © Tbb Cot Do, ( ) 


where {* is the value of the perturbed betatron amplitude function at IP, ® is the 
perturbed betatron phase advance in one turn. The betatron tune-shift due to the 
beam-beam interaction is AQ = (® — ®9)/(27) ~ +&,p, and the betatron amplitude 
function is dynamically modified. The tune-shift can cause betatron tunes to overlap 
with betatron resonances. This can result in emittance blow-up, beam halo, and 
beam loss. The mismatched betatron amplitude-function can induce lattice-function 
modulation (6-beat) if the resulting betatron tune is near a half-integer stopband. 
The linear stability condition for the betatron motion is 


\cos Po F 2rEpsin®)| <1 = fy < ae cot Di or fb < De w (5.56) 
27 2 21 2 

The shaded area in Fig. 5.5 shows the stable region of the beam-beam parameter. 

Experimentally, the measured beam-beam tune parameters are about 0.05 for ete7 

colliders and 0.03 for hadron colliders. The actual beam-beam parameter may be 

limited by the effects of nonlinearity in the beam-beam interaction, noises, time- 

dependent tune modulation, and nonlinear magnetic fields in the storage ring. 


0.3 po m 0.3 
Figure 5.5: The shaded area corre- 
sponds to stable condition of Eq. (5.56), 
where vp is the fractional part of the 
bare betatron tune ®g/(27). The left 
plot is for the ete~ or pp colliders, and 
the right plot is for colliders with like- 
charges. The actual achieved beam- 
beam parameters, shown as various sym- 
bols, are smaller than that of the linear 
stability limit. The coherent beam-beam 
imit is shown as the dashed line. 
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C. Disruption factor 


The disruption factor, defined as the ratio of the bunch length to the focal length of 
the beam-beam interaction, 


os _ Nrods 
f ye? 


Os 


D = 
pr 


= 4TÊbb (5.57) 
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is commonly used to gauge the strength of beam-beam interaction in linear colliders. 
If the disruption factor is larger than 1, the beam particles are focused toward or 
defocused away from each other within the bunch length. For colliders with 6* ~ o, 
and éb œ 0.05 at a single IP, we find D ~ 0.63, If this beam-beam tune shift is 
produced by a single interaction point, the focal length of beam-beam interaction is 
about f ~ 26*. For ee” linear colliders, D can be much larger than 1 in order to 
achieve luminosity enhancement (pinch effect). 


II.2 The Coherent Beam-Beam Effects 


For two beams with similar intensity, if one beam is slightly displaced with respect to 
the other, coherent oscillations can be induced, which may lead to unstable motion.’ 
We consider two counter circulating bunches, specified by indices 1 and 2 respectively. 
The center of mass motion relative to each other is 


w=-2i-»), = 2u- v), (5.58) 
fi fr 
where g is the geometric overlapping factor that depends on the transverse distribu- 
tions of two beams. In rigid beam approximation, the c.m. linear betatron motion 
(closed orbit) of the two beams is obtained from the one turn transfer matrix. The 
transfer matrix in the normalized coordinates becomes (see Exercise 5.2.4) 


cos®, sin ®; 0 0 1 0 0 0 
M = —sin®, cos®, 0 0 —4rg& 1 4rg& 0 
0 0 cos sin Pg 0 0 1 0 
0 0 —sin®, cos®, Ang&’ 0 —Amrg& 1 

cos ®; — 47gé,;sin®, = sin ®, Amg&, sin ®, 0 

E — sin ®, — 4mg&;cos®, cos ®; An g&, cos ®, 0 
Amg& sin By 0 cos By — 47g&.sin®, sin ®, 
4T gE cos By 0 — sin ®) — 47g. cos Po cos By 


The stability of the system is determined by the eigenvalue of the transfer matrix M, 
i.e. |\ — M| = 0. Consider a simple example of two beams with identical intensity 
and betatron amplitude functions with &, = & = € and ®) = ®, = o. Two of four 
eigenvalues are given by 


Ag = cos By + j sin Bo, (5.59) 


i.e., the same eigenvalues as the original unperturbed system. This is identified as 
the o-mode, where two beams oscillate in-phase with each other, and produce no 
coherent beam-beam effect on betatron motion. 

The eigenvalues of 7-mode are solutions of the equation: 


AŽ — 2(cos By — 4rrgépy sin ®o)Ar +1 = 0, (5.60) 


9A. Piwinski, Proc. 8th Int. Conf. on High Energy Accelerators, p. 357 (1971). 
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where two beams oscillate out of phase. In small linear beam-beam parameter approx- 
imation, the coherent tune shift is AQ = 2g&,,. For rigid Gaussian distribution, the 
coherent beam-beam tune-shift factor is 2g = v2. Yokoya et al. carried out careful 
analysis of coherent motion using Vlasov equation and found that the Yokoya-factor 
is about 2g ~ 1.21 ~ 1.33. Experimental observations show that the Chao-Yokoya 
factor agreed well with Yokoya’s analysis.‘° The stability condition is 
1 Po 
| cos Po — 4rgér» sin of < 1, or &» < — cot —. (5.61) 
4Tg 2 
This condition is more stringent than that of Eq. (5.56) by a factor 1/(2g), shown as 
dashed line in Fig. 5.5. 


II.3 Nonlinear Beam-Beam Effects 


With beam beam interaction, the effective particle Hamiltonian in impulse approxi- 


mation is j i 

H= ze” + Kar’) 4 5 (2” + K,27) + Volz, z)d(s), (5.62) 
which is highly nonlinear. The integrated beam-beam potential V,,(a, z) of Eq. (5.49) 
is represented by point interaction, which is rich in perturbing harmonics. As an 
example, we consider the nonlinear octupole-like beam-beam force for a round beam: 


Ag! = — mEbb (a? + x2). (5.63) 
Bro? 
This octupole-like nonlinear beam-beam force differs from a regular octupole pole 
magnetic force shown in Eq. (2.19), and is difficult to be compensated by octupole 
magnets. Even if we were using an octupole to compensate the x? nonlinearity, the 
required octupole strength, B30 = He Bp, is very very large. 
Using the Floquet transformation of Eq. (2.55) and the orbital angle 6 = s/R as 
the time coordinate, we obtain 


Ë = vg Jy + vaJ; + U (Je, Je, Va, be} 9), 
1 : 

_ r —j(mpzt+tnpz—L0) 
U = a ` Kmn(Jz, Ja)e™ 


Jr cos? bx BzJz cos? bz } 


Bx 
N 1 — exp " a 
Kiani = oie S | dodonai { 202+t 202Ft 


ef (mor+noz) 


10A, Chao, Beam-beam Instability, in AIP Conference Proceedings #127, Physics of High Energy 
Accelerators, p. 202 (AIP, NY, 1983); K. Yokoya et al., KEK Preprint 89-14 (1989); K. Yokoya and 
H. Koiso, Particle Accelerators 27, 181 (1990); W. Fischer et al., Proceedings of PAC2003, p. 135 
(2003); J.T. Seeman, Luminosity and beam-beam interactions, in AIP Proceedings #592, p. 163 
(AIP, NY, 2001). 


II. BEAM-BEAM INTERACTION 493 


where we have assumed transverse Gaussian beam distribution. If the beam distribu- 
tion is symmetric in x and z, we find only even order resonances, i.e., m and n must 
be even. Using the generating functions for the Bessel functions listed in Sec. III 
Appendix B, we obtain the detuning term: 


K, _ Nro D) . 
ig J Qo? + t)(202 +1) 


The Hamiltonian becomes 


Zo(a) =e “Io(a). (5.64) 


si il : 
H = Voy + Vode + Kool Ses Jz) + 5 XO hana errr. (5.65) 
m,nF0 


The beam-beam interaction creates an amplitude dependent betatron tune through 
Ko, and produces nonlinear resonances at mv, + nv, = l, where m and n are even- 
integers for head on collisions. If two beams are colliding off-axis, or with an angle, the 
odd order resonances appear. The strengths of these resonances are usually strong. 
Similar to what we have discussed in Sec. VII in Chapter 2, nonlinear resonances can 
profoundly influence the beam distribution function in phase-space, reduce beam life- 
time, and cause beam loss. When higher order resonances are important, the available 
resonance-free-tune space becomes very small as shown in Fig. 2.57 in Chap. 2. 


II.4 Experimental Observations and Numerical Simulations 


In 1960-1990, the ete~ colliders have played an important role in the discovery and 
exploration of elementary particle physics, such as J/W, T, etc. Because e* and e~ 
particles have opposite charges, eTe~ beams can sometimes be confined in a single 
storage ring. Some of ete~ colliders were the SPEAR, PEP, and SLC at SLAC, 
DORIS and PETRA at DESY, CESR at Cornell, BEPC in China, VEPP-4M in 
Novosibirsk, TRISTAN at KEK, and LEP at CERN. 

In the 1990’s, the LEP and SLC have provided careful tests of the electro-weak 
theory of the standard model. In 2000’s, particle factories (the B-factories: PEP-II 
and KEKB the DA®NE at Frascati, and the tau-charm factory at BEPC in China) 
further our understanding of the fundamental symmetry in the force of nature. The 
luminosity of all high energy colliders is limited by the beam-beam interaction. There 
are many experiments, numerical simulations, methods of compensation, and work- 
shops conducted on this subject. 

We consider two interacting beams with identical intensity. The luminosity for a 
head-on collision is 


= BN: Nə fo (N1=Na, ae NÈ feon _ (I/e)? 


27 Lig Dz ANOO; 410,0zfeo' 


(5.66) 


where N; and N3 are numbers of particles in counter-moving bunches, B is the number 
of bunches, fo is the revolution frequency, feon = B fo is the bunch collision frequency, 
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X, and È}, are effective transverse rms beam widths of these colliding bunches at the 
interaction point (IP) with 0? = o?, + o2, and ©? = o?, + 02). Here, oe1,02 
and 0,2, 02 are the rms horizontal and vertical beam widths of two interacting beam 
bunches. When the colliding bunches have equal number of particles with Ng = N; = 
No and equal transverse beam widths (¢21 = 022, 01 = 022), the luminosity formula 
is further reduced as shown in the right-side of Eq. (5.66), where J/e = Np feon is the 
particle current, 40,0, is the effective cross-section area of the beam at the IP: 


Ap\? : Ap\* 
o? = Bte, + (2:2) o= Bre, + (2:2) i 
Po 


(5.67) 
Po 


Here €, are the horizontal and the vertical rms emittances, 87, and D% are the 
values of the horizontal and vertical betatron and dispersion functions at IP. Normally, 
the collider lattice is designed such that Dž = 0 and Dž = 0 in order to maximize 


the luminosity. Table 5.1 lists parameters of some high luminosity ete~ colliders. 


Table 5.1: Parameter-list of high luminosity eT e~ colliders 

KEKB PEP2 BEPC | DA®NE | LEP 
E (GeV) 3.5 8| 3.12} 8.97 1.55 0.511 98 
C (m) 3016.3 2199.318 240.4 97.69 | 26659 
p (m) 16.3 | 104.5 | 13.75 | 165| 10.35 1.4 | 3096.2 
Tdamping (ms) 43 46 63 37 44 36 6.5 
€x (nm) 18 24 40 49 390 160 45 
€, (nm) 0.36 | 0.36 4 2 3.9 1.4 0.1 
0z (mrad) 11 11 0 0 0 25 0 
B3 (cm) 59 63 50 50 120 25 150 
Be (cm) 0.7 0.7) 1.25} 1.25 5 0.9 5 
oe (mm) 7 7 13 13 45 30 13 
N, (102°) 7.3 5.4 9.9 5.3 21.6 8.9 43 
B 1284 | 1284 | 1658 | 1658 1 45 4 
Ez 0.097 | 0.074 | 0.065 | 0.075 0.04 0.03 | 0.021 
Es 0.066 | 0.05 | 0.048 | 0.06 0.04 0.042 | 0.083 
L (10) 19000 9200 15 436 100 


Because of the importance of the beam-beam interaction, many numerical simu- 
lations and experimental studies have been conducted to understand the underlying 
beam-beam physics. Two theoretical models are (1) weak-strong (incoherent) beam- 
beam model and (2) strong-strong (coherent) beam-beam model. In the incoherent or 
the weak-strong model, a test particle interacts with the mean field produced by the 
counter rotating beam bunch. The stability of the test particle depends essentially on 
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the single particle dynamics. In the coherent beam-beam model, beam stability and 
bunch shape deformation are dynamically excited by coherent mode interactions. In 
both models, the linear beam-beam parameters &, and £, of Eq. (5.52) serve as scaling 
strength-parameters for beam-beam interaction. 

Past experiments show that the luminosity of colliders is determined mainly by the 
beam-beam interaction. Although the horizontal emittance of electron storage rings is 
much larger than the vertical emittance, the beam-beam parameters é, and €, can be 
made equal by setting 3*/e, ~ 6% /e,. Figure 5.6 shows the typical beam-beam param- 
eter €, achieved for some e*e~-colliders: DA®NE, VEPP2M, DCI, ADONE, SPEAR, 
BEPC, CESR, PEP, KEKB, PEP2, PETRA, HERA, TRISTAN, and LEP." The en- 
ergy dependence of the beam-beam parameter is not obvious. Typical value achieved 
is about 0.05-0.08 for ete7-colliders and about 0.005-0.025 for hadron-colliders. The 
curves on the right plot correspond to £o + (ELEP — £o) (Adamping/ AEP)”, Where Agamping 
is the damping decrement, Agp is the damping decrement for LEP at 102.7 GeV, 
ĉo = 0.025, €.ep = 0.115 and a = 0.175 (solid) and 0.35 (dashes) respectively. The 
dependence of the beam-beam parameters on the damping decrement has not been 
fully established. There is no theoretical basis for these curves. 


ee ee T T 
+e- i . + PETRA, HERA_e, TRISTAN, 
0.10F © kE aa -F # ADONE, DCI, SPEAR // 5 
D DA@NE, VEPP2M 
tee x ¥ Figure 5.6: Left: A compilation of 
0.06 F x og the achieved linear beam-beam pa- 
aat y X aX g rameter &z vs. the beam-energy of 
y ete colliders. Right: The same data 
0.02 F+ + plotted vs the transverse damping- 
P j i * i enai i , } decrement. 
0.00 
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In ete” colliders, we have o} >> a, and thus €, > €,. One expresses the luminosity 
in terms of €, as 
Oz 


-IU e) _ Bfr 
L 2r.B% (4 5.) r? 


Eeay, (5.68) 


If €, is the limiting factor for colliders, the luminosity is increased by increasing the 
beam intensity and beam emittance while maintaining a constant €,. For a constant 
Ez, the luminosity can be increased by decreasing $* value at the IP, increasing 0%, 
or increasing the number of bunches B.!? However, the maximum luminosity occurs 


See e.g. J. Seeman, Observation of the Beam-Beam Interaction, in Lecture Notes in Physics 
#247, p. 121 (Springer-Verlag, Berlin, 1985); R. Assmann and K. Cornelis, Proceedings of 
EPAC2000, p. 1187 (EPAC, 2000). 

Tf the counter rotating ete~ beams are stored in the same storage ring, these two counter- 
rotating beams should be separated by orbit separation schemes to minimize the long-range beam- 
beam tune shift. 
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when {F ~ oy. 

If 8 < os, the hourglass effect becomes important and the effective luminosity 
decreases. This arises from the fact that the betatron amplitude function in the 
interaction region is given by 6,(s) = 8% + s?/6%, where s is the distance away 
from the IP (see Exercise 2.2.17). Since the betatron amplitude function within the 
bunch length increases, the effective cross-sectional area of the beam increase and the 
effective emittance is reduced. The luminosity reduction factor for the flat beam and 
the round beam are respectively 


|A; A? A? : 
L= ?} Lo E exp()Ko(>*) flat beam with A, = 6%/o, 
Lo x Vrexp(A’) erfe(A) round beam with A = 6*/o, 


where Lo is the luminosity for zero bunch length, Ko(A2/2) is the zeroth order modi- 
fied Bessel function, erfc(A)=1-erf(A) is the error function, and A, and A are lattice 
variation parameters. 

If ef and e~ beams are of the same energy, the counter-circulating et and e7 
beams can be stored in a single storage ring. The number of bunches is limited 
by avoiding un-wanted beam-beam interactions other than the interaction points 
for physics experiments. Electrostatic separators are installed in these colliders to 
separate these counter-circulating beams, called pretzel scheme for achieving separate 
closed orbits for these two beams. In order to produce high luminosity in B-meson 
(KEKB and PEPII), ®-meson (DANE), and 7-charm (BEPC) factories, two storage 
rings crossing only at an interaction area are used for multi-bunch operation. Since 
the luminosity of ee~ colliders is usually limited by the beam-beam parameter, the 
design strategy differs from that of synchrotron radiation sources, where the emittance 
is minimized to maximize the beam brightness. 

For hadron colliders, the pp colliders (TEVATRON or SppS) have used one ring 
strategy to minimize construction cost. These colliders have also been limited by the 
beam-beam interaction. In order to avoid un-wanted beam-beam interaction, elec- 
trostatic beam separators are installed in the storage ring for multi-bunch operation. 
Proton-proton and heavy ion colliders require two independent rings for counter- 
circulating beams to collide at a few interaction points. In this case, the parasitic 
long-range beam-beam interactions at the interaction area can also set limit on the 
number of bunches in the ring. 

Because of the importance of this subject, there have been many workshops de- 
voted to this subjects. For related and current topics on this subject, the proceedings 
of these workshops are handy. 


13See e.g. Lecture Notes in Physics 247, Nonlinear Dynamics Aspects of Particle Accelerators 
(Springer-Verlag, NY, 1985); Proceedings of the ICFA Beam Dynamics Workshop on Beam-Beam 
Effects in Circular Colliders, (Novosibirsk, 1989); AIP Conf. Proc. 693, (AIP, New York, 2003). 
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II.5 Beam-Beam Interaction in Linear Colliders 


The beam-beam interactions in linear collider at TeV energies are usually charac- 
terized by disruption factors D, and D,, disruption deflection angle 6o for colliding 
particles, and the beamstrahlung parameter Y for pair production through beam- 
strahlung. 

In linear approximation, the effect of beam-beam interaction is characterized by 
the focal length fy and f, in Eq. (5.51). The disruption deflection angle for a particle 
at lo amplitude is 

Ox Ox 2Nero 
fr fz (ox + Oz) 


and the disruption factors D, and D, are defined as 


2Nproos = Os _ Eci 


D, E= — = ; 
YOz (Oz =F oz) Jaz Asz 


z 


where ér > are the linear beam-beam tune shift parameter, Ar z = B == is the lattice 
variation parameter at the interaction point. 
Defining the normalized coordinates: 


X==; Z=+; ga-, 


z 
Oy Oz Os 


we find linearized equations of motion within the bunch crossing as 


The solution is sinusoidal. In the range of opposing bunch, S € (—1, 1), the number 
of oscillation is n = VD/a or D = 7?n?. These oscillations can also be viewed as 
plasma oscillation with 


VTO; 3 am s 
Atna a nD, a DS an di ja 
= nog 2 zl 


Note that the disruption parameter is proportional to the number of plasma oscil- 
lations within the bunch length. Another quantity of interest is the Debye length, 
Àp, defined as the transverse amplitude of the plasma oscillation. The time for the 
maximum amplitude is about +T,. Define the emittance as € = mo, y (v? }/c, one 
obtains 


an (vi) doa Ap Tm T T 
io on, = vi = (Z2 = (Z) , 
or On (5) 2B*/D (3) 2AVD 


1R. Hollebeck, NIM 184, 333 (1981); AIP Proc. 184, 680 (1988). 
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The Debye length is normally less than the bunch width for a reasonable machine 
parameter A. Particle motion in the ete~ linear collider is trapped in the bunch 
during the collision. 

When the disruption factor is large, the number of particle oscillation within the 
opposing bunch may be large. As the disruption factor increases, the luminosity can 
be enhanced by the pinch effect, i.e. £L = Lo x Hp where Hp is a function of D,, Dz, 
A,, and A,. The luminosity enhancement for a nearly round SLC beams was found 
to be about 2.1° 

The strong beam-beam interaction in e*e~ colliders at TeV energies can cause 
beam particles to lose substantial amount of their energy to synchrotron radiation. 
The quantity is characterized by the beamstrahlung parameter: 


Qhw,e hye 2B 
3 E mep TB 


Y (5.71) 


where B is the magnetic field produced by the colliding bunches, the factor 2 takes into 
account the contributions both the electric and magnetic fields, and B, = m?c?/(eh) ~ 
4.4 x 10° T is the Schwinger critical field. Averaging the induced magnetic field over 
the beam distribution, the average beamstrahlung parameter is 


5 NproAcy 5 Dede x 
ja ap 


~ 2mo os +0) Ar o ’ (82) 
where A, = h/mc is the Compton wavelength. When the beamstrahlung parameter 
(T) becomes large, quantum-electrodynamics processes are important in the beam- 
beam interaction. The beamstrahlung parameter is about 107° for the SLC, and 
about 0.1 for the ILC design. These topics are actively researched in the quest of 
linear collider design studies.'® 


Exercise 5.2 


1. Follow the following steps to derive the beam-beam interaction potential for a beam 
with N particles per unit length with Gaussian charge density: 


2 2 
x z 
L,z)= exp{ -= - <> 
plez) 2NOrOz Pt 202 Z2? 
(a) Show that the Fourier transform of the Poisson equation of the V7 = -£, 


where p is the charge distribution, and eg is the vacuum permittivity, for the 


15T. Barklow et al., Proc. of PAC1999, p. 307 (IEEE, 1999). 

16See K. Yokoya, in High Quality Beams, AIP Proceedings 592, p. 185 (AIP, N.Y. 2001); D. 
Schulte, Proc. of PAC1999, p. 1688 (IEEE, 1999); P. Chen, in Handbook of Accelerator Physics and 
Engineering, edited by A. Chao and M. Tigner, p. 140 (World Scientific, Singapore, 1999). 
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electrostatic potential © of a beam is 


5x = ie 


~ 1 ah 1 kadika 
p= ia O(a, z)etkertikezdrdz, p = af oeae ands, 
T rig 


For a Gaussian beam distribution, show that 


Ne 1 


~ iL A072.» 24:2 
= —3Iske 30k, 


Ne —402k2—Ło2k2 
3 2 2 2 
4r?eo k2 + k2 


0 = —e 2°" 7 
P= n 


(b) Show that the electrostatic potential © is!” 


x? ad 
Ne oo —1 4 exp{ Qoz+t H 


(r, z) = 
= Greg 0 (202 + t)(202 + t) 


where the singularity at x = z = 0 is removed by the addition of the —1 term 
in the numerator of the integrand. 


(c) Show that the beam-beam kick at 6 ~ 1 is (see Sec. II.1) 


av av Na jel- ebla xa} 
Ag!’ = , Ag = s V(a,z)= 0 oat get 
Ox Oz i y Jo (202 + t)(202 + t) 
(d) For small amplitude particle motion with £ < o7,z & az, show that!8 
2N 2N 
Ar = — ge. Ay = — _ _ ,; 
x(x F z) Voz (ox EE oz) 


(e) In many electron storage rings, we have cz >> 7. Now we define 


ma ge 2 ge, 
z V2(02 = 02) V2(02 — 03) 203 +t 


(£) Show that the beam-beam kick is!® 


P a+jb 
Aa’ — jAz' = ~—_4N 0 elatio) / cdc 
7/22 o3) arti? 
17S. Kheifeit, “Potential of a three dimensional Gauss-bunch”, PETRA Note 119 (1976). Note 
that i 1 p% 
-SA -4tlka tk?) dt 
+k 4 f os i 


18Change the dummy variable to s? = (202 + t)/(202 + t). 
19Hint: change the dummy variable to ¢ = as + ib/s with (r < s < 1). 
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(g) Using the complex error function [30] of Sec. III.3 in Appendix B, show that?° 


2N ; bys b 
Ag! — jAz' =j tov [va + jb) — eT Ct Hartig) (ar +52) 
7 p) 
T 2(07 z a2) rT 


or 

Ax 2Nro/a ( gt iz maT ec + iz 
Jez a3)” |” aera) Yor 02) 

A 1 2Nroy/T ( B+ 1z ) as ( r + ize ) 
J= 202 202 YW z 
yvy 2(0% — 02) 2(0% — 02) 2(0% — 02) 


2. Using Eq. (5.65), show that [See A. Chao, AIP127, 202 (1979)] 


„Uta f9 du Bodel Oz, z  Bedz/ 02 
Av, = a (EE 79 Le) 


2 3/2(1 + 4)! 1+u 1+3 
str) f° du Bedx/Oz\ 7 BedelOz 
aia | Ty wy a aye tT at 20 GETE 


with r = @, Zo(x) = e”Io(x) and Zı(x) = e~*[Lo(x) — Li(a)]. 


3. Using the normalized phase-space coordinates Y=y// pġ and Py=(aġy + oy’) /V B, 
show that the one-turn transfer matrix M of Eq. (5.53) becomes 


mM=( ©°8 o sin Bp ji 0 
~ \—sin®g cos ®o —4n€ 1)’ 


where € = pġ /(4r f) is the linear beam-beam tune-shift parameter. 


?0Numerical calculation of beam-beam interaction by using the complex error functions in CERN 
library is considerably more accurate and faster than that obtained from the numerical integration. 
The derivation of this homework problem was due to M. Bassetti, and G.A. Erskine, CERN-ISR- 
TH/80-06 (1980). 


2021 © The Author(s). This is an Open Access chapter published by World Scientific Publishing Company, 
licensed under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0). 
https://doi.org/10.1142/9789813274686_0006 


Appendix A 


Classical Mechanics and Analysis 


I Hamiltonian Dynamics 


I.1 Canonical Transformations 


Based on the variational principle of the Lagrangian, ô f Ldt = 0, particle motion 
obeys Lagrange’s equation: 
dpi OL | < OL 
d aa: =U, P= Dg 
where the Lagrangian is a function of the coordinate (q;, ġi). Hereafter the subscripts 
of the phase-space coordinates are omitted when there is no ambiguity. The Hamil- 
tonian and Hamilton’s equation of motion are 


dp OH dq ƏH OH OL A3 
a Og’ dt Op Ob aoe 
Hamilton’s equation of motion is derived from the variational principle of the 
Lagrangian. The conjugate variables (q, p) of the coordinates and momenta can be 
transformed to another set (Q, P) by a total differential (contact transformation) with 
a generating function. Four forms of generating functions are F\(q,Q,t), Fo(q, P,t), 
F3(p,Q,t) and F(p, P,t). The corresponding canonical transformations are 


(A.1) 


OF OF OF 
G= F(9,Q,2): P= Gt = a0! H(Q, P,t) = H(a,p,t) + = AA 
E _ OF, OFh E OF, 
OF: OF: OF: 
G = F; p,Q,t)% ams Poms H(Q,P,t) = H(q,p,t) + Bes A.6 
OF. OF. OF. 
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I.2 Fixed Points 


Fixed points of Hamiltonian flow are phase space points where both ¢ = 0 and ù = 0. 
Thus the velocity field at fixed point is zero. Fixed points are classified into stable 
fixed points (SFPs) and unstable fixed points (UFPs). Near the SFP, the Hamiltonian 
flow resembles elliptical motion, and it is also called elliptical fixed point. Near the 
UFP, the Hamiltonian flow is hyperbolic, thus it is also called hyperbolic fixed point. 

The fixed points are important in the Hamiltonian dynamics, because they de- 
termine the topology of Hamiltonian flow in the phase space. The Hamiltonian flow 
(torus) that pass through the UFP is called the separatrix, which separates the Hamil- 
tonian flow into stable and unstable regions. 


I.3 Poisson Bracket 


The Poisson bracket of two functions, u(q, p), v(q, p) of the phase-space coordinates 
is defined as 


Ou Ov Ov Ou 
ie D 2a Ops ae 


By definition, we have [q;, q;] = 0; [qi; pi] = dij; [pi,p;] = 0. From the definition, the 
Poisson brackets satisfy the following properties: 


i 


e anti-commutative : [u,v] = —[v, ul; 

e Jacobi’s identity : [[u, v], w] + [[v, w], u] + [[w, u], v] = 0. 

Using the Poisson bracket, we can express Hamilton’s equation and the time 
derivative of an arbitrary function F(q, p, t) as 


dq _ dp dF OF 


q Hl q 7 eH: g 7 H+ 3: (A.9) 


If the Poisson bracket [F, H] = 0 and F is not an explicit function of time, then F 
is a constant of motion. Clearly, if the Hamiltonian H is not an explicit function of 
time, then H is a constant of motion. If H is independent of coordinate q; then the 
conjugate momentum p; is a constant of motion. This can be observed easily from 
the Hamilton’s equation. If a canonical transformation can be found that transforms 
all momenta to constants, the complete solution can be obtained through inverse 
transformation. Some examples of Hamiltonian systems are given in this section. 


I.4 Liouville Theorem 


Let A(t, q@,--+;@n,P1,°**,Pn) be the Hamiltonian of an isolated dynamical system, 
where t is the time coordinate, and (q1,---,@n,P1,°*+,pPn) are the generalized phase- 


space coordinates with 
OH, OH 


t= By, M= 


(A.10) 
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Let p(m,-++,4n,P1,°°:;pn) be the density function, and pdr be the number of the 
system within phase-space volume dr = || dq; [| dp;. The rate of increasing phase- 
space points inside volume V and the rate of phase-space points flowing out of the 
volume are respectively 


— dr and v- ndo, 

r Ai I pe 7) 

where U is the vector field of the Hamiltonian flow, 7 is the normal vector on the sur- 
face of the volume V, and dø is the surface integral differential. For a non-dissipative 
Hamiltonian system with no source and sink, we obtain the continuity equation with 
Gauss’s theorem: 


ey. (ot) =0, <= [oe mao = f V lpia (A.11) 
V 


Using Hamilton’s equation, Eq. (A.10), we get the equation of continuity 


dp _ 2- 
a + Dud a > biz : (A.12) 
This is called the Liouville theorem. 


I.5 Floquet Theorem 


We consider the linear Hill’s equation of motion y” + K(s)y = 0,where y and y’ are 
conjugate phase space coordinates, K (s) is the focusing function, and the prime is the 
derivative with respect to the independent variable s. In particle accelerators, K (s) 
is a periodic function of s with period L, i.e. K(s + L) = K(s). It is advantageous 
to make the Floquet transformation and express the solution in amplitude and phase 
functions. The Floquet theorem states that the amplitude and phase functions satisfy 
a periodic periodic boundary condition similar to that of the potential function K (s), 
ie. 


y(s)=w(s)e,  w(s)=w(s +L), W(s+L)—Vls)=2mu, (A13) 
where the phase advance jz in one period is independent of s. Although the periodic 


boundary condition is not necessary, it would simplify the solution of the differential 
condition. Using the Floquet transformation, we get the differential equation 


wy +wuh"=0, ver, =f S (A.14) 
WwW 


1 
w" + K(s)w- wy? =0, w"+ K(s)w-— =0, (A.15) 
w 
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where we have chosen a normalization for the amplitude function in Eq. (A.14). By 
defining Y = w?, we obtain 


BY dY dK 

aap Si u. 
The amplitude function can be solved easily for some special function A. The second 
order differential equation has two independent solutions yı = we!” and yy = we”. 
It is easy to verify that the Wronskian W = yy — y{y2 is invariant. The solution y 
of Hill’s equation is a linear combination of yı and y3; it satisfies the Courant-Snyder 
invariant, 

e=w 7y? + (w'y — y'w)’, (A.16) 


where re is the phase-space area enclosed by the ellipse of particle motion. 


II Stochastic Beam Dynamics 


Electrons in storage rings emit synchrotron radiation, which is a quantum process. 
Since the photon emission is discrete and random, the quantum process causes also 
diffusion and excitation. The balance between damping and excitation provides a 
natural emittance or beam size for the electron beam bunch in a storage ring. Because 
the synchrotron radiation spectrum depends weakly on the energy of photons up to 
the critical frequency, the emission of photons can be approximated by white noise, 
i.e. electrons are acted on by a Langevin force. For random noise, an important 
theorem is the central limit theorem discussed below. 


II.1 Central Limit Theorem 


If the probability P(u) of each quantum emission is statistically independent, and the 
probability function falls off rapidly as |u| —> oo, then the probability distribution 
function for the emission of n photons is a Gaussian, 


1 2 2 
Pr(w) = aa [2on (A.17) 


Wn =nlu), (uy = OL o? =no}, o = fe — (u))?P(u)du. 
The theorem is important in all branches of information science. We provide a 


mathematically non-rigorous proof as follows. Since the quantum emission is statis- 
tically independent, the probability of n photons being emitted is 


P(uy)duy P(ug)dug+++ P(Un)dun. 
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Thus we have 
Pte = / J I Pla) Plua) Plun)(w — Y u)dudua + dun (A-18) 


Using the identity 


n 


1 To as 
(w — Sui) = = efh(w- Lui) (A.19) 


we obtain 7 
Palu) = z f e (QU), (A.20) 
Q(k) = I ” due™P(u) ms 1 + jk(u) KP (ADI) 


Since Q(k) is small for large k, we can expand it in power series shown in Eq. (A.21). 
Substituting into Eq. (A.20) and using the formula In(1 + y) = y — sy? +--+, we 
obtain 

1 


~ On 


1 
V 2710p, 


where wn and o, are given in Eq. (A.17), which is called the Einstein relation in 
the random walk problem. This result indicates that the distribution function is 
Gaussian, and the square of the rms width increases linearly with the number of 
photons emitted. The balance between diffusion and phase-space damping gives rise 
to an equilibrium beam width. 


Ph (w) a ed (kw+n In QE dk = e7 (w-tn)? [20% (A.22) 


II.2 Langevin Equation of Motion 


We consider a 1D noisy damping dynamical system: Hp = ip +U (x). In the presence 
of damping and white noise, the unperturbed Hamiltonian and equations of motion 
are 
1 1 dU 1 1 
=p, p=- -ApH DEH), (E0) =0 (EOE) =E- t) . (4.23) 
Here (x, p) are conjugate phase-space coordinates, and U(x) is the potential energy, 
D is the diffusion coefficient, A is the phase-space damping coefficient, and E(t) is the 
white noise function. The stochastic differential equation becomes 
dU 
vc" + Ar’ + — = DE(t), (A.24) 
da 
To solve the stochastic differential equation numerically, we can use several numerical 
algorithms of stochastic integration methods listed as follows. 
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A. Random walk method 


Including the quantum emission of photons, the difference tracking equation for the 
normalized synchrotron phase-space coordinates is 
Lig, = Ti + A2v,(—Ax; + pi) 


1 t+To 
d ae D ay! 
want- | onary, “Ope f E 
dz | 544 o #t 


where the subscript indicates the revolution number, and vs is the (synchrotron) tune, 
the W(t) is Wiener process function, Tọ is the time for one revolution in the ring, and 
E(t) is the white-noise function. Thus the variance of the Wiener process function 
becomes (W(t)W(t)) = 1 .In the tracking equations, a Wiener process W(t) can be 
imitated by a random walk of +1 per revolution. In the smooth approximation, the 
above tracking equation is equivalent to the differential equations of motion: 


dx QnV, A QTV, 
= x4 
dt T, Ty)?” 
dp Qnv,\ dU 2TVs i 
DEn — DE(t) . 


Here t is the real time for particle motion in a storage ring. 


(A.25) 


B. Other stochastic integration methods 
For one stochastic variable x, the general Langevin equation has the form 
i(t) = f(x) + g(a)€(t). (A.26) 


The Langevin force €(t) is assumed to be a Gaussian random variable with zero mean 
and 6-function correlation shown in Eq. (A.23). The integration of Eq. (A.26) is 


a(t +h) = x(t) + i x)h + g(x)VhW (h), 
n= ds &(s). 


Two widely used methods for solving stochastic differential equations numerically are 
Euler’s and Heun’s. 


B.1 Euler’s scheme 


Euler’s integration scheme includes terms up to order h for additive noise. To integrate 
stochastic differential equations from t = 0 to t = T, we first divide the time interval 
T into N small finite steps of length h 


tn = nh, h=T/N, n=1,2,...,N. 
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The stochastic variable at a later time tn4i, Un41 = U(tn4i) = u((n+1)h), is calculated 
according to %n41 = En + f(an)h + g(an)VAW,(h), where W1 (h), Wo(h), ..., Wn (h) 
are independent Gaussian-distributed random variables with zero mean and variance 
1, ie. (Wr) = 0, (WiWmn) = nm. A possible choice of the set of Gaussian random 


variable W,, is 
M I 
Wna (h) = — (r; — 0.5), A.27 
(0) = Daf G09), (A.27) 


where r; is a random number with 0 < r; < 1, and M is an arbitrary non-zero large 
integer, e.g. M > 10. 
B.2 Heun’s scheme 


Heun’s scheme is second order in h. The difference from Euler’s scheme is an addi- 
tional predictor step, 


Cnp1 = Tn + (fn) + f(Yn))h + g(an)VRWon1(h) (A.28) 


with yn = £n + f(an)h + gl&n) VhWan(h). In this case we need 2N independent 
random variables {W,,(h)}. The equilibrium distribution function does not depend 
on the method of stochastic integration used in numerical simulations. It is, however, 
worth pointing out that a non-symplectic integration method can lead to a slightly 
different F due essentially to the change in the effective A parameter. 


II.3 Fokker-Planck Equation 


The equilibrium distribution function of a stochastic differential equation (A.24) sat- 
isfies the Fokker-Planck equation 


ow ð ð dU ð De 


The solution of the Fokker-Planck equation is 


D? 


1 H 
v= epi —-—_ 1, a=. 
Ring = 9A 


x (A.30) 


where M is the normalization, and Ey is the “thermal” energy. In the small bunch 
approximation, the normalization constant becomes M = Fy. This is the Einstein 
relation, where the diffusion coefficient is proportional to the thermal energy Fi, = 
kT, where k is the Boltzmann constant and T is the temperature. 

If the potential is nearly quadratic, i.e., the restoring force is simple harmonic, the 
distribution is bi-Gaussian. Thus the central limit theorem of white noise gives rise 
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to a Gaussian distribution. In reality, if the potential is nonlinear, the distribution 
may not be Gaussian in coordinate space x. 
The rms phase-space area A of the beam distribution is 


A /var(x)var(p) — (covar(x, p))?, (A.31) 


viy 


where var(z) = ((« — (2))?), var(p) = ((p — (p))?), covar(z, p) = (xp) — (2) (p). Here 
(---} denotes an average over the beam distribution. In a small bunch nearly Gaussian 
approximation, the rms phase-space area is equal to mE, i.e. the emittance A/r is 
equal to the thermal energy Fin. 


III Methods of Data Analysis in Beam Physics 


The linear response of a dynamical system is represented by the relation between 
the N,-dimensional observation vector y(t), i.e. the number of BPMs, and the N,- 
dimensional source-signal vector s(t) by 


y(t) = As(t) + V(t) (A.32) 
where N, > N,, N, is unknown a priori, A € R%*%s is the mixing matrix, and 
N (t) is the noise vector assumed to be stationary, zero mean, temporally white and 
statistically independent of source signal s(t). The task is to determine the mixing 
matrix A and the source signals s(¢) from the measured sample signal y(t). 

The source signals s(t) in most physical processes are independent and temporally 
un-correlated, i.e. 


On me) Oe mene (A.33) 


for an arbitrary non-zero time-lag constant 7. Here (---) stands for mathematical 
expectation value or the ensemble average of the source signal. In particle accelera- 
tors, sources are betatron motion, synchrotron motion, power supply ripple, collective 
beam instabilities due to wake fields, ground motion, high frequency noises, etc. The 
data sampled by BPMs around the ring are put into a data matrix 


yi(1) y2) yN) 
Ym(1) Ym(2) --- Ym(N) 


where N is the total number of turns, m = N, is the number of BPMs. The element 
yil j) is the reading of the ith BPM on the j’th turn. BPM gains may be applied to 
correct the BPM calibration error if necessary and available. 
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Traditionally, the model independent analysis (MIA) method analyzes data by 
making SVD decomposition to the data matrix, i.e. 


y = UAV’, (A.35) 


where U and V are unitary real matrices with UTU = I and VTV =I, and A is a 
diagonal matrix. The MIA procedure is equivalent to yy? = (yy?) = UA?U7, i.e. 
making equal-time correlation to the data matrix. The eigenvalues in A of equal time 
correlation may sometimes become degenerate, and cause mode-mixing. 

For example, we consider the betatron motions: y = ,/26,J sin(v,¢), where B,(s) 
is the betatron amplitude function and J is the action. The SVD of the M-BPMs, 
N-turn data-matrix becomes 


P 26u sin(vyd1) P 26u cos(vyo1) 0 
C=) p 26u sin(vyd2) P 26 cos(vyo2) 0 i 


= cos(2mvy - 0) [3 cos(2nv, ‘lo... [3 cos(2nv, -(N — 1)) 
N 


yI = [È sinr -0) 
0 0 a 0 


where P is the normalization factor. The diagonal A matrix is Ay; = V2JMN/(2P) 
and Ag = V2JMN/(2P). The spatial wave function of U matrix describes the 
betatron amplitude function, and the temporal wave function of V describes the 
sinusoidal betatron amplitude function. The SVD decomposition usually works well 
in identifying modes in the data matrix y, except when the eigenvalues are degenerate, 
or weak modes that can be mixed by random noise. 

The independent component analysis (ICA) extends the data analysis of MIA into 
unequal-time correlation, and thus it has the potential to separate these independent- 
modes. The source signal separation is to jointly diagonalize the covariance matrices 
with selected time-lag constants T with data whitening procedure listed as follows.! 


1. Compute the N, x N, sample covariance matrix Cy(0) = (y(t)y(t)"). Perform 
eigenvalue decomposition to Cy(0) to obtain 


C,(0) = (U1, Us) ( T a ) ( is ) (A.36) 


tsee X. Huang, et al..PRSTAB, 8, 064001 (2005); X. Huang, Ph.D. Thesis, Indiana University 
(2005); F. Wang, and S.Y. Lee, PRSTAB 11, 050701 (2008); F. Wang, Ph.D. Thesis, Indiana 
University (2008); X. Pang, S.Y. Lee, Journal of Applied Physics, 106, 074902 (2009); X. Pang, 
Ph.D. Thesis, Indiana University (2009); J. Kolski, Ph.D. Thesis, Indiana University (2010). 
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where D,D, are diagonal matrices with min(Dj;;) > A. > max(De,;) > 0, 
Àc is a cut-off threshold set to remove the singularity of the data matrix, or 
equivalently removing the noise background. Defining the matrix V as V = 
Dı 2U,", we construct an N,-component vector as Y = Vy. The Vector Y 
is called white because (Y Y”) = I, where I is the N, x N, identity matrix. 
This MIA procedure reduces the dimension of the data space, separates the 
noise from the original data, and de-correlates and normalizes the data. 


2. For a selected set of time-lag constants {7%}|k = 1,2,..., K}, compute the time- 
lagged covariance matrix {Cy (Tk) = (Y (t)Y (t—7%)7) |k = 1,2,..., K} and form 
symmetric matrix Cy (Tk) = (Cy (mk) + Cy(7%)")/2, and find a unitary matrix 
W that diagonalize all matrices Cy(T%) of this set, i.e. Cy(7,) = WTDW, 
where Dy, is diagonal.? 


3. The source signals are found by s = WVy, i.e. the mixing matrix is A = 
vV-IWT. 


For digitized sample data y;(t), constants T have to be integers. The expectation 
functional (---) are replaced with sample average in practice. The application of 
ICA to synchrotron beam diagnosis involves three phases: data acquisition and pre- 
processing, source signal separation and beam motion identification. A pinger or rf 
resonant kicker is used excite the beam, the coherent transverse motion of turn-by- 
turn data is digitized. ICA algorithm is then applied to data matrix y to extract 
the mixing matrix A and source signals s. Each source signal s; and its spatial 
distribution A;, where A; is the ith column of A, is called a mode. The physical 
origin of a mode can be identified by its spatial and temporal pattern. For example, 
the betatron amplitude and phase functions of a betatron mode are 


Abii 
b= a (Ai + Azi) pi = tan“? r (A.37) 


b2,i 


where a is a scaling factor depending on the kick amplitude and BPM calibrations. 
The dispersion function is D = bA,. Here, b is also the scaling factor, that depends 
on the magnitude of synchrotron motion. 


?The time-lagged covariance matrix is in fact symmetric if there is no error in noise and finite 
sampling. The symmetrization is used to guarantee a real solution in matrix diagonalization. Since 
the source signals are independent as shown in Eq. (A.33), the matrices Cy(7,) can be jointly 
diagonalized with an identical eigenvector matrix W and the eigenvalue-matrix C,(7,) for each Tp. 
In practice, joint diagonalization can be achieved only approximately due to finite sampling error 
and noise. See J. F. Cardoso and A. Souloumiac, SIAM J. Mat. Anal. Appl., 17, 161, (1996). 

3The algorithm could be improved by robust whitening or by combining the non-stationary and 
time-correlation. See e.g. Aapo Hyvarinen, Juha Karhunen, Erkki Oja, Independent Component 
Analysis, (John Wiley & Sons, New York, 2001). 


2021 © The Author(s). This is an Open Access chapter published by World Scientific Publishing Company, 
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Appendix B 


Numerical Methods and Physical 
Constants 


I Fourier Transform 


Spectral analysis of beam properties has many applications in beam physics. When a 
detecting device picks up a beam current or position signal as the beam passes by, the 
time structure and its frequency can be analyzed to uncover characteristic properties 
of the beam in the accelerator. 

Let y(t) be a physical quantity of the beam, e.g. a transverse betatron coordinate, 
a transverse sum signal, or a longitudinal phase coordinate of the beam. The Fourier 
spectrum function of y(t) and its inverse Fourier transforms are 


Vw) = f year 


1 a : 
y(t) = =f Y (w) e dw 
2 J ag 


The variable t is time and the conjugate variable w is the angular frequency. 
In a synchrotron, the beam passes through the detector in a discrete sampling 
time at revolution period Tọ. The measured physical quantities are 


Yn = y(nTp), n=1,2,3,..., 


where the sampling rate for beam motion in a synchrotron is usually equal to the 
revolution period. 


I.1 Nyquist Sampling Theorem 


The Nyquist theorem of discrete sampling states that, if the data are taken in time 
interval To, then their spectral content is limited by the Nyquist critical frequency 


1 
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In terms of betatron tune, the Nyquist critical tune is q = feTo = Z. The discrete 
sampling of beam motion can provide power spectrum only within the frequency 
range (— fe, fe). The power spectrum of all outside frequencies is folded into the 
range (— fe, fc). This is called aliasing. Frequency components outside the critical 
frequency range are aliased into the range by discrete sampling. In other words, we 
can assume that the Fourier component is nonzero only inside the frequency range 
—f. to fe for our discrete sampling data. 


I.2 Discrete Fourier Transform 


Now we would like to find the Fourier transform Y (w) of the phase space coordinate 
y(t), where we have collected N consecutive data samples, 


The data can provide the Fourier amplitude for all frequencies within the range — fe 
to fe For the N data points, we can estimate the Fourier amplitude at discrete 


frequencies 
n N N 
Wn = i N=——,..., — B.3 
n N 0; 2’ , ( ) 
where wọ = 27 /To is the angular revolution frequency. The discrete Fourier transform 
and its inverse transform are! 


N-1 


Yn Y (wn) = J y(t) e "tdt = Ty 5 la ae (B.4) 
799 k=0 
1 Wa 
Yk = — Y, el2nkn/N 
NTo n=0 


Here n varies from —N/2 to N/2. We note that Y, of Eq. (B.4) has a period N with 
Yin = Yn—-n, n = 1,2,---. Thus we can let n in Y, vary from 0 to N — 1. Here the 
frequency range 0 < f < fe corresponds to 0 < n < N/2 — 1, the frequency range 
—fe < f < 0 corresponds to N/2+1<n< N- 1, and f = fe and f = — fe give 
rise to n = N/2. The discrete Fourier transform has properties similar to those of the 
Fourier transform of continuous functions, e.g. 


Yn real Yn = Yin 
Yn imaginary | Y_, = —Y{, 
Yn even/odd | Y, even/odd 


1The discrete Fourier transform can be optimized by an algorithm called the Fast Fourier Trans- 
form (FFT), which uses clever numerical algorithms to minimize the number of operations for the 
calculation of Y,, in Eq. (B.4). See, e.g., W.H. Press, B.P. Flannery, S.A. Tukolsky, and W.T. 
Vetterling Numerical Recipes (Cambridge Press, New York, 1990). 
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Since the tune is equal to the number of (betatron or synchrotron) oscillations 
per orbital revolution, the discrete Fourier transform gives a tune within the range 
0 < q < 1/2. Equation (B.3) of Nyquist’s theorem implies also that the spectrum 
resolution from N sampling data points is 


1 1 
Aw = g&o oF Aq = W (B.5) 


For example, the betatron tune resolution is 0.001 from 1000 digitized data points. 
Figure 2.22 shows the FFT spectrum of horizontal betatron oscillations excited by a 
magnetic kicker. Since 385 data points are used in obtaining the FFT spectrum, the 
betatron tune resolution is about 0.003. 

Discrete sampling of the phase space coordinate also gives rise to aliasing. Fig- 
ure B.1 shows that the discrete data points can be fitted by sinusoidal functions with 


tunes Q = m + q, where m is an integer, and q is the fractional part of the betatron 
tune. 


Figure B.1: Discrete data points 
(circles) fitted by sinusoidal functions 
with Q = m q, where q is the frac- 
tional part of the betatron tune, and 
m is an integer. 


Xg (arb. unit) 


time (arb. unit) 


I.3 Digital Filtering 


The digitized data for a low intensity beam can be contaminated by many sources of 
noise, e.g. cable noise, cable attenuation, amplifier noise, power supply ripple, ground 
motion, etc., and the resulting betatron and synchrotron phase space coordinate data 
can be noisy.? A possible way to enhance the signal to noise (S/N) ratio is to filter the 
FFT spectrum by multiplying it by a filtering function F(q). Performing the inverse 
FFT transformation with the filtered data can provide a much clearer beam signal. 
The filtering function can be a low pass filter, a high pass filter, a band pass filter, 
or a notch filter to remove only narrow bands of unwanted frequencies. A DC offset 
such as a closed orbit or BPM offset can be filtered by removing the running average 
of the BPM signals. 


See e.g., R.W. Hamming, Digital filters (Prentice Hall, Englewood Cliffs, NJ, 1977). 
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I.4 Some Simple Fourier Transforms 


6(0 = 0") = + D ein (0—0) ee Òlt p LTo) = T Sal eJ2nnt/To 


n=—oo 


b(t) = a5 Jo, edu 5(w) = bf edt 

1 ES <t< T 1 sinwT 
t)= Y(w) = LiT. 
y(t) { 0 otherwise “e na 
¥(w,7)| = dw) 

=l t<0 i 

A(t) = { 1 a eg Ow) = -z 
0 <0 

Bied xo O(w) = -z5 + tlu). 

y(t) = et/T (t > 0), Y(w) = Moar 

y(i) = sep Y (w) = geh] 


II Cauchy Theorem and the Dispersion Relation 


II.1 Cauchy Integral Formula 


If f(z) is an analytic function within and on a contour C, then fo F( z)dz = 0. Let 
f(z) be an analytic function within a closed contour C, and continuous on the contour 


C, then 
f(z) a 


5 a 


f(a) = 


2, (B.6) 


where a is any arbitrary point within C. The denominator of a Cauchy integral can 
usually be represented by 


1 1 


z-atje z2z-a 


== jmo(z = a), (B.7) 


PN, 


where P.V. stands for the principle value of the integral, i.e. 


[ ee s= | Mee Lag 
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w Figure B.2: The contour integral of the 
impedance in the complex w’ plane. Because 
the impedance is analytic in the lower complex 
w' plane, the Cauchy integral formula can be 
used to obtain the dispersion relation. 


II.2 Dispersion Relation 


Since the impedance must be analytic in the lower complex plane, we obtain 


zae f LOETI (B.8) 


274 wW —w 


where the contour integral C is shown in Fig. B.2. Assuming that Z(w) — 0 as 
w — oo, we obtain 


Z(w) = — fw = = lf aie gy — jaz) : (B.9) 


279 Jo w'—w+ je 27) | Jpy, w — w 


where P.V. means taking the principal value of the integral. Thus the real and the 
imaginary impedance are related by the Hilbert transform 


1 Im Z 1 Re Zy (w" 
Re Z\(w) = -f dw mA) Im Z\(w) = =f d m Iw’) : 
T UPN. i T IPN. w — w 


III Useful Handy Formulas 


III.1 Generating Functions for Bessel Functions 


ejz cos 8 — > pI z Je"? = a j F(z ) cos (k0) 


k=—0o k=—oo 
cos(z cos @) = Jo(z) + 2 So (=1)* Jale) cos(2k6) 
k=1 


sin(z cos 0) = s95 1 )¥ Jons1(Z) cos((2k + 1)0) 
k=0 


eizsind — 5 Jul zje? 


k=—00o 
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cos(z sin 0) )+2 2 Jo.(z) cos(2k0) 


sin(z sin 6) = 2 ` Jək41(2) sin((2k + 1)8) 


k=0 
z(t+1/t) — = t*I,(z 
k=—0o 
e75? _ OHERA cos k0 
ezsind _ )+2 yt 1)* Io,,(z) cos 2k0 + 2 So )¥ Dry sin(2k + 1)0 


k=0 
II.2 The Hankel Transform 


f(r) -fs (k)Jn(kr)kdk g(k ja f(r) In(kr)rdr 


(r—r')=r m In(kr) In(krkdk (k — k') = e Jalkr)Ja(k'r)rdr 


0 0 


II.3 The Complex Error Function [30] 


2 4 co -t? 3 2j 2 5 
w(z) =e * erfe(—jz) = if < z4 =g" h + af e£ ac 
agg = 0 


II.4 A Multipole Expansion Formula 


b? — r? TOJ 
=l —} cosn 
b? + r? — 2br cos y b X 


n=1 


II.5 Cylindrical Coordinates 


A point in rectangular space coordinates is represented in cylindrical coordinates 
by x = pcos@, z = psing, s = s, so that the unit vectors p, ọ and § form the 
orthonormal basis with 


dp dp; 

=P, —=4¢. 

do do 
The Jacobian is p, ie. the volume element is dV = pdpddds. Any vector in the 
space can be expanded in the coordinate system by A = A pĝ + Agd + As8, where 
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Ap, Ag and A, are components. The position vector is r= pp + ss, and the gradient 


operator and the Laplacian are respectively, 


Va 65 tia t 

HB) BES 

Vea ps bo ak, 

vida 22 (pa,) e y 

va e a(t O) 5 (eB) oo Bing) 
vo- oa (am) tae ta 


III.6 Gauss’ and Stokes’ Theorems 


p Aai- |v Aa f A ds= | VxA-a8 
S V Cc S 


Here S is the surface area that encloses the volume V, dS is the differential for the 
surface integral, ds’ is the differential for the line integral, and C is the line enclosing 


the surface area S. 


II.7 Vector Operation 


A- (Bx C) =(Ax B)-C 

Ax (Bx C)=B (Ax C)+C (Ax B) 

V(A- B) = B x (V x A)+ Ax (V x B)+(B-V)A+(A-V)B 
V-(4+B)=V-A+V-B 

V-(f4) = (Vf)-A+f (VA) . 

V-(Ax B)=(V x A): B-A-(V x B) 

Vx (A+B)=VxA+VxB 

V x (fA) =(VS) x A+ f (Vx A) 

Vx (Vx A)=V(V-A)-V24 

V x (Ax B) = A(V- B) - B(V- A) + (B-V)A-(A-V)B 


(B.10) 


The term (B : V)A obtains from the operation of the differential operator (B -V) on 


the vector function A. 
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IHI.8 2D Magnetic Field in Multipole Expansion 


order Normal multipole (Bob,) 

n B, B; 

0 Bobo 

1 Bobyz Bobix 

2 Bobo(2xz) Bobo (x? = 2) 

3 Bobs (3x?z — 2°) Bobs (x? — 3x27) 

4 Boba(x?z — x2?) Boba(x* — 6x?2? + 24) 

5 Bobs(5x4z — 10x32? + 2°) — Bobs(x® — 10x32? + 5x24) 
order Skew multipole (Boan) 

n By B; 

0 Boao 

1 Boa,x — Boaz 

2 Boao(x? — 2°) — Boa(2xz) 

3 Boa3(a? — 327) — Boa3(3a?z — 2°) 

4 Boaa(a* — 6a?z? + z*) — Boaa(a?z — x2?) 

5 Boas(a° — 107322 + 5x24) —Boas(5a4z — 107323 + 25) 


IV Maxwells Equations 


The following table lists Maxwell’s equations in a homogeneous medium, and the 
scalar and vector potentials: 


ee dS = Qua. [¢ 
€ Ss 
V-B=0 B=VxA, 
a OB 3 aA 
E = —— E = -V - — 
ae at ve oi 
= E = 
ee eee f -d8 = Ia 
Ot z 


Here e and u are the permittivity and permeability of the medium, B= yw is the 
magnetic flux density, J is the current density, Qena, is the charge inside the enclosed 
volume, and Tenai. is the total current enclosed by a contour C. 

The equation of continuity V - T Op/Ot = 0 is a consequence of Maxwell’s 
equation. The boundary condition at the interface of two material is (e25 — «&É) : 
nm = o, where ø is the surface charge density on the boundary, (Ey = Ei) = 0, 
(Bs — B,) -ù = 0, and (Hp — Fh), = K,, where K, is the surface current density per 
unit length along the boundary. 
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IV.1 Lorentz Transformation of EM Fields 


The electromagnetic fields (E , B) at a rest frame (x,y,z) are transformed to another 
inertial reference frame (x',y',z') moving at a velocity 7 relative to the rest frame 
with velocity in the +ê direction by 


By = Er, E; = y(Ey = vB,), E = (Ez + vBy), 
Y U 
B,=Ba Bl=(B, +28), BL =7(B.— ZE,), 


where y = 1/,/1— 6?, 8 = v/c. 


IV.2 Cylindrical Waveguides 


The electromagnetic fields in a cylindrical waveguide can be expressed in cylindrical 
coordinate system as Ë= E,p + Es + E,§ and H = H pp + Hoo + H,s. For the 
propagation of electromagnetic fields in a uniform sourceless medium (e.g. the free 
space), only two components of the EM fields, e.g., Es and Hs, are sufficient to 
determine E and Ë. 

Without loss of generality, we consider the forward propagation mode with e/l#!-*s5], 
The resulting field equations are 


ete 1# 

(= z3 Zoe i) E, =0, (B.11) 
oO. 16. Le 

(ae aon pag tH) mo = 


where k? = (w/c)? — k? with c = 1/,/e. The longitudinal components of the EM 
fields can be solved by the method of separation of variables, and all other components 
of the EM fields are 


peL (2E SESE) ee +g (= Ba), 


kz \ ° 0p p ð$ p ð$ `° Op 
p, —_Í (ROB: OHs H, =Í (ob , Be OHs 
= ep OG Bp)? ° BU ap p õp) 


One can replace k, by —k, for backward traveling waves. 

The EM fields are conveniently classified into transverse magnetic (TM) modes, 
where H, = 0 or Hy = 0, and transverse electric (TE) modes, where E, = 0 or 
Ey = 0. 

A. TM modes: H, = 0 


The solution of the longitudinal electric field is 


E, = Acos(m¢ + x) Jm(kpp), (B.13) 
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where m = integer is the azimuthal mode number, Jm(kpp) is Bessel’s function of or- 
der m, kp = \/w?/c? — k? is the radial wave number, and ks is the longitudinal wave 
number. In a perfectly conducting wave guide with radius b, the longitudinal com- 
ponent of the electric field must vanish on the wave guide wall, i.e. Jm(kpb) = 0, or 
kp,mn = Jmn/b, where jmn, listed in Table B.1, are zeros of Jm(z). The corresponding 
wave propagation mode is called TMmn mode. Other components of the electromag- 
netic field are 


E, = -12A cos(mo + x) Jt, (kop); Hs= Ep, 
Pp é 
jkm wE 
Eg=+ Bp Asin(m¢ + x) Jm(kpp), H, = -g Bo: 
P a 


The wave impedance is 


E E ks 
Zm = 2 =- = it (B.14) 


Hy H, ewe 
Table B.1: Zeros of Bessel function for TM and TE modes 
Jmn (TM) Jini (TE) 


m\n | 1 2 3 4 1 2 3 4 
2.405 | 5.520 | 8.654 | 11.79 || 3.832 | 7.016 | 10.174 | 13.32 
3.832 | 7.016 | 10.17 | 13.32 || 1.841 | 5.331 | 8.536 | 11.71 
5.136 | 8.417 | 11.62 | 14.80 || 3.054 | 6.706 | 9.969 | 13.17 
6.380 | 9.761 | 13.02 | 16.22 || 4.201 | 8.015 | 11.35 | 14.59 


o Ve o 


B. TE modes: FE, = 0 


The solution of the longitudinal electric field is 
H, = Acos(m¢ + x) Jm(kpp), (B.15) 
where m = integer is the azimuthal mode number, Jm(kpp) is Bessel’s function of 


order m, kp = \/w?/c? — k? is the radial wave number, and ks is the longitudinal 
wave number. Other components of the electromagnetic field are 


j Mw, : a 
Ep = H A sin(md + X) Jm(kpp), Ho = op 
g ks 
Eg = +4 A cos(mọ + X) Jm (kop), H, = =a" 


In a perfectly conducting wave guide with radius b, the ¢-component of the electric 
field must vanish on the wave guide wall, i.e. J}, (kpb) = 0, or komn = Jin/b, where 
Jim: Shown in Table B.1, are zeros of J’ (z). The corresponding wave propagation 
mode is called TEmn mode. The wave impedance is 


E E wje 
Zm = 2 =- = i B.1 
TM Hy H, J: ks ( 6) 
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IV.3 Voltage Standing Wave Ratio 


The voltage standing wave ratio (VSWR) measures the amount of reflection in a 
transmission line. Let the forward wave be e/“'-**) and the reflected wave R e/(wt+*s), 
Then the wave amplitude along the transmission line is (e~** + R etits) ejot, 

The wave in the transmission line appears to oscillate in phase with respect to time 
but has spatial modulations due to interference. When R = 0 the spatial modulation 
disappears, and when R = 1 (100% reflection) the modulation looks like a standing 
wave on a string with nodes and peaks. The VSWR is defined as 

Max|e2** + Rx eti*s| VSWR- 1 


VSWR = ———___—_—__, R=———_. 
Min|e~J*s + R » etsks|” = VSWR +1 


V Physical Properties and Constants 


Microwave transmission in wave guide 


We list some useful electromagnetic wave transmission properties of some media. 
Here p is resistivity; skin, skin depth; w, microwave frequency; e, permittivity; ju, 
permeability; c, capacitance per unit length; and £, inductance per unit length. 


Oskin = V 2p/wy skin depth 


Z = (1 + j)p/wôskin resistive wall impedance 
c = 2re/In(r2/11) capacitance per unit length in a coaxial cable 
L= (u/27)ln(r2/r1) inductance per unit length in a coaxial cable 
Z= yL/C characteristic impedance of a transmission line 


v = 1/V LC = 1/Jpe speed of a wave in a transmission line 


Thermodynamic law of dilute gases 


The ideal gas law PV = NkT = nRT is often used in the calculation of molecules in 
vacuum chamber, where P, V, N, k,T,n and R are respectively the pressure, volume, 
number of molecules, Boltzmann’s constant, temperature, number of moles, and the 
ideal gas constant. Since there are a composition of gases in the vacuum chamber, 
partial pressure is usually used with P = X P;, N = J N;, and n = 9+ n;, where the 
ideal gas law becomes P;V = N;kT = n;RT, where P;, N; and n;, partial pressure, 
number of molecules, and number of moles for the ith gas species. 

The target thickness t, defined as the number of molecules per m 
t= CN/V = CP/kT, where C is the circumference of the accelerator. 


2 is given by 


Critical temperature T, of some superconducting materials 


Nb3Sn Nb Pb Hg YaBaCu;07 BiSrCaCuO TlBaCaCuO 
T. (K) 18.05 9.46 7.18 4.15 90 105 125 
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Resistivity and density of some materials 


Resistivity Ag Cu Au Al $8304 W 

peo [10789m] (at 20°C) 1.59 1.7 244 2.82 7.3 5.9 

ae [10-3 /° C] 3.8 3.9 34 3.9 5.0 4.5 

Resistivity at temperature T P(T) = poll + ac(T — To)] 

Density [g/cm*] 10.5 8.92 19.3 2.70 7.87 19.3 
Units of physical quantities 

Quantity unit SI unit SI derived unit 

Capacitance F (farad) m? kg tst? C/V 

Electric charge C (coulomb) As 

Electric potential V (volt) m? kg s’A™! W/A 

Energy J (joule) m? kg s7? Nm 

Force N (newton) m kg s7? N 

Frequency Hz (hertz) st 

Inductance H (henry) m? kg s?A~? Wb/A 

Magnetic flux Wb (weber) m? kg s™?A~! Vs 

Magnetic flux density T (tesla) kg s7?A7! Wb/m? 


Power 
Pressure 
Resistance 


W (watt) m? kg s7? 
Pa (pascal) = m7 
Q (ohm) 


J/s 
1 kg s7? N/m? 
V/A 


Magnetic flux density is in Tesla [T], where 1 T =10* G. Magnetic field in the SI unit 
is (A/m). However, The cgs unit of Oe (in honor of Oersted) is also commonly used. 
The unit conversion is 1 Oe = 1000/47 A/m, or 1 A/m =4r x 107°0e. 


Radiation dose units and EPA limit 


Activity Ci 


3.70 x 10™ disintegrations/s 

1 disintegration /s 

amount of radiation that deposits energy 1.00 x 107? J/kg 
1 Gy = 100 rad = 1 J/kg in absorber 


Energy deposit rad 

Gy 
quality factor QF RBE (relative biological effect) 
effective dose rem dose (in rad x QF) 

Sv 


1 sievert = dose (in Gy x QF) = 100 rem 


The RBE (QF) factors are 1.0 for X-rays and y-rays, 1.0-1.7 for 8-particles, 10-20 
for a-particles, 4-5 for slow neutrons, 10 for fast neutrons, 10 for protons, and 20 for 


heavy ions. 
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Low level radiation dosage from natural sources accounts for about 130 mrems/year. 
The upper limit of radiation dose recommended by the U.S. government is 500 
mrems/year apart from background radiation and exposure related to medical pro- 
cedures. The upper limit of radiation dosage for radiation worker is 5 rems/year (or 
50 mSv/year) for the entire body. 


Quantities associated with nuclear collisions 


1. Target thickness: t = p4, in (mass/area), where p is the density of the target 
material and 4 is the thickness of the target. 

2. Target thickness: N; = Napds/A, usually in (number of atoms/cm?), where Na 
is the Avogadro number and A is the atomic mass in one mole. 

3. Luminosity for fixed target: L = Fx N;, where the incident flux is the number of 
incident beam particle per unit time, i.e. F = dNpeam particles/dt. The dimension 
of the luminosity is usually cm7?s7!. 

4. Counting rate: R = Lo, where ø is the collision cross-section. 

5. Absorption length: Aabs = A/(NaCinep), where A is the atomic mass, Na is the 
Avogadro number, Gine is the inelastic cross-section, and p is the density of the 
material. 


Unit definition and conversion often used in beam physics: 


1 cal = 4.186 J; 1 J = 10" erg: 1 eV = 1.60217733 x 107" J 
1239.84 [eV — nm] 
E otoa a a a 
photon [eV] A [nm] 
1 in. = 0.0254 m; 1 Angstrom [A] = 107" m 


1 barn = 10778 m? = 10774 cm?; 


1 atm = 760 torr = 1.01325 x 10° Pa = 1.01325 bar 
Power units: 


1 dBm = 10 log (P/1.0 mW) 
dB gain of power amplifier = 10 log (Pout/Pin) = 20 log (Vout/Vin) 


Momentum rigidity of a beam: 
p A 
p = nw = qBp, Bp [T-m] = me. x 3.33564 x p [GeV/c/ul, 
Longitudinal action in mm-mrad vs longitudinal phase space area in eV-s 
The relation between the longitudinal action J, (in mm-mrad) and the longitudinal 
phase space area A (in eV-s): 


I, = (c/BB)A= 1.60 x 10°(A [eV s]/Gy) [tum] proton synchrotron 
oS ~ | 2.93 x 108(A [eV s]/By) [rum] electron synchrotron 
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Fundamental physical constants 


Physical constant symbol value unit 
Avogadro’s number Na 6.022141 x10"  /mol 
atomic mass unit (4m(C!)) mau or u 1.660539 x107?” kg 
Boltzmann’s constant k 1.38065 x10-73 J/K 
Bohr magneton Hy, = eh/2me- 9.274009 x10-%4 J/T 
5.788382 x 1075 eV/T 
Bohr radius ag = Aro /mec? 0.529177x10-1° m 
classical radius of electron fe = e / ATEM 2.81794x107"" m 
classical radius of proton Tp = €?/Amegmpc” 1.5346986 x10718 m 
elementary charge e 1.602176 x107! C 
fine structure constant a = e? /2eohc 1/137.036 
MyC 931.494 MeV 
mass of electron Me 9.10938 x1073! kg 
Mee 0.5109989 MeV 
mass of proton Mp 1.6726216 x107? kg 
MpC 938.272 MeV 
mass of neutron Mn 1.674927x10-?" kg 
MpC 939.5655 MeV 
molar gas constant R= Nak 8.314 J/mol K 
neutron magnetic moment HUn —0.966236 x 10-76 J/T 
proton g factor gn = [n/N = Gn /2 —1.913427 
nuclear magneton lp = eh/2m, 5.05073x107” J/T 
Planck’s constant h 6.626069 x10-** Js 
permeability of vacuum Lo 4r x 107-7 N/A? 
permittivity of vacuum €o 8.854188 x107! F/m 
proton magnetic moment [bp 1.410607 x107” J/T 
proton g factor Jp = Hp/ UN = Gp/2 2.7928473 
speed of light (exact) c 299792458 m/s 
vacuum impedance Zo = 1/eoc = Hoc 376.73 Q 
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Sokolov-Ternov radiative polarization, 437 
space charge, 62 
tune shift, 68, 112, 117 
perveance, 64, 112, 117 
ion source, 31 
potential (longitudinal), 356 
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spectrum, beam spectrum 
longitudinal, 104, 250, 349 
roll-off frequency, 106, 349 
spectrum analyzer (SA), 350 
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spin polarization, 103, 437 
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Stern-Gerlach effect, 78 
stochastic integration methods, 506 
stopbands, 
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half-integer stopband, 96 
systematic (chromatic) stopband, 165 
storage rings, 16, 397 
sum rule (resonances), 258, 283, 317 
superconductor (type II), 17, 521 
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surface resistivity, surface resistance, 334 
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synchrotron, 14 
synchrotron motion, 229 
action-angle variables, 246, 256 
adiabaticity coefficient agq, 302 
adiabatic synchrotron motion, 241 
adiabatic time, 286 
a-bucket, 295 
barrier bucket (see rf systems) 
bucket area, 242, 298 
bucket height, 242 
bunch area, 244 
bunch rotation (see beam manipulations) 
double rf system (see rf systems) 
mapping equation, 235 
non-adiabatic, 285 
nonlinear time, 290 
rf phase modulation, 259 


rf voltage modulation, 275 
synchrotron sidebands, 260, 349 
synchrotron tune (see tune) 
torus (see nonlinear resonances) 
synchrotron radiation, 397 
FEL, 476 
efficiency, 482 
FEL (Pierce) parameter, 485 
gain, 481 
gain-length, 485 
critical frequency (see critical frequency) 
damping, 415 
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re-partition number, 418 
transverse (horizontal), 420, 422 
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emittance (see emittance) 
radiation excitation, 425 
lifetime 
quantum, 432 
Touschek, 434 
measurement, 442 
momentum spread (see emittance) 
photon flux, 411 
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power, 410 undulator, 456 
quantum excitation (see radiation) on beam dynamics, 461 
quantum fluctuation, 411 on emittances, 461 
radiation integrals, 438 on momentum spread, 461 
undulator, (see undulator) resonance wavelength, 460 
wigglers (see undulator) Robinson wiggler, 424 
wavelength shifter, 460 
undulator or wiggler parameter, 456 
T 
tandem (see electrostatic accelerators) V 
target (foil) thickness, 26, 121, 524 
three bend achromat (see lattice) V parameter (impedance), 215, 359 
torus (see resonances) vector and scalar potential, 36, 401, 520 
Touschek lifetime (see synchrotron radiation) velocity, 
transport notation, 136 group velocity, 374 
tune, phase velocity, 374 
betatron tune, 50 vacuum impedance (see impedance) 
frequency map, 195 Van de Graaff, 6 
instantaneous, or turn-by-turn, 195 VSWR, 338, 521 
island tune, 207, 261, 278 
nonlinear detuning, 196, 260 
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synchrotron tune, 234 


tune diffusi te, 200 
P me, wavelength shifter (see wiggler) 
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tune shift, 
beam-beam (see beam-beam effect) 
of quadrupole error, 96 


wall gap monitor, 250 

wake function (see rf system) 
wakefield, 214, 339 
Weierstrass function, 296 
Wronskian, 46, 504 


space charge (see space charge) 
transfer matrix, 44 
transit time factor (see rf systems) 
transition energy (see dispersion function) 
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U X-ray tube, Coolidge, 5 


U parameter (impedance), 215, 359 zero gradient synchrotron (ZGS), 69 


